IJMMS 32:10 (2002) 615-625
PII. S0161171202112294
http://ijmms.hindawi.com
© Hindawi Publishing Corp.

INFINITE TWO-GENERATOR GROUPS OF CLASS TWO
AND THEIR NON-ABELIAN TENSOR SQUARES

NOR HANIZA SARMIN

Received 24 December 2001

We classify all infinite 2-generator groups of nilpotency class two and determine their
non-abelian tensor squares.

2000 Mathematics Subject Classification: 20F05, 20J99, 20F99.

1. Introduction. For a group G, the non-abelian tensor square G ® G of a group G
is generated by the symbols g® h, g,h € G, subject to the relations

gg' ®oh=9g'®9h)(geh), gehh' =(geh) ("ge™n), (1.1)

for all g,g’,h,h’ € G,where 9g’ = gg’g~'. The non-abelian tensor square is a special
case of the non-abelian tensor product which has its origins in homotopy theory and
was introduced by Brown and Loday in [4, 5].

In [3], Brown et al. started the investigation of non-abelian tensor squares as group
theoretical objects. One of their main goals is the explicit computation of non-abelian
tensor squares. The topic of this paper is the classification of infinite 2-generator
groups of nilpotency class two and the determination of their non-abelian tensor
squares. In [1, 7], this was done for 2-generator p-groups of class two, for p an
odd prime or p = 2, respectively. Thus this paper completes the classification of 2-
generator groups of class two and determination of their non-abelian tensor squares.
For an overview of non-abelian tensor squares which have been determined, we re-
fer to [6] and also to [2], where infinite metacyclic groups were classified and their
non-abelian tensor squares determined.

2. The classification. In this section, we classify the infinite 2-generator groups of
nilpotency class two up to isomorphism. As a preliminary step, we classify the above
groups which are split extensions of a p-group by an infinite cyclic group.

PROPOSITION 2.1. Let G = {(a,b) be a 2-generator group of nilpotency class less
than or equal to 2 of the form G = P x (b), where (b) is an infinite cyclic group, and
P = {[a,b])(a) isa p-group. Then G is isomorphic to exactly one group of the following
types:

G = ({a) x{c)) x(b), (2.1)

where [a,b] =c, [a,c] =[b,c] =1, |al =p%, |c|=pY, xzy=1;

G = (a)x(b), (2.2)
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where [a,b] = a?*”, |la| = p&, « =2y = 2;

G = ((a) x {c)) % (b), 2.3)
where [a,b] =a?* V¢, [c,b]l=a PP Jal=p*%, cl=p°, y>021, a+0 >
2y;

G = (a) x(b), (2.4)

where [a,b] =1, |a| = p*.
The groups in the above list have nilpotency class two precisely for (2.1), (2.2), and
(2.3), and are abelian for (2.4).

PROOF. Let G be a group as in the hypothesis. Since G is nilpotent of class less
than or equal to 2, P is abelian. Suppose first [a,b] = 1. Obviously, G is of type (2.4).
Now, let [a,b] # 1. First, let ([a,b]) n{a) = (1). Set [a,b] = c. This implies that
P = (c)x{a). Thus G is the group of type (2.1). Next, let ([a,b]) N (a) = (1).1f ([a,b]) =
(a), then evidently, G is the group of type (2.2). Finally, suppose that {[a,b]) N (a)
is a proper subgroup of ([a,b]). We have 1 = [a,b]?” = [a,b?”]. This implies that
b?’ e Z(G), thus (bP”) < G. Therefore, G/ (b?”) is isomorphic to H = ({u) X (v)) x{w)
where [v,w] =v?" Y u, [u,w]=v """ u P vl = pe lwl = ph, [[v,w]] = p?,
oB,y,0 eN,y>0=>1,x+0 =2y, B>y, as follows from [1, Theorem 2.4] for p
odd and [7, Theorem 2.5] for p = 2, respectively.

