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A CLASS OF GAP SERIES WITH SMALL GROWTH
IN THE UNIT DISC
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Let B > 0 and let « be an integer which is at least 2. If f is an analytic function in the unit
disc D which has power series representation f(z) = Y.;_, akzk“, limsupy_. (log™ |ag!/
logk) = «(1 + B), then the first author has proved that f is unbounded in every sector
{zeD:¢p—€<argz < ¢ +e¢, for € > 0}. A natural conjecture concerning these functions
is thatlimsup, - (logL(r)/logM(v)) > 0, where L(7) is the minimum of | f(z)| on |z| = *
and M (r) is the maximum of | f(z)| on |z| = 7. In this paper, investigations concerning this
conjecture are discussed. For example, we prove that limsup, - (logL(r)/logM(v)) =1
and limsup, _,- (L(r)/M(r)) = 0 when aj = k*(1+8),
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1. Introduction. Let
F(z) =D arz' (1.1)
k=1

represent an analytic function in the unit disc, and set
M(r) =max |F(z)|,
lz|=7
M(r;01,0;) = max |F(2)], (1.2)

|z|=7, 01 <argz<0;

L(r) =1 ‘17n |F(z)].

Define
1 21 ) 9 1/2
M) = (5 [ 1 (re) Pa0)
27T Jo
1 (#+9 ‘ 172 (1.3)
Morig-6,6+0) = (55 [ 1F(re)|a0) .
26 Jop-s
The growth order p of the function F is defined by
o log*log™ |ay |
p= hnklaso?p logAx —log*log™ |ax |’ (1.4)
or
p= limsupM (1.5)

ro1- —log(l-7r)"
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In 1916, Wiman [6] proved that

. L(r)
lim su = (1.6)
M)
if F is an analytic function in unit disc and satisfying
o olog(Ars1—Ax) _ 12+4p
1 f = 1.7
e log Ay 21+p’ (1.7)

where p is the order of F.

In 1975, Nicholls and Sons [3] constructed an analytic function in the unit disc
which shows the above Wiman’s result is best possible if the order p > 0. They also
proved, under some restriction on {Ax}, that an analytic function of order p (> 0)
takes every complex number infinitely many times in the unit disc. In 1989, Sons [5]
studied analytic functions of order zero which have the power series representation

f(z)=> arz*", (1.8)
k=1

where « (> 2) is an integer,  is a positive real number, and

log” |ax|

limsup logk

r—1-1

=«(1+p). (1.9

Sons [5] proved the function f is unbounded in any small sector of the circle centered
at zero.
Since the theta function given by the series

[ 00

1+ > 227 = [T (1+221)%(1 - 22m) (1.10)

n=1 =1

is of order zero and never takes the value zero in the unit disc, Sons [5] asked whether
the functions in (1.8) assume every complex number in the unit disc.

In this paper, we are continuing to study the gap series of the form (1.8), which is
the only well-known gap series with the growth order zero. We first show that, for any
0 >0 and any ¢ € [0,211), M(7;¢p — 6, + ) is greater than M (v) multiplied by an
absolute constant on a sequence of 7, which complements the results in [5]. Then we
take a close look at the class of the gap series

g(z) = > kx1+P Zk*, (1.11)
k=1

where « (> 2) is an integer, f is a positive real number. The class (1.11) is taken as a
good representative of the class (1.8). We show that the limit of the ratio of the mini-
mum modulus to the maximum modulus of g is zero. However, the limit superior of
the ratio of the logarithmic minimum modulus to the logarithmic maximum modulus
is one. Therefore, any function in (1.11) assumes every value in the complex plane,
although the function grows very slowly.
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Moreover, the functions in (1.11) shed some light on the sharpness of the restriction
(1.7) when « is very large since the left-hand side of (1.7) is («¢x— 1)/« and the right-
hand side of thatis 1. We conjecture that the above Wiman’s result is sharp. A detailed
discussion of this matter can be found in [1] for entire function and in [2, 4] for analytic
functions in the unit disc.

