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We introduce and study a new class of completely generalized multivalued nonlinear quasi-
variational inclusions. Using the resolvent operator technique for maximal monotone map-
pings, we suggest two kinds of iterative algorithms for solving the completely generalized
multivalued nonlinear quasi-variational inclusions. We establish both four existence theo-
rems of solutions for the class of completely generalized multivalued nonlinear quasi-
variational inclusions involving strongly monotone, relaxed Lipschitz, and generalized
pseudocontractive mappings, and obtain a few convergence results of iterative sequences
generated by the algorithms. The results presented in this paper extend, improve, and
unify a lot of results due to Adly, Huang, Jou-Yao, Kazmi, Noor, Noor-Al-Said, Noor-Noor,
Noor-Noor-Rassias, Shim-Kang-Huang-Cho, Siddigi-Ansari, Verma, Yao, and Zhang.
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1. Introduction. In 1996, Adly [1] used the resolvent operator technique for maxi-
mal monotone mapping to study a general class of variational inclusions with single-
valued mappings. Afterwards, Huang [4] and M. A. Noor [10] extended this technique
for a completely general class of variational inclusions with set-valued mappings and
a class of general set-valued variational inclusions with compact-valued mappings, re-
spectively. Recently, Shim et al. [14] extended the results in[1, 4, 10] to the generalized
set-valued strongly nonlinear quasi-variational inclusions without compactness.

In this paper, we first introduce a new class of completely generalized multivalued
nonlinear quasi-variational inclusions for multivalued mappings. Motivated and in-
spired by the methods of Aldy [1], Huang [4], M. A. Noor [10], and Shim et al. [14], we
construct two new iterative algorithms for solving the completely generalized multi-
valued nonlinear quasi-variational inclusions with bounded closed valued mappings.
We also establish four existence theorems of solutions for the class of completely gen-
eralized multivalued nonlinear quasi-variational inclusions involving strongly mono-
tone, relaxed Lipschitz and generalized pseudocontractive multivalued mappings, and
give some convergence results of iterative sequences generated by the algorithms. Our
results extend, improve and unify a lot of results due to Adly [1], Huang [2, 3, 4], Jou
and Yao [5], Kazmi [6], M. A. Noor [8, 9, 10], M. A. Noor and Al-Said [11], M. A. Noor
and K. I. Noor [12], M. A. Noor et al. [13], Shim et al. [14], Siddiqi and Ansari [15, 16],
Verma [18, 19], Yao [20], and Zhang [21].

2. Preliminaries. Let H be a real Hilbert space endowed with a norm || - || and an
inner product {-,-), 2H, and CB(H) denote the families of all nonempty subsets and
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all nonempty bounded closed subsets of H, respectively. Let I stand for the identity
mapping on H, and H(-,-) be the Hausdorff metric on CB(H).

Given single-valued mappings g,h : H — H, multivalued mappings A,B,C,D,E :
H — 29 and nonlinear mappings N,M : H x H — H. Suppose that W : H — 2H is a
maximal monotone mapping and f € H. We consider the following problem.

Find u €e H, x € Au, y € Bu, z € Cu, v € Du, w € Eu such that gu — hw €
dom(W) and

fEeEN(x,y)-M(z,v)+W(gu—hw), (2.1)

which is called completely generalized multivalued nonlinear quasi-variational inclu-
sion.

It is known that the subdifferential of a proper convex lower semicontinuous func-
tion is a maximal monotone mapping. But the converse is not true.

SPECIAL CASES. () If f=0,C=D =1,and M(x,x) =0 for all x € H, then problem
(2.1) is equivalent to finding u € H, x € Au, v € Bu, w € Eu such that gu —hw €
dom (W) and

0eN(x,y)+W(gu—-hw), (2.2)

which is called the generalized set-valued strongly nonlinear quasi-variational inclu-
sion, studied by Shim et al. [14].

@ If f=h=0,C=D=E-=1, M(x,x) =0 for all x € H, then problem (2.1)
collapses to finding u € H, x € Au, v € Bu such that gu € dom(W) and

0eN(x,y)+W(gu), (2.3)

which is known as the general set-valued variational inclusion, introduced and studied
by Noor [10].