It is easy to show that the nilpotency class of each group of type (2.1), (2.2), and
(2.3) is two and they are all pairwise nonisomorphic. ]

Now, we are ready to state and prove the main theorem of this section. Note that
F,/y3(F>) is the free group of rank 2 and class 2, and is denoted by %, known as the
Heisenberg group.

THEOREM 2.2. Let G be an infinite non-abelian 2-generator group of nilpotency class
two. Then G is isomorphic to exactly one group of the following types:

G = ({a)x({(c))x(b), (2.5)
where [a,b] =c, [a,c] =[b,c] =1, |a| = o, |b| =, |c| < co;
G=(PLXPyX+-+-XP;X---xXPy)x(b), n=1, (2.6)

where, for i = 1,...,n, the component P; is a pi-group, p; # pj for i # j, |b| = co, and
P;x(b) is of type (2.1), (2.2), (2.3), and (2.4) of Proposition 2.1.

PROOF. Let G be an infinite non-abelian 2-generator group of nilpotency class two.
Then, G = A(b) where A = (c){a), c = [a,b], A is abelian and normal in G, and G =
(a,b). Furthermore, G’ = ([a,b]). Consider G/Z(G). Then either G/Z(G) is torsion
free or G/Z(G) has a nontrivial element of finite order. In case G/Z(G) is torsion free,
we can show that |G'| = «. So G = ¥ and is of type (2.5) with [c| = .

Now, suppose G/Z(G) has anontrivial element of finite order. It follows that G/ Z(G)
is finite which implies |G’| < c. Then either G/G’ is torsion free or not. In the first
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case, G/G' =Zx7Z and G is a group of type (2.5) with |c| < o0, and in the second case,
G/G' = Z,, X Z. Without loss of generality, assume that |(b)| = o and [{a)| < o, oth-
erwise, relabel the generators so that G = (a,b), with |b| = 0 and A = (a,c), |A| < o.
Then |b| = oo implies that A n (b) = (1), and we have G = A X (b).

Now, since A = (c,a) is a finite abelian group, A = P; X - - - X P; X - - - X P, where P; is
aSylow p;-subgroup of A.Let {(a) = (a1) X - -X{ai)X---X{an), (c) =(c1) X+ --X{(cpn),
with a;,c; € P; and ¢; = [a;,b]. We have P; = (a;,c;) and P; is normal in G. Thus, there
are subgroups H; = P; X (b) of G such that H; = (a;,b). If H; is an abelian group, then
it follows that P; = {(a;), lai| = p%i, and H; = P; X (b). If H; is a non-abelian group,
then H; is one of the groups of type (2.1), (2.2), and (2.3) of Proposition 2.1. Thus, G
is the group of type (2.6). a

3. The tensor squares of groups of class two. In [1, Proposition 3.3], it was shown
that the tensor square for a group of class two is abelian. This fact helps us in using the
concept of crossed pairing in our computations. We define it here in the case relevant
for non-abelian tensor squares.

DEFINITION 3.1. Let G and L be groups. A function ¢ : GXG — L is called a crossed
pairing if

¢(gg,lh) = ¢(gg’,gh)¢(g’h),

(3.1)
¢(g,hh’) = p(g,h)p("g,"h’),

forall g,g’,h,h’ €G.
Crossed pairings allow us to determine homomorphic images of G ® G as follows.

PROPOSITION 3.2 [3]. A crossed pairing ¢ : G X G — L determines a unique homo-
morphism of groups ¢* : G® G — L such that p*(geoh) = ¢p(g,h) forall g,h € G.

In this section, we also include two results that will be used in the next section. First,
suppose we are given groups H, G, K, and L, where G and L are homomorphic images
of H and K, respectively. The following proposition enables us to find a crossed pairing
from G X G to L given a crossed pairing from H X H to K, provided certain conditions
are met.