In what follows, we use the standard notation of function theory. We also denote
the maximum term of f on |z| = ¥ by u(r), and the central index at |z| =+ by v(7) for
the power series in (1.8). We also regard C, C;, and C, as positive constants, although
their appearances at each time may not be the same number.

2. A theorem about the function f

THEOREM 2.1. Let f be as in (1.8). Then there exists a sequence of v tending to 1
such that

M(rip—5,6+8) = = (Ma(r) +0(1)),

- &

(2.1)

My (r;p—6,p+6) = —=(Ma(¥) +0(1)),

V3

forany 6y € (0,27 ] and forany § = (61r/x) (v (r)) 10D ywhere T is a real number
with1l—-B/Qxf+4) <T < 1.

PROOF. The proof of Theorem 2.1 deeply depends on the proof of [5, Theorem 1].
Therefore, we will directly use some equations and inequalities from [5]. Consider

J-1
f(z2)=G(z)+H(z), whereG(z)= > axzk"; (2.2)
k=0

for J = [v(r)!~7]. For any & with & = (61/)v(r)- 10D [5 Lemma 1] implies

b+0 ) ) 5 21 ) )
J |H(re®)|°do > —J |H(reif)|"do. (2.3)
-5 31t Jo

It follows from the Minkowski inequality and the above inequality that

P+5 1/2
(j |f|2d9>
¢
P+6 172 $+6 172
> (I H|2d9> - (J |G|2d9>
$-5 $-5
5 (2T 1/2 -+ 172
> (J |H|2d9) —(J IGZdG)
31t Jo -5

. (3%)”2(0:” |f|2d9>1/2 - an 1G(0) |2d9)1/2) - (Jf: G|2d9>1/2.

(2.4)
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On the other hand, [5, equation (5)] gives, for z = re'?,

|G(z)| = (vr) DD (). (2.5)

—«xlogr

Thus, we obtain from (2.4) and (2.5) that there is an 7; such that for all » with r; <
r<l,

Mr;p—06,p+08)(28)/?
c (2.6)

> <§)1/2<M2(r) +% TW(T)(S”Z.

3 long(T))_ —«xlog

Similarly,

M(r;p—8,p+6)(26)"?

W(r)) ——C Wi

—«logr —«logr

As shown in [5], we know that there exists a sequence of » approaching one such that
pr) = (1—7r)" B2y < Cur)) AP, (2.8)

It follows that the first inequality in Theorem 2.1 is a consequence of (2.6) and (2.8).
Similarly, we can prove the second inequality by using (2.7) and (2.8). Thus Theorem
2.1 is proved. a

3. Results on the function g. Now we study the function g in (1.11) and we assume
that

y=a(1+B)>2, br=k%— (k-1 (3.1)

Thus, by is strictly increasing and by /b1 tends to 1 as k goes to infinity. Let

k—1\Y/bx 1\ Y/bk
Ay = (T) = (1— E) v I =[Ag Ags). (3.2)

Clearly, the sequence Ay is strictly increasing to 1 when k tends to infinity. Therefore,
I,nl; =@ for p # q,and [0,1) = u;‘;llj. Moreover, let j be fixed, then, for v € I; and
k=<j-1,

(k+1)yksD® ( r )bw ( Aj )bk“
= > > 1; .
kyrk® Ak = Ak =5 (3-3)

and forr €I; and k = j,

(k+1)yykeD® ( ¥ )bk” < (Aj+1>bk” <1

- 3.4
kyyks Akl Akl 84
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It turns out that the maximum term of g on |z| = r, where r € I}, is
p(r) = jrrit. (3.5)