(i) If f=g=0,C=D =1, M(x,x) =0, N(x,y) =ax —by, cx = —hx for all
X,y € H,where a,b : H — H are mappings, then problem (2.1) is equivalent to finding
u € H, x € Au, y € Bu, and w € Eu such that cw € dom(W) and

Ocax—-by+W(cw). (2.4)
Variational inclusion like (2.4) have been studied in [4].
(ivy If f=0,A=B=C=D=E=I,M(x,x)=0,N(x,x) =ax—bx forall x,y € H,
where a,b : H — H are mappings, then problem (2.1) collapses to finding u € H such
that gu —hu € dom(W) and

Ocau—-bu+W(gu—hu). (2.5)

This kind of problems have been studied in [17].
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W) If f=0,C=D=1,M(x,x) =0 forall x € H, and W = 0@, where 0@ denotes
the subdifferential of a proper convex lower semicontinuous function ¢ : H - RU
{+00}, then problem (2.1) collapses to finding u € H, x € Au, vy € Bu, w € Eu such
that gu —hw € dom(dg) and

(N(x,y),v—gu+hw) = p(gu—hw)-@w), YveH, (2.6)

which is called the generalized set-valued nonlinear quasi-variational inclusion, and
studied in [14].

(i) If f=0,A=B=E=1I,N(x,x)=gx,hx =0 forall xe Hand W = 0@, where
0@ is as above, then problem (2.1) is equivalent to finding u € H, x € Cu, v € Du
such that gu € dom(dg) and

(gu—M(x,y),v-gu) = p(gu) -@(), VveH, (2.7)

which is known as the multivalued mixed variational inequality, introduced and stud-
ied by M. A. Noor and K. L. Noor [12].

(vil) If f=0,C=D=E=1I,M(x,x)=hx =0 forall x € H,and W = 0 where d@
is as in (v), then problem (2.1) collapses to finding u € H, x € Au, v € Bu such that
gu € dom(dg) and

(N(x,y),v—gu) = p(gu)-@(), VYveH, (2.8)

which is called the generalized multivalued mixed variational inequality, introduced
and studied by M. A. Noor et al. [13].

viii) If f =0, C=D =E =1, M(x,x) = hx =0 for all x € H, W = 0, where
@ = Ix), the indicator function of closed convex set K(u) in H defined by

e () = 1% XKW, 2.9)
Kt = Lo, x € K(u), '

then problem (2.1) is equivalent to finding u € H, x € Au, v € Bu such that gu €
K(u) and

(N(x,y),v—gu) =0, VveK(u), (2.10)

which is known as the generalized multivalued quasi-variational inequality, introduced
and studied by M. A. Noor [9].

For appropriate and suitable choices of the mappings g, h, A, B, C,D,E, N, M, W, the
element f € H, anumber of known classes of variational inequalities, quasi-variational
inequalities, and quasi-variational inclusions, studied by several researchers including
Aldly [1], Huang [2, 3], Jou and Yao [5], Kazmi [6], M. A. Noor [7, 8], M. A. Noor and
Al-Said [11], Siddiqgi and Ansari [15, 16], Uko [17], Verma [18, 19], Yao [20], and Zhang
[21], can be obtained as special cases of problem (2.1). This reveals that the completely
generalized multivalued nonlinear quasi-variational inclusion (2.1) is the more general
and unifying one.
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Let W : H — 2" be a maximal monotone mapping. Then for a given p > 0, the
resolvent operator associated with W is defined by

J) () =T+pW) '(u), VueH. (2.11)

It is known that the resolvent operator JZV is single-valued and nonexpansive.
DEFINITION 2.1. A mapping g : H — H is said to be s-strongly monotone and t-
Lipschitz continuous if there exist constants s > 0, t > 0 such that

(gx-gy,x-y)=slx-yI? lgx-gyl=<tlx-yl, Vx,y<€H, (2.12)

respectively.

DEFINITION 2.2. A mapping N : HX H — H is said to be t-Lipschitz continuous with
respect to the first argument if there exists a constant t > 0 such that

IIN(x,u) -N(y,w)|| <tlx-yll, Vx,y,uecH. (2.13)

In a similar way, we can define Lipschitz continuity of the mapping N with respect
to the second argument.