PROPOSITION 3.3 [7]. Let G, H, K, and L be groups with 1t : H — G an epimorphism,
@ : K — L a homomorphism, and T : Hx H — K a crossed pairing. If T (kerr,H) and
I'(H,kerr) are contained in ker @, then there exists a crossed pairing A: G X G — L for
which the following diagram commutes:

HxH —>K

(n,n)l lw (3.2)

GXG—2>1

The second result is alemma on finitely generated abelian groups. The proof is easy
and thus omitted here. Observe that we say that a nontrivial element in an infinite
cyclic group has order zero.



618 NOR HANIZA SARMIN

LEMMA 3.4. Let A ={(a,...,ay) be a finitely generated abelian group, and let B =
(b1) X - - - x{(by) be a direct sum of n cyclic groups, such that the order of a; divides
the order of b; fori=1,...,n. If ¢ : A - B is a homomorphism such that ¢(a;) = by,
then ¢ is an isomorphism.

4. Computation of the tensor squares. In this section, we determine the tensor
squares of the groups classified in Section 2 beginning with the squares of groups of
type (2.5).

THEOREM 4.1. Let G be a group of type (2.5). Then

116, for |c| = oo,
GoG= ) 4.1)
74 %1%, forlc|=k.

PROOF. Let G be a group of type (2.5).If |c| = oo, then G = ¥, and the result follows
from [1, Corollary 3.8].

If |c| = k, then by [1, Proposition 3.5] it follows that G ® G is generated by a ® a,
beb,a®b,bea,a®c,and bec.

We now establish order bounds for some of the generators of G ® G. Observing that
ceZ(G),we have 15 = (a®c)¥, and 14 = (b®c)k. Since |a| = |b| = o, the first four
generators of G ® G do not necessarily have finite order, and indeed, it will be shown
that they have an infinite order.

Let g,h € G with g = a™b"c! and h = a™ b" ¢V, where m,m’,n,n’ € Z and I, are
integers modulo k. Let L = 7% x Zi, and denote with z;, z, z3, z4 the components of
the four factors of the form Z, and with zs, z¢ the components of the two factors of
the form Zj. Define the mapping 0 : G X G — L componentwise by

0(g,h) = (z1(g,h),22(g,h),z3(g,h),z4(g,h),z5(g,h),z¢(g,h)), 4.2)

where

z1(g,h) =mm',  z,(g,h) =nn’,  zz(g,h)=mn’,  z4(g,h) =nm/,

m m’
zs(g,h) =n’ -n +n —n)ymm’ +ml —m'lmodk,
5(g,h) (2> (2> (n'—n) 4.3)

ze(g,h) = m(? ) -m’ (Z) +nl' —n'lmodk.

Since m,m’,n,n’ are unique integers and [,l' are unique modulo k, it follows that
0 is well defined. As in [1], 0 is a crossed pairing. By Proposition 3.2, the mapping 6
defined above lifts to a homomorphism 0* of G ® G onto L such that 8*(g® h) =
0(g,h). In particular, 6*(a® a) = (1,0,0,0,0,0), 6*(b® b) = (0,1,0,0,0,0), 0* (a ®
b) =(0,0,1,0,0,0), 6*(b®a) = (0,0,0,1,0,0), 0*(a®c) = (0,0,0,0,1,0), and 6* (b ®
c) =(0,0,0,0,0,1). Thus the generators of G ® G map to the generators of L. Further-
more, by the order estimates previously established, the order of a generator of G® G
divides the order of the corresponding generator of L. Thus, by Lemma 3.4, 0* is an
isomorphism and it follows that G® G = Z* x 7 as claimed. O
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In order to determine the tensor squares of groups of type (2.6), we first determine
the tensor squares of the groups in Proposition 2.1. We start with the groups of type
(2.1), dealing with the case p odd and p = 2 in two separate propositions.