THEOREM 3.1. If g is defined as in (1.11), then

logu(r) 1
r-1- —log(1-7) 1+4p° (30
PROOF. Let j be fixed, then for any r € I; = [Aj,Aj.1), we have
Y Ly _ <
logr <logAj. = Grha_ja log (1 j+1> < o (3.7)
Hence, noting log(1/v) ~ 1 —7, we obtain, for » € I;, and j is big,
C C
o
j& = —logrz—_y. (3.8)
Consequently, for r € I,
A jaf € \P
= Yy A
ur) =jr’ = A; <1—r> . (3.9)
On the other hand, since r € I}, so
Y 1 C
logr >logAj = —F<——10 (1—7.)2—.*. 3.10
& AT i S A S Jje (5-10)
Hence
C 1+8
24 -
ur) <j S(l—r) . (3.11)

Combining this with (3.9) and using limjamAf = ¢ 1+ we can find two positive
constants C; and C» such that

C1 C2

mﬁﬂ(?’)ﬁm, (312)
for all  near to 1. Thus the theorem is proved. a
THEOREM 3.2. Letg be asin (1.11). Then
logM(r) 1
r—1- logu(r) * x(1+8)° (3.13)
PROOF. Let j be fixed, then, for r € I},
M(r) = f(r)
kY e e E kY e
=um)| > (—) rt 1 (—) ki (3.14)
k=1 vJ k=j+1 J
=u)(J1+1+]2).

In order to prove the theorem, we need to find upper and lower bounds of J; and J,.



34 L. R. SONS AND Z. YE

For a fixed j, we have, forr €I and k < j -1,

y ~ Y
(%) eIt < (%) AT (3.15)

Consequently, there is a positive constant C such that the inequality
J

J k Y o i —jx k Y
J1+1=Z(3> k=i SAJ.J Z(;) <Cj (3.16)

k=1

holds for all large j since Zi:l kY ~ j¥*1/(y+1) for y > -1, and A;ja ~el*h,
Now to find a lower bound of J;. Indeed, for + € I, there is a positive constant C
such that

Jl+1—é(’;)yrk“f”‘zé(’;)yzq‘, (3.17)

for all large j.
Now to estimate J>. Forr € Ij, and k = j+1,

k Y o_ k Y k& —j& k y e —
(5) o= (5) A= (5) amart
k\Y yke 1 _ja
-(5) eolgaeaee (1-7ig) et eaw
7) el ()t
5(1) eXp{(jJrl)‘x—j“ ja ) g

Thus, for all large j and for » € I},

I = i (E.)yrk“’f"‘

k=j+1 J
P k\” yk“ 1
<A/ (—) exp{ - - (—. )}
J+1k§‘+1 Jj (j+1)x—jx j+1
w & y o (3.19)
a1 5 () el or(8) )
k=j+1

< A;fij xVexp{—yx®2 @ D}dx
<Cj.

It follows from (3.14), (3.16), (3.17), and (3.19) that there are two positive constants
Cy and (> such that

Gur)j=M@) <Cur)j, (3.20)
for any r € I;, and all large j. Moreover, as v € [},

pr) <j¥ =pm)r 7 < Gur). (3.21)
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Therefore,

1+1/y

Ci(u(r)) <M®r) < Co(um) ™, (3.22)

which implies the theorem. |
COROLLARY 3.3. Letg be asin (1.11). Then

_pr)
Jim o T

0. (3.23)

Obviously, the corollary is a straightforward consequence of Theorem 3.2.
THEOREM 3.4. Letg be asin (1.11). Then

L(r)
AR ME) T

0. (3.24)

PROOF. For any € > 0, we have from the above corollary that there exists 7y such
that, for r > 7y,

u(r) <eM(r). (3.25)

Thus, for all ¥ near to 1,

M?(r) = f?(r) = ( > kyrk“)f(r) = DR SRR (f(r) - kYR

k=1 k=1 k=1
1y kO (3.26)
>Mo(r)+ D> kT (f(r)—p(r)) = M2 (r) + M(r) (M (r) — (7))
k=1