DEFINITION 2.3. A multivalued mapping A : H — CB(H) is said to be t-strongly
monotone with respect to the first argument of N : Hx H — H, if there exists a constant
t > 0 such that

(N(x,q) -N(y,@),u—-v) =tlu—-vl?>, Vu,v,geH,xcAu, ycAv. (2.14)

DEFINITION 2.4. A multivalued mapping A : H — CB(H) is said to be t-relaxed
Lipschitz with respect to the first argument of N : Hx H — H, if there exists a constant
t > 0 such that

(N(x,q) -N(y,@),u—-v) < —tllu-vl|?>, VYu,v,qeH, xcAu, ycAv. (2.15)

DEFINITION 2.5. A multivalued mapping A : H — CB(H) is said to be t-generalized
pseudocontractive with respect to the second argument of N : Hx H — H, if there exists
a constant ¢ > 0 such that

(N(g,x)-N(q,y),u-v) <tl|lu—-vl|? Vu,v,gecH, x<cAu, ycAv. (2.16)

DEFINITION 2.6. A multivalued mapping A : H — CB(H) is said to be t-Lipschitz
continuous, if there exists a constant t > 0 such that

H(Ax,Ay) <tllx-yl, Vx,y<H. (2.17)

3. Main results. Now we invoke the resolvent operator technique to prove that
the completely generalized multivalued nonlinear quasi-variational inclusion (2.1) is
equivalent to a fixed point problem.
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LEMMA 3.1. Let p andt be positive parameters. Then the following statements are
equivalent:

(a) the completely generalized multivalued nonlinear quasi-variational inclusion
(2.1) has a solution u € H, x € Au, vy € Bu, z € Cu, v € Du, w € Eu with
gu—hw € dom(W);

(b) there existu € H, x € Au, y € Bu, z € Cu, v € Du, w € Eu satisfying

gu=hw+]J) (gu—hw—pN(x,y)+pM(z,v)+pf); (3.1)

(¢) the multivalued mapping G : H — 2H defined by

Gq= U [(1-t)a+t(qa—gq+hw
z€Aq,y€Bq,zeCq,
veDq,weEq +]ZV(gq—hw—pN(x,y) (3.2)

+pM(z,v)+pf))], VqeH,

has a fixed pointu € H.

PROOF. Itis evident that

fEeNx,y)—M(z,v)+W(gu-hw)
= gu—-hw-pN(x,y)+pM(z,v)+pf e +pW)(gu-hw) (3.3)
< gu—hw =J) (gu-hw-pN(x,y)+pM(z,v) +pf),

which means that (a) and (b) are equivalent. Clearly, u € H is a fixed point of G if and
only if there exist x € Au, vy € Bu, z € Cu, v € Du, and w € Eu satisfying

u= (1—t)u+t(u—gu+hw+J%V(gu—hw—pN(x,y)+pM(z,v)+pf)). (3.4)

That is, (b) and (c) are equivalent. This completes the proof. a

REMARK 3.2. Lemma 3.1 is a generalization of Lemma 3.1in[1, 4,6, 8,9,10, 11, 12,
13, 14, 15, 16, 21], [2, Lemma 2.1], [3, Lemma 3.4], [5, Theorems 3.1-3.3], and [18, 19,
Lemma 3.2].

Lemma 3.1 is very important from the numerical and approximation point of views.
Based on Lemma 3.1 and Nadler’s result, we suggest the following general and unified
algorithms for the completely generalized multivalued nonlinear quasi-variational in-
clusion (2.1).

ALGORITHM 3.3. Letg,h:H - H, A,B,C,D,E:H — CB(H), N,M :HXxH — H. For
given ug € H, xo € Aug, Yo € Bug, zo € Cug, vo € Dug, and wo € Eug, compute



598 ZEQING LIU ET AL.

{Untn=0, Xntn=0, {Vnln=0, {Zntn=0, {(Vnln=0, {Wn}n=0 from the iterative scheme

Upe1 = 1 =Dup +t(uy —guy +hwy,

+J) (gun—hwy —pN(Xn, yn) + PM(2n,vn) +p.f)), 62
Xn € Aun, ||xn—xni1ll<(1+m+1)")H(Aup, An,y),
Yn € Bun, ||yn—yunll<(1+m+1)"")H(Bun,Buni1),
Zn € Cun, ||lzn—znu|l < Q1+ m+1)"HH(Cup,Cini1) (3.6)

Un € DUy, |[Un—vnall < (1+m+1)"YYH(Dup,Duy.1),
)

Wy € Fuy, ||lwp—wpl|< 1+ m+1)"Y)H(Eup, Euny),
for all n > 0 where t and p are positive parameters with ¢t < 1.