PROPOSITION 4.2. Let G be a group of type (2.1) with p + 2. Then
G®G =Ty XToy XL, (4.4)

PROOF. Let G be a group of type (2.1) with p prime, p + 2. It follows that G® G is
generated by a®a,b®b,a®b,b®a,a®c,and b ® c. We give now order estimates for
5 of the 6 generators of G® G. Using [1, Lemma 3.4], we obtain 1¢ = (a®c)?”, 1g =
boct’ =(bec)P,ls=aoa?” = (a®a)?”,and 14 = a"’“a®b = (a®b)”“(a®c)(p2a).
Since p # 2 and « > y, we have pY | (”;). Thus (a@c)(pz ) = 1g. We conclude that
le = (a® b)?P". Similarly, it follows that 1 = (b ® a)?". Since |b| = o, b ® b is not
necessarily finite.

Let g,h € G with g = a™b"c! and h = a™ b" ¢!, where n,n’ € Z, m,m’ are in-
tegers modulo p®, and [,I" are integers modulo p¥. Let L = Z,« X Z X Zia X Ziy, and
denote with z;, z3, z4 the components of the three factors of the form Z,«, with z»
the component of Z, and with zs, zg the components of the two factors of the form
LZpy.

Define the mapping 0 : G X G — L componentwise by

0(g,h) = (z1(g,h),22(g,h),z3(g,h),z4(g,h),z5(g,h),z¢(g,h)), (4.5)
where

z1(g,h) = mm modp®, z2(g,h) =nn’,

z3(g,h) = mn’mod p*, z4(g,h) = nm' modp*,

zs(g,h)=n’ (?) —n(WZL ) +(n' —n)ymm’ +ml —m’'lmodp?, (4.6)

z6(g,h) = m(g ) -m’ (Z) +nl —n'lmodp?.

Since m,m’ are unique modulo p%, n,n’ are unique integers, and [,I’ are unique
modulo p?¥, and in addition & > y > 1, it follows that 0 is well defined.

Next, we show that the mapping 0 is a crossed pairing. By [1, Proposition 3.7], the
mapping  : # x % — 75, defined as 0, but m,n,l,m’,n’,l’ just being integers, is a
crossed pairing. Now, equations (3.1) hold componentwise for ¢ as identities in inte-
gers. It follows that they hold as congruences modulo any integer. Since, at the same
time, the modules given for z,, z3, z4, z5, and zg are the largest for which 6 is well de-
fined, we conclude that 6 is a crossed pairing. By Proposition 3.2, the mapping defined
above lifts to a unique homomorphism 0* : G® G — L such that 0* (ge®h) = 0(g,h),
where the generators of G ® G, as given above, map to the corresponding genera-
tors of L. Furthermore, by the order estimates established before, the order of a
generator of G ® G divides the order of the corresponding generator of L. Thus, by
Lemma 3.4, it follows that 6* is an isomorphism and G® G = Z:;(x X Zf,y X Z as claimed.

O
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PROPOSITION 4.3. Let G be a group of type (2.1) with p = 2. Then

T3« x T3y X7, ifo>y,
GG = (4.7)

T3y X Lyy1 XUpy1 X7, ifox=Yy.

PROOF. Let G be a group of type (2.1) with p = 2. We have two cases, namely, «x > y
and « = y. The first case follows from the proof of Proposition 4.2, setting p = 2 and
observing « > y. So we omit the details.

Now, let & = y. From [1, Proposition 3.5], it follows that G ® G can be generated by
a®a,beb,aeb, (aeb)(bea), (a®b)’(a®c),and (a®b)?(bec).

