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PROJECTIVE REPRESENTATIONS OF QUIVERS
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We prove that P; L P; is a projective representation of a quiver Q = ¢ — o if and only if P;

and P> are projective left R-modules, f is an injection, and f(P;) C P> is a summand. Then,

we generalize the result so that a representation M N M> Lo I — My Inor,

My, of a quiver Q = e — o — o---e — o — o is projective representation if and only if
each M; is a projective left R-module and the representation is a direct sum of projective
representations.

2000 Mathematics Subject Classification: 16E30, 13C11, 16D80.

1. Introduction. A quiver is just a directed graph. We allow multiply edges and
edges going from a vertex to the same vector. Originally a representation of a quiver
assigned a vertex space to each vertex and a linear map to each edge (or arrow) with
the linear map going from the vector space assigned to the initial vertex to the one
assigned to the terminal vertex. For example, a representation of a quiver ¢ — e is

\%1 £, V5. Then we can define a morphism of two representations of the same vector.
Now, instead of vector spaces we can use left R-modules and also instead of linear
maps we can use R-linear maps. In this paper, we study the properties of projective
representations of quivers. Representations of quivers is a new topic in module theory
and is recently developed in [1, 2].

DEFINITION 1.1. A representation P; L P, of a quiver Q = e — o is said to be
projective if every diagram of representations

p— o p, 1.1)
(M) —2~ M) (N] —= N») © 0)

can be completed to a commutative diagram as follows:

Py 4>P2 (1.2)

(0 0)

LEMMA 1.2. IfP; £, P, is a projective representation of a quiver Q = e — o, then P,
and P, are projective left R-modules.
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PROOF. Let M and N be left R- modules «:P; — N an R-linear map, and f: M — N

an onto R-linear map. Then, since P; L P> is a projective representation, we can
complete the diagram

p—'~p, (1.3)
/ N lo
(M 0) (N 0) (0 0)

as a commutative diagram. Thus P; is a projective left R-module.
Let g: P, — N be an R-linear map and let h: M — N be an onto R-linear map. Then,

since P; L, P is a projective representation, we can complete the diagram

//%- P2 (1-4)
(0 0)
as a commutative diagram. Thus P, is a projective left R-module. a

LEMMA 1.3. IfP is a projective left R-module, then a representation 0 — P of a quiver
Q = e — e S a projective representation.

PROOF. The lemma follows by completing the diagram

O———=P (1.5)
/% \Lk
g h
(M, M) (N1 N») (0 0)
as a commutative diagram. a

REMARK 1.4. A representation P — 0 of a quiver Q = e — e is not a projective
representation if P + 0, because we cannot complete the diagram

P——>0 (1.6)
\Lid \LO
(P —2~p) (P 0) (0 0)

as a commutative diagram.

LEMMA 1.5. If P is a projective left R-module, then a representation P d.p of a
quiver Q = o — o [s a projective representation.
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PROOF. Let My, M, Ny, and N> be left R-modules and let g: M} — M and h: N; —
N, be R-linear maps. Let k : P — N; be an R-linear map and choose hok:P — N» as
an R-linear map. And consider the following diagram:

id

p—4 op 1.7)
\Lk lhok
(M, —L> M,) (N} —= N») © 0)

Then, since P is a projective left R-module, there exists amap «: P — M;. Now choose
go«:P — M, as an R-linear map. Then « and g o x complete the above diagram as a
commutative diagram. Therefore P — P is a projective representation. a

2. Direct sum of projective representations

THEOREM 2.1. A representation P, L P, of a quiver Q = o — e is projective if and
only if P, and P, are projective left R-modules, f is an injection, and f(P,) C P, is a
summand.

PROOF. Consider the following diagram:

p—L o p, 2.1)
\Lid l()
(P, —2>Py) (P, 0) 0 0)

Since P; . P is a projective representation, we can complete the above diagram as
a commutative diagram as follow:

P, H— P, (2.2)

e

(0 0)
Thus g o f =idp,. Therefore, P, = f(P,) @ker(g) and
(P, — P,) = (P, — (P, @ker(g))) = (P1 % P,) ® (0 — ker(g)). (2.3)
This completes the proof. a

Now let Q = e — ¢ — o---e¢ — o — o be a quiver with n vertices and n —1 ar-
rows. Then, we can easily generalize the results of Lemmas 1.3 and 1.5 as follows: the
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representations
0—0—:--+—0—0— Py,
0—0— s —0— Py % Py,
(2.4)
0—p, 4. ... .p 9 p 1 p,
Pl'_pl-_,...i_d,Pli—d»Pli—d>P1

are all projective representations of a quiver Q = e — ¢ — o---e — o — o if each P;
is a projective left R-module. We can also generalize Lemma 1.2 so that if M; A
M, L2 It I of aquiver Q = e — o — o---e — o — o is projective
representation, then each M; is a projective left R-module.

THEOREM 2.2. A representation M, S M Sz, M; of a quiver Q = e — o — o
is projective if and only if My, M, and M3 are projective left R-modules, f,(My) is a
summand of M, and f»>(M>) is a summand of Ms3. That is,

(My — My — M3) = (P L P 2L P )@ (0 — P, L P) @ (0 — 0 — Py).  (2.5)
PROOF. The diagram

M, N My f2 M;

RN

(M, M, 0) (M, 0 0) (0 0 0)
(2.6)
can be completed to a commutative diagram by id : M; — My, g»1 : M — M;, and
0 : M3 — 0. Then we can get g»1 o f1 = idy, so that M» = M; & ker(g»1). Now the
diagram

M, Nil M, f2 M

b

My —L > M, —9 M) (M —2 > M, 0) © 0 0)

(2.7)

can be completed to a commutative diagram by f; : My — M, id : M> — M>, and g3 :
M3 — M. Then, we can get gs» o f> = idym, so that M3 = M, & Ker(gs»). Therefore,
M3 = M, @Ker(gs2) = M; @Ker(g21) @Ker(gs2). Hence,

(My — My — M3) = (P -2 P 2L P )@ (0 — P, L P) @ (0 — 0 —Ps3).  (2.8)

This completes the proof. ]
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Now, we can easily generalize Theorem 2.2 so that a representation M, N, M> e,

fn-2 Sn-1 . . L
oS My = My ofaquiver Q =e — e — e..-e — e — e i3 projective represen-

tation if and only if each M; is a projective left R-module and the representation is
the direct sum of the following projective representations:

0—0—:—0—0— Py,
0—0— -+ —0—Ppy— Py,

(2.9)

id id id id
0—p < ...%p < p L p,

p, 4 p id d p d poid p

11— n-—-—"r—r —»rn—»rnr.

REMARK 2.3. The representations of aquiver Q =e — e —e---0 — o — o:
P—-0—0—---—0—0,

PLp _0—0—-—0,
(2.10)

pid, pid o dd pid 5,

are not projective representations if P + 0.
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