>L2(r)+(1-e)M(r).
Therefore, for all » near to 1,
L(r) < JeM(r). (3.27)
It follows that the theorem is proved. a
THEOREM 3.5. If g is defined as in (1.11), then

limsup 7logL (r) =

MSUP 1og M (1) (3.28)

PROOF. By a little computation, we know that |g(—v)| = L(r). Moreover, noting
that k% is odd or even if k is odd or even, we have

L(r)=|=> (k—-1)YrZ-D% 1 3 2k)yyr@0% |, (3.29)
k=1 k=1

Set

h(r) = > (2k)Yr0*, (3.30)
k=1
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Then
h(r)=2Yg(r*) =2YM(r*%). (3.31)
Therefore
L) = |h(r)—g(r)+h@) | = [2Y 'M(r*) -M (1) ]. (3.32)

On the other hand, we have from (3.12) and (3.22) that there is a positive constant C
and a sequence 7, which goes to 1, such that

M(rp) ~C(1-1,)° forn=1,2,..., (3.33)
where s = —(1+B+1/«x). Thus

log [2Y "M (¥r2* )M~ (1) — 1|

i log M ()
log |21 (1-72") (1—71n) - 1]
= him log (1 o1
n —slog (1-7,)+0(1) (3.34)
_ lm 2r+lg(1—12%) T 2o 21 (1 =g ) T g 2y L (1 =2 s (1= 1)
n-o 2y 1 (1=72") (1-1) =1

=0.
It follows that

log |2Y*IM (2 )M~ (r) - 1| N

limsup ————— =1+limsu 1. 3.35
P logM(r) e log M () (3:35)
Thus the theorem is proved. a

COROLLARY 3.6. If g is defined as in (1.11) and a is a complex number, then the
Nevanlinna deficiency of f at a is zero.

PROOF. Applying Jensen’s formula to g —a gives
21
N(g,r,a) = %J log |g(re?)—a|d0+0(1) =log |[L(r)—lal| +0O(1), (3.36)
0

where the last inequality holds on a sequence of 7, on which L(¥) goes to infinity as
¥, tends to one. Theorem 3.5 ensures the existence of such a sequence. Thus we have

. N(g,7r,a)
0(g,a) =1-limsup——"—"—+
(g ) ‘V**l’p T(glr)

) N(f,r,a)
<1-1 — -
TP Tog M ()

. logL(r)
<l-limsup—=—~— =
TP log M (r)

(3.37)

0.

It follows that the corollary is proved. ]
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REMARK 3.7. The corollary implies that the function g in (1.11) takes every complex
value infinitely many times in the unit disc.

THEOREM 3.8. If g is defined as in (1.11), then

logMo(v) . 1
r—1- logu(r) +2y' (3.38)

PROOEF. For a fixed j, we have, for r € I},

M3 (r) = > k2Yre
k=1

00

= u2(r) (i <§)2yY2ka_2ja . Z (E)ZYYZkLZjD() (3.39)

k=1 k=ji1 N
=12 (r) (P +P»).

We now estimate P; and P,. Forr € I and k < j -1,

J

J 2y -« o 2y
p=> <E> yRE2t < AT Y (?) < Cj,

k=17 k=1
. ) (3.40)
J 2y J 2y
p = (E) (ST (k) >Cj.
k=1 k=1

Moreover,
> k 2y o _ 2« —_2j« @
P= > <—> k=i < A jJ xYexp{—yx®2- 2}l dx < Cj. (3.41)
k=j+1 ] !
It follows that there exist two positive constants C; and C, such that
Cu?(r)j < M3(r) < Cop®(r) ], (3.42)
for all large j and r € I;. It turns out from (3.21) that the theorem is proved. O
COROLLARY 3.9. If g is defined as in (1.11), then

. logMx(r) 1+2y
PH}O logM(r)  2+2y°

(3.43)

The proof of the corollary follows from Theorems 3.2 and 3.8.

The results of the following theorem and corollary are better than those of Theorem
2.1. Moreover, since we are dealing with the functions in (1.11), we can give a direct
proof without using anything from [5].