We now establish order bounds for the generators of G ® G with the exception of
b ® b. First, notice that the expansion formula as before yields 1o = (a ® ¢)?” and
le = (b®c)? . Furthermore, 15 = (a®a)?’, 1s = (@ ®b)2 = (aebh)? ' (avc)? =
(a®b)?"', 14 = (a?’ ®b)(b®a?) = ((a®b)(b®a))?,1s = ((a®b)2(a®c))?', and
lo = (@2 ®b)2(bec?) = (aeb)? " (bec)? = ((a®b)?(bec))?. Let % = (x,y).
Define 1m : % — G by 1w(h) = a™b"c! for h € ¥, where h = x"y"zl, mn,l €7, z =
[x,y].Tt follows that 77 is a homomorphism onto G. Next, set L = Zpax XZ X Zpy+1 X Zay X
Zpa-1 X Zyy and 78 = (x1) X - - - X (x¢). Define ¢ : 76 — Lby @ = oA, where A : 75 — 76
is given by A(x;) = x; fori=1,2,4,5,6, A(x3) = x3x; 'x5%x52, and pu : Z8 — L reduces
the generators of 7% modulo the appropriate powers. Clearly, A is an automorphism
and p is a homomorphism, so @ is a homomorphism with @ (x;) = €;, i = 1,...,6,
where €; = (1,0,0,0,0,0),..., € = (0,0,0,0,0,1) € L.

Now, let T = ¢ be the crossed pairing of [1, Proposition 3.7] with g : # x % — 75,
and 1 the epimorphism of % onto G. By Proposition 3.3, there exists a crossed pairing
A:G X G — L for which the diagram commutes, provided

@ (@ kerm, %)) = @ (p (¥, kerm)) = 1. (4.8)

To establish (4.8),1et L = (11,...,1¢) € Land h,h’ € ¥ withh = xMy"zl b’ = x™ "'z
where m,m’,n,n’,l,l' € Z. By [1, Proposition 3.7] and the definition of @, we obtain
@ o wyhh') = @xi(hh),...,x¢(h,h") = (px1(h,h)),...,p(x¢(h,h"))) =
(Iy(h,h'),...,lg(h,h")), where

l;(h,h") = mm' mod?2?, Io(h,h') =nn’, ly(h,h') = nm' mod?2?,

l3(h,h’)Emn’—m’n—Z(n’(gfj—n(n;>+(n’—n)mm’+ml’—m’l)

_ n, _ ’ n r_ ’ y+1

2(m<2) m<2>+nl nl)modZ , 4.9)
Is(h,h')=n' (?) —n(n; ) + M —n)ymm +ml —m’'Ilmod2Y 1,

le(h,h') = m(Z ) -m’ (;) +nl'—n'lmod?2?.
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Suppose now that h € kerr, then m =1 = 0mod2¥ and n = 0. Thus [y, 1>, 14,15, and
lg are obviously trivial in L. As for I3, the terms of the right side can be rearranged as

I3(h,h") =2m(m'n-m'n'-1') +2n<(m2+ 1) _l)

(4.10)
+2l(m’ +n') —m?n’ + nn’m mod2Y*!,

Since « = y, we have m =l = O0mod2Y and n = 0. Therefore, 2m = 21 = 0mod 2Y+1,
2n =0, and m? = Omod 2¥*!. Thus I3 is trivial in L. So @ (g (ker1r, %)) = 1. In a similar
manner @ (Y (#,kerrr)) = 1, hence, (4.8) is established.

Since the diagram of Proposition 3.3 commutes for A and @ o ¢ is onto, we conclude
that A is onto. Thus, by Proposition 3.2, A lifts to a homomorphism A* of G ® G onto
L, where the generators of G ® G map to the generators of L. Furthermore, by the
order estimates established before, the order of a generator of G® G divides the order
of the corresponding generator of L. Thus, by Lemma 3.4, it follows that A* is an
isomorphism and G® G = Zgy X Zoy+1 X Lpy-1 X Z as claimed. O

The metacyclic groups of type (2.2) can be viewed as a special case of groups of type
(2.3), for which o = 0, that is, the torsion subgroup has rank one. Thus, the tensor
squares of groups of type (2.2) are obtained together with those of type (2.3). Now, we
determine the tensor square for a group of type (2.3) and (2.2), dealing with the cases
p + 2 and p = 2 in two separate propositions.