ALGORITHM 3.4. letg,h:H — H, A,B,C,D,E:H — CB(H), N,M :HxH — H. For
given ug € H, xo € Aug, Yo € Bug, zo € Cug, vo € Duy, and wy € Eug, compute
{Untn=0, (Xn}n=0, {Vntn=0, {Zntn=0, {Vnln=0, {Wnlnso from the iterative scheme

GUnii = hwy + J) (gun —hwy — pN (xXn, Yn) + pM(2n,vn) +pf), ¥Yn=0, (3.7)

where {xy}n=0, {Vnln=0, {Znln=0, {Vnln=0, and {wy},=o satisfy (3.6) and p is a posi-
tive parameter.

REMARK 3.5. Algorithms 3.3 and 3.4 include [2, Algorithm 2.1], Algorithms 3.3 and
3.41in (3, 4, 10, 11, 14, 15, 16, 21], Algorithms 4.3 and 4.4 in [8, 9], Algorithms 4.1-4.3
in [12, 13], and Algorithm 3.1 in [18, 19] as particular cases.

Next we discuss those conditions under which the approximate solution, obtained
from Algorithm 3.3 or Algorithm 3.4, converges to the exact solution of the completely
generalized multivalued nonlinear quasi-variational inclusion (2.1).

THEOREM 3.6. Let g,h : H — H be a-Lipschitz continuous and b-Lipschitz con-
tinuous, respectively, and g be c-strongly monotone. Let NM : HXx H — H be «-
Lipschitz continuous and y-Lipschitz continuous in the first arguments, respectively,
and B-Lipschitz continuous and 6 -Lipschitz continuous in the second arguments, respec-
tively. Suppose that A,B,C,D,E : H — CB(H) are m-Lipschitz continuous, p-Lipschitz
continuous, q-Lipschitz continuous, v -Lipschitz continuous, and s-Lipschitz continuous,
respectively, A is &-strongly monotone with respect to the first argument of N and C is n-
relaxed Lipschitz with respect to the first argument of M. Let f € H, k = 2/1-2c +a? +
2bs, j=Bp+6r,L=(cm+yq)?—j5, T=E+n—-(1-k)j, and S = 2k — k2. If there
exists a constant p > 0 satisfying

k+pj<1, (3.8)
and one of the following conditions:

L>0, |T|>+SL, |p-TL'| <L 'NVT2-SL;
L=0, T>0, p>Q2T)'Ss; (3.9)
L<0, |p-TL'|>(-L)"'"VT2-SIL,



MULTIVALUED NONLINEAR QUASI-VARIATIONAL INCLUSIONS 599

then the completely generalized multivalued nonlinear quasi-variational inclusion (2.1)
has a solution u € H, x € Au, vy € Bu, z € Cu, v € Du, w € Eu with gu — hw €
dom(W) and the sequences {Uy} n=0, {Xn}n=0, {Vn}tn=0, {Zntn=0, {Vntn=0, and {wn}n=o
generalized by Algorithm 3.3 converge strongly to u, x, v, z, v, and w, respectively.

PROOF. Since g is a-Lipschitz continuous and c-strongly monotone, it follows that
||un —Uns+1— (GUn _gun—l)Hz
= ||un — w1 |[* = 2(gUn — GUn-1,Un —Un1) +||gUn —gun|F (3.10)
< (1-2c+a?)|[un—un|.