THEOREM 3.10. Letg be asin (1.11). Then for any 0, € (0,21] and any v > 0,

1 0p+T on 12 1/2 1
(ﬁJGOT |g(re)| d@) > (ﬁ+0(1)>M2(1’), (3.44)

forany T withmm =T = (1-71)° forv nearto 1, wheres = (4y+1)(2x—3)/4x(y +2).
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PROOF. For any v € I}, and 6, € (0,271], we write

00

F(0) = 1’6(60 6)1 Z Gok“ —-k%0i _ Zake_k 0i

[ (3.45)

= > are 0L N e *0 = G(0) +H(0),
k=1 k=[jt1+1

where t is a positive real number with t < (y+1/2)/(y+2).Let d = [j']+1, then
T 2
zrzj |H(0)|°do
-
T 2
zj |[H(0)|°(T*-0%)de

=X J apage """ 1 (T2 - 02)do

p.azd
_ i PAEEL S aya __4sin (p*-q*)T— (p*—q*)Tcos (p*—q*)T
= pQq 3
k=d 3 p.azd,p+q (po(_qo()
> 24T > 2 4T
_Z| kI3~ Z (|ap| +|aq|> 2
k=d p,a=d,p+q ( « qa)
> 24T > 4T
= Z |ak| T_Z Z lag| PEPRY
k=d p,a=d,p+q (p a )
> 24T 2 4T
a -2 ag | ————
gd| k| qzdp dzw| ‘1| p2d20{—2(x
4T3 4T & 1) > 2
= _— —_ ay
(5 e S ) 5 o
=:Ba . |ax|
k=d

1 21
=Bd—J |H(0) | do.
27T Jo
(3.46)

It follows from the Minkowski inequality and (3.46) that

o o ae) (& o) (o)
%%%% |H(0)| de) ’ (%J 1G(0)] de)

() () 1r@ra0) ([ tecorao) )
(4] 6@a0)”

(3.47)
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On the other hand, we have, for any T € (0,1r] and r € I},

1 T 1/2 d-1 a-1 ) )
(—J |G(0) |2d9> < SRrK < SRV < cdvt < DO/ - (3.48)
2T J-r k=1 k=1

However, for v € I;, we have from (3.42) and (3.9) that

1 (%" » 1/2 1 2™ o 1/2
(%J [F©)] ‘w) :<§J lg(re!)| d9) =Mo(r) = Cj7*12. (3.49)
0 0
It turns out from (3.48) and (3.49) that
1 (T ) 1/2
(ﬁLT'G(G)' d") = 0(Ma(7)). (3.50)

Thus we have from (3.47) and the definition of B; that

1 0o+T ) 1/2 1 T 1/2
(ﬁje la(re)*ao) - (55| _F©0)|*d0)

1 1 1/2
=) (5~ garages) (o) =0
1 1
=420 (5~ e ~o0)
(3.51)
It follows that the theorem holds when
T>1/d%32 > (1-7)He-G/2)/ (3.52)
O

Clearly, we have the following corollary.

COROLLARY 3.11. Ifg is defined as in (1.11), then there is a positive constant C such
that for any 0y € (0,21T], and any v near to 1, we have

max_|g(re®®)| = CMI+2/ @2 (y), (3.53)
[0-00|<T

for T withmmt>T > (1-7)%, wheres = (4y+1)(2x—-3)/4x(y +2).

PROOF. Clearly, for any 6y € (0,2717], and any 7 near to 1, the theorem gives

i0 R
‘nggﬁT|g(re )| = <m+o(1)>Mz(r), (3.54)
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for Twithmm>T > C(1—-7)%, where s = (4y +1)(2x—3)/4x(y + 2). Furthermore, we
have from (3.17), (3.12), and (3.19) that

M2(r)=Cu®(r)j=CMr)u(r) = CMI20/1+Y) (1) (3.55)
for all » near to 1. It follows that the corollary is proved. O
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