PROPOSITION 4.4. Let G be a group of type (2.3) or (2.2) with p + 2. Then
G®G = Toayro X Lpa X Lo X 1. 4.11)

PROOF. Let G be a group of type (2.3) or (2.2) with p # 2. Set z = [a,b]. By [1,
Lemma 3.5], it follows that G® G can be generated by a®a, b®b,a®b, (a®b)(boa),
(a®a)’* " (a®z),and (a®b)P*” (b®z). Now, we establish order bounds for some
of the generators of G®G. If we set z = [a,b], then ¢ = za " ” by (2.3). To obtain an
order bound for (a®a)’* " (a®z), expand c?’ ® a to obtain

le=c" ®a=(ava) " " (zea)’ = ((a®a)”a7y(z®a)‘1)_pa, (4.12)

thus ((a®a)?* " (a®z))P’ = 1g. Similarly,

x-y+0o

e _,X—y+O .
le=c”" ®@b=(aceb)? (aez)(" 2 )(bez)r. (4.13)
L, X—y+OT
Since x + 0 = 2y and p =+ 2, this implies that (aez)("2 ) = lg. Therefore,
((aeb)P" " (be2z))P" = 1.
Turning now to (a®b)(b®a), expansion of b ® c?’ leads to

x—y+o

lo = (bea) " " (aez) ("2 )bez)¥. (4.14)

X—y+0o

Multiplying (4.13) and (4.12) yields ((a®b)(b®a))? =1g.



622 NOR HANIZA SARMIN

Next, we establish an estimate for the order of a ® b. By observing &« > y and ex-
panding a?" ® b, we obtain 1, = (a®@b)?*(a®z)(2) = (aeb)?".
Finally, we turn to the estimate for the order of a ® a. Here we have

lg=aec?’ =(aea)™ " (avz)?’. (4.15)
Equating (4.12) and (4.15) yields
(a®z)"’ =(a®z)P’. (4.16)

Obviously, 1 = af*®z = (a®z)?", so a® z has p-power order. Hence, we obtain
(a®z)?’ =14 by (4.16). This, together with (4.12), implies (a®a)?™ """ = 1. Let # =
(x,y). Define 11 : 9% — G by mw(h) = a™ b™2c!, where h = x™1 y™2p! with m, m»,l €
Z, v = x " 7[x,y], and a,b,c € G as in the proposition. It follows that 7 is an
epimorphism. Next, let L = Zpa-y+o X ZX Zpa X Zpa-y+o X Lo, and 26 = (x1) X - = - X (x¢).
Define @ : 7% — L by @ = po A, where A: 76 — 75 is given by A(x;) = x; for i = 2,4,6,
Alxy) = xlxsfpaiy -xg”ﬂwy)il, Alxs) = xgxglxg’”wy, and A(xs) = X5x€aiy71, while
1 :7% — Lreduces the generators A(x;) modulo the appropriate p-powers. Specifically,
@(xi) =€;,i=1,...,6, where ¢; = (1,0,0,0,0,0),..., € = (0,0,0,0,0,1) € L. It follows
that A is an automorphism of 76 and u is a homomorphism of Z¢ onto L.

Let h,h’ € % with h = x™ y™2pl and h' = x™ y™2v! where v = x 7" [x, y]
as before. Setting u = [x,y], we obtain alternative presentations for h and h’ as
h=xmy"rykand h' = x™ y" uX’, where m = m; —lp* 7, m' =m) - U'p* Y, n=ms,
n =mj, k =1, and k' = I'. By [1, Proposition 3.7], there exists a crossed pairing
W ¥ x ¥ — 7%, where, in terms of the original presentation,

x1(h, ') = (my=1p*Y) (mi =U'p*),  xa2(h,h') = mym,
x3(h,h') = (M =1p*)my,  xa(h,h') = (M =U'p*)my,

— xX=y &=y
my—lp )mz(ml Up

xs(h,h)zmz( 5 5

)+(mllpay)l (4.17)

= (my =U'p* )+ (my —mz) (my = lp*7) (m = 'p*™),

Xo(h,h') = (my = 1p* ) (”§2> ~(m}~Up*) (”2”) rmal —mjl.