Note that A is m-Lipschitz continuous and &-strongly monotone with respect to the
first argument of N, C is g-Lipschitz continuous and n-relaxed Lipschitz with respect
to the first argument of M, and N and M are x-Lipschitz continuous and y-Lipschitz
continuous with respect to the first arguments, respectively. It is easy to verify that

1t —n-1 =P (N (Xn, Yn) =N (Xn-1,¥n) =M (2, Un) + M (2n_1,vn)) ||
= [[ttn — wn-1]1> =20 (N (X, ¥n) = N (Xn-1,Yn), Un — Un-1)
+2p(M(zn,vn) =M (2n-1,Vn), Un —Un-1) (3.11)
+ ([N (%, ) =N (Xn-1,¥n) =M (20, Vn) + M (Zn-1,vn) ||
<[1-2pE+m+pam+y@)?(1+n ) llun—un .

Using (3.5), (3.6), (3.10), and (3.11), the nonexpansivity of J[V,", the Lipschitz continu-
ity of B, D, E, and the Lipschitz continuity of N and M with respect to the second
arguments, we know that

[ns1 —unll < A =0Of|un —wn-a ||+ t|[tn —un-1 = (gun — gun-1)|| + t|[hwyn — hwy, ||
+ |17y (gun —hwy = pN (Xn, ¥n) + pM (20, V) + p.f)
—J) (Gun-1—hwy 1 = pN(Xn-1,Yn-1) +PM(zn-1,Vn-1) +p.f)||
< (1-0)||un —wun-1||+2t|[un—un-1—(gun — gun-1)||+2t||hw, — hwy,_1||
+t|[un —un-1 =P (N (Xn, ¥n) =N (Xn-1,¥n) =M (25, V) +M (2n-1, V) ||
+1p|IN(xn-1,7n) = N(Xn-1,¥n-1)|[+tp[IM (zn-1,vn) = M (zn-1,Vn-1)||
<(1-(1-0,)t)||un—un-1

(3.12)
where
Op=2V1-2c+a2+2bs(1+n")
1=2p(E+m) +p2(cm+ y@)2(1+n-1)°
(3.13)

+p(Bp+or)(1+nt)

— 0= k+\/1—2p(§+n)+p2(¢xm+yq)2+pj,
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as n — oo. Equation (3.8) ensures that

6<1<:>\/1—2p(§+n)+p2(o(m+yq)2<1—k—pj (3.14)
— Lp?>-2pT < -S. -

It follows from (3.14) and one of (3.9) that 0 < 1. Let P = 271(1 + 0). From (3.13) we
conclude that there exists a positive integer Ny such that 6,, < P < 1 for all n > Np.
Thus (3.12) ensures that

[Juns1 —unl| < (1 - A =P)t)|Jun—un-1|l, Vn=Np. (3.15)

Since t € (0,11, (3.15) yields that {uy},>0 is a Cauchy sequence in H. In view of (3.6)
and the Lipschitz continuity of A, B, C, D, and E, we obtain that {x;,}n=0, {¥Yn}n=0,
{Zntn=0, {Vntn=0, {Wn}nso are Cauchy sequences in H.Let u, ~u € H, x, - x € H,
Yn—Y€EH, zy—-2z€H, vy, —~ vV €H,and w, - w € H as n — ». Observe that

d(x,Au) =inf{||x -1 :l € Au}

(3.16)
<||x—xn|| +H(Auy,Au) — 0 asn — o,

which implies that x € Au. Similarly, we can prove that y € Bu, z € Cu, v € Du, and
w € Eu. It follows from (3.5) that

u=1-tu+t(u—gu+hw+J) (gu—hw-pN(x,y)+pM(z,v)+pf)). (3.17)

By virtue of Lemma 3.1, we see that the completely generalized multivalued nonlinear
quasi-variational inclusion (2.1) has a solution u € H, x € Au, y € Bu,z€ Cu, v €
Du, and w € Eu. This completes the proof. a

THEOREM 3.7. Let g, h, N, M, A, B, C, D, E, k, S be as in Theorem 3.6. Sup-
pose that B is C-generalized pseudocontractive with respect to the second argument
of N,j = \/1+2§+B2p2+\/1—2n+y2q2+57’, L=oc’m?-j%, and T=E-(1-k)j. If
there exists a constant p > 0 satisfying (3.8) and one of (3.9), then the completely gen-
eralized multivalued nonlinear quasi-variational inclusion (2.1) has a solution u € H,
X € Au, y € Bu,z € Cu, v € Du, w € Eu with gu — hw € dom(W) and the se-
quences {Un}n=0, {Xntn=0, {¥Yntn=0, {Znln=0, (Vnln=0, and {wnln=o generalized by
Algorithm 3.3 converge strongly to u, x, v, z, v, and w, respectively.