We apply now Proposition 3.3 with G as given in (2.3), H = %, K = 7%, and L as de-
fined above. For the mappings, let = poA and I’ = y, all as given above, and 7 : # —
G. By Proposition 3.3, there exists a crossed pairing A : G X G — L such that the dia-
gram (3.2) commutes, provided @ (¢ (kerm,#)) = @ (¢ (¥, kerm)) = 1. Next, we show
that this is the case. Suppose h,h’ € % where h = x™1y™pl and h’ = xmiymévl'.
Writing @ o : # X 9 — L componentwise as oy (h,h’) = (I, (h,h’),...,lsg(h,h")), we
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obtain [;(h,h’) in terms of x;(h,h’) as given above,

Li(h,h') =x1(h,h') = p* Y xs5(h,h') = p* Y 1 xg(h, k') mod p™ V7,
l2(h,h') = x2(h,h');

I3(h,h') = x3(h,h') —x4(h,h") — p*Yx6(h,h') mod p*;

ly(h,h') = x4(h,h") mod p* Y7,

Is(h,h') = x5(h,h) +p* ¥ xg(h,h' ) modp?;

lg(h,h') = xg(h,h ) mod p?.

(4.18)

If h € kertr, then m; = Omod p%, m» = 0 and [ = Omod p?. It follows directly from
the definition of x;(h,h’) that l;(h,h’) =0 for i = 1,...,6. Thus @ (y(kerm, %)) = 1,
as claimed. Similarly, it can be shown that @ (¢ (9,kertr)) = 1. Thus A is a crossed
pairing.

Since the diagram of Proposition 3.3 commutes for A and o @ is onto, we conclude
that A is onto. Thus, by Proposition 3.2, A lifts to a homomorphism A* of G® G onto L,
where the generators of G ® G map to the corresponding generators of L. Furthermore,
by the order estimates established before, the order of a generator of G ® G divides
the order of the corresponding generator of L. Thus, by Lemma 3.4, it follows that A*
is an isomorphism and G® G = Zf}a—ero' X ZLpee X Zf,g X Z as claimed. |

PROPOSITION 4.5. Let G be a group of type (2.3) or (2.2) with p = 2. Then
GG = Zzo{—yﬂwrl X Loo~y+o X Lox X Z%a’ XZ. (4.19)

PROOF. Let G be a group of type (2.3) or (2.2) with p = 2. Set z = [a,b]. By [1,
Proposition 3.5], it follows that G ® G can be generated by a®a, b® b, a® b, (a®
b)(boa), (a®a)* " (a®z),and (a®b)>* " (aez) 2" (bez).

Now, we establish order bounds for some of the generators of G ® G. Notice that
¢ = za=2""" by (2.3). Following along the lines of the proof of Proposition 4.4, we get

loe =c’ ®a=(a®a) 2 """ (avz)"?, (4.20)

which gives ((a®a)?" " (a®z))%’ = 1. Similarly,

_p0—y+0o 20—y+0-1

le =c?’ @b =(a®b) (a®z) (boz)"2’. 4.21)

Thus ((a®@b)>*” (a®z) 2" " (b®z))? = 1. Expansion of b® 2’ leads to
lo=boa) > (aez) """ (hez)¥. (4.22)

Multiplying (4.21) and (4.22) yields ((a®b)(b®a))2* "™ = 1,.