PROOF. Notice that B is p-Lipschitz continuous and C-generalized pseudocontrac-
tive with respect to the second argument of N, and N is -Lipschitz continuous in the
second argument. It follows that

||un —Un-1 +N(Xn—lyyn) _N(xnflyynfl)H2
= ||un—un—1||2 +2<N(Xn—1,yn) _N(xn—lyyn—l)aun_un—l> (3.18)
+||N(Xn—1,yn)7N(Xn—1,yn—1)||2 .

< (14224802 (1))l — |



MULTIVALUED NONLINEAR QUASI-VARIATIONAL INCLUSIONS 601

Similarly, we have

Hun_un—l _p(N(xnsyn) —N(anl,yn))H

<\1-2pE+p20em2 (1411l —wn1 ],
(3.19)
Hun*un—l +M(zn,vn) *M(Zn—lyvn)H

< \/1 —2n+y2q2(1+n1)°|[un —wun_1]|-
From (3.5), (3.6), (3.10), (3.18), and (3.19), we get that
[[uns1 —un|| < A=) |Jun —wun_1|| + t][n —Un-1 = (GUn — gun-_1)|| + t||hwy — hwy_ ||
+t|J) (gun —hwy — pN (xXn, ) + PM (20, Vn) + p.f)
—J) (Gun-1 —hwn 1 —pN(Xn_1,Yn-1) + pPM (zn-1,vn1) +p.f)||
< (1-0O)]|un—un-1||+2t||un —un-1 - (gun —gun-1)||
+ 2t[[hwy — hwy ||+ tl[wn = tn-1 = p (N (¢n, ¥n) =N (xn-1,0) )|
+tp|[un —un-1+N(xXn-1,¥n) = N(xn-1,¥n-1)||
+tp||un —Un-1+M(zn,vn) —M(zn_1,v4)||
+tp||M(zp-1,vn) =M (zZn-1,Vn-1)||

< (1= (1=0n)t)|[un—un-1l|,
(3.20)

where

On =2V1-2c+a?+2bs(l+n7t) +\/1—2p§+p2¢x2m2(1 +1r1)2

+p(\/1+2c+32p2(1 +n1)? +\/1—2n+y2q2(1 +n1)2+67(1 +n*1)) (3.21)

— 9:k+\/1—2p§+p2(x2m2+pj,

as n — oo. By a similar argument used in the proof of Theorem 3.6, the result follows.
This completes the proof. a

REMARK 3.8. Theorems 3.6 and 3.7 extend Theorem 3.1in[2, 15, 16, 21], Theorems
4.1 and 4.2 in [3, 4, 5, 14], and Theorem 4.1 in [12, 13] in the following ways:

(i) the set-valued nonlinear generalized variational inclusion in [2], the completely
generalized strongly nonlinear implicit quasi-variational inequality and the general-
ized strongly nonlinear implicit quasi-variational inequality in [3], the variational in-
clusions in [4], the generalized multivalued variational inequality in [5], the multival-
ued mixed variational inequality in [12], the generalized multivalued mixed variational
inequality in [13], the generalized set-valued strongly nonlinear quasi-variational in-
clusion and the generalized set-valued nonlinear quasi-variational inclusion in [14],
the strongly nonlinear variational inequality in [15], the general strongly nonlinear
variational inequality in [16], and the general set-valued strongly nonlinear quasi-
variational inequality in [21] involving strongly monotone mappings are replaced by
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the more general completely generalized multivalued nonlinear quasi-variational in-
clusion involving strongly monotone mappings, relaxed Lipschitz mappings, and gen-
eralized pseudocontractive mappings.

(ii) [2, Algorithm 2.1], Algorithms 3.1 and 3.2 in [3, 4, 14, 15, 16, 21], Algorithms
4.1-4.3in [12, 13] are replaced by the more general Algorithm 3.3.

(iii) Conditions (3.9) are weaker than the conditions used in [2, 3, 4, 5, 12, 13, 14,
15, 16, 21].

THEOREM 3.9. Letg, h,N,M, A, B,C,D, E, f, j, L be as in Theorem 3.6. Letc <1,
k=vV1-2c+a?+2bs,T=&+n—(c—k)j,andS =1~ (c—k)?. If there exists a constant
p > 0 satisfying

k+pj<c, (3.22)

and one of (3.9), then the completely generalized multivalued nonlinear quasi-varia-
tional inclusion (2.1) has a solution w € H, x € Au, ¥y € Bu,z € Cu, v € Du, w €
Eu with gu —hw € dom(W) and the sequences {Uy}n=0, {Xn}tn=0, {¥Vntn=0, {Zntn=o0,
{Vnltns0, and {wy}ns=0 generalized by Algorithm 3.4 converge strongly to u, x, v, z,
v, and w, respectively.

PROOF. Using the strong monotonicity of g, (3.7), (3.10), and (3.11), we infer that
[ne1 = unl|
< cYguns1 — gunl| < c7Y|hwy — hwy, 4|
+c I (gun —hwy — pN (X, n) + M (20, V0) +p.f )
—J) (Gun1 —hwn 1 —pN(Xn-1,Yn1) +PM(Zn-1,vn-1) + pf)|
< 2c7 Y hwy —hwy ||+ Hun —un-1 - (Gun —gun_1)||
+¢ 7 |un —un-1=p(N(xn, n) = N(xXn-1,9n) =M (20, V) + M (20-1,00))|
+c ' p([IN(en-1,7n) =N (Xn-1,¥n-1)|| + M (zn-1,Vn) =M (Zn-1,Vn-1)]|)
< Onl[un —un-,
(3.23)
where

On = c*1[2bs(1 +n ) +V1-2c+a?

+\/1 =2pE+n)+p2(am+yq)?(1 +n—1)2 +p(Bp+6r)(1 +n*1)] (3.24)

— 0 =c ' (k+\1-2p(E+m) +p2(am+yd)2+pj),

as n — oo. The rest of the argument is the same as in the proof of Theorem 3.6 and is
therefore omitted. This completes the proof. ]

THEOREM 3.10. Letg,h,M,A,B,C,D,E, f,c,k,S beasin Theorem 3.9, B, L, j be as
in Theorem 3.7. Let T = E—(c—k) j. If there exists a constant p > 0 satisfying (3.22) and
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one of (3.9), then the completely generalized multivalued nonlinear quasi-variational
inclusion (2.1) has a solution u € H, x € Au, y € Bu, z € Cu, v € Du, w € Eu with
gu—hw € dom(W) and the sequences {Un}n=0, {Xn}n=0, {Vntn=0, {Zntn=0, {Vnln=0,
and {wy }n=0 generalized by Algorithm 3.4 converge strongly tou, x, v, z, v, and w,
respectively.

PROOF. As in the proofs of Theorems 3.7 and 3.9, we know that

[[tns1 —unl|

< c Ylhwy —hwy_1||

+c Y (gun —hwy = pN (X, n) + pM (20, v0) +0.f)
—J) (Gun-1—hw, 1 —pN(Xn 1,Yn1) + PM(zp-1,vn1) +pf)|

< 2¢ Y| hwy —hwy ||+ c Y —un1 — (GUn — gun_1)]|
b itn—ttn~ (NG, n) =N (1, 30) | o2
+c7 ' pllun —un1+N(xn-1,9n) = N(Xn-1,¥n-1)||
+cpllun —un_1 +M(zn,vn) —M(zn_1,vn)||
+c 7 p|IM(zn-1,vn) =M (zn-1,Vn-1)]

=< QnHun_un—l ||»

where

0p=c! [2bs(1+n“)+v1—2c+a?+\/1—2p§+p2cx2mZ(1+1fr1)2

+p(\/1+2C+BZp2(l+n*1)2+\/1—2n+y2q2(1+n*1)2+61’(1+n’1)>]

— 0= cfl(k+\/172p§+p2(x2m2+pj),
(3.26)

as n — . The rest of the proof follows precisely as in the proof of Theorem 3.6. This
completes the proof. |

REMARK 3.11. Theorems 3.9 and 3.10 extend, improve, and unify Theorem 3.1 in
[18, 19] and [20, Theorem 3.6].
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