Next, we give an estimate for the order of a ® b. Since « > y, expansion of a®* ®b
vields 1o = (a®b)2" (a®2)2" "' = (a®b)>".

Finally, we estimate the order of a ® a. We obtain

le=a®c? =(aea) """ (a®z)?’. (4.23)
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Equating (4.21) and (4.23) vields (a®z)2""" = 1,. Thus, squaring (4.20) leads to (a ®

a—y+o+1
a)z Y = 1@.

The rest of the proof follows directly from the proof of Proposition 4.4, with p
replaced by 2 and taking [;(h,h’) modulo the appropriate powers of 2. Thus

GG = Zza—yﬂrﬂ X Loo—y+o X Lox X Z%o’ X7, (4.24)

as claimed. 0O

For easier reference, we list the tensor squares of groups of type (2.2), the case
o =0, of Propositions 4.4 and 4.5 in the next corollary.

COROLLARY 4.6. Let G be a group of type (2.2). Then

Loy X Tpa X1, ifp=+2,
GG = (4.25)

sz—yﬂ X Loo-y X Lox X 1, lfp =2.
Our concluding theorem (Theorem 4.7) determines the tensor square of a group of
type (2.6). To that end, we mention again that the non-abelian tensor square of an

abelian group is just the standard abelian tensor. Thus, for groups of type (2.4), we
have G®G = G®7G.

THEOREM 4.7. Let G be a group of type (2.6), that is,
G=(PiXPyx- -XPy)x(b), m=1, (4.26)

where, for i = 1,...,n, the component P; is a p;-group, p; # pj for i # j, |b| = oo, and
G; =P;x(b) is of type (2.1), (2.2), (2.3), and (2.4) of Proposition 2.1. Then

GeG=T(G19G1)X - XT(Gr®Gy) XZ, (4.27)

where T (G; ® G;) is the torsion subgroup of G; ® G;.

PROOF. Let G be a group of type (2.6). Observe that T(G) = P; X - - - X Py, is abelian,
and if (|gl,|h]) =1,thengeh = 15.

We prove our claim by induction on n, the number of Sylow p-subgroups of T(G).
Ifn=1,then G=P; x(b)and G®G = T(G®G) XZ by Propositions 4.2, 4.3, 4.4, and
4.5.

Suppose n > 2. Then G = (PXQ) X (b) with P =P; and Q = P> X ---XPy.Set U =
Px(b) and W = Q x(b). Then, for any g,h € G, there exist u,u’ e P c U, w,w' € W
such that g = uw and h = u’w’. By expanding g ® h,

goh=uweu'w =X(g,h)-(wew'), (4.28)
where
X(g,h)=ueu)(uew ) (weu)([u,wleu)([u,wleow')(we[u,w’]). (4.29)

For w,w’ € W, there exist v,v’ € Q and integers s,t such that w = vb® and
w’ = v’'bt. We substitute w = vb* and w’ = v'bt into (4.29), expand, observing that
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elements in T(G) commute and g®h = 14 for g,h € T(G) with (|gl,|h]) = 1. We then
arrive at

X(g,h) = (wew)ueb) (belu,bl)? bou) (bebul)® ((u,blou)

(4.30)
([u,b1eb)*" (be[u,b])".

We observe X(g,h) e T(U®U), hence (X(g,h) | g,h € G) < T(U®U). On the other
hand, T(UQU) < {(u1®@uz, u3®b, b®@uy | U1, U, u3,uy € T(U)). However, for suitable
choices of g and h, observe that all the above generators are in {X(g,h); g,h € G}.
We conclude that T(U® U) = (X(g,h) | g,h € G). The above, together with (4.28),
implies G® G =(T(UeU),WW). Observing (| T(UU)|,| T(W®W)|) = 1, it follows

that GG =T(U®U) x (We®W). Since |Q| = |T(W)| has only n — 1 distinct prime
divisors, the claim follows by induction on n. O
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