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ABSTRACT. This paper discusses the existence and decay of solutions u(t) of
the variational inequality of parabolic type:

<u'(t) + Au(t) + Bu(t) - £(t), v(t) - u(t)> >0
for V, v € LP([O,w);V (p>2) with v(t) € K a.e. in [0,»), where K is a closed
convex set of a separable uniformly convex Banach space V, A is a nonlinear
monotone operator from V to V¥ and B is a nonlinear operator from Banach space W to
W%, V and W are related as V c W c H for a Hilbert space H. No monotonicity
assumption is made on B.
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Introduction
Let H be a real Hilbert space with norm | |, V be a
real separable uniformly convex Banach space with norm || “V

densely imbedded in H and 1let K be a closed convex subset
of V containing 0. Moreover, let W be a Banach space with
norm || || such that V(W(H. We suppose that the natural
injections from V into W and from W into H are compact
and continuous, respectively. We identify H with its dual
space H* (i.e., V(W(H(w* Cv*). Pairing between V* and
V will be denoted by <«v*,v> for v*eV* and veV.

Consider the following variational inequaiity of parabolic

type :
(1) < u'(t) + Au(t) + Bu(t) - £(t), v(t) - u(t)> >0

for v(t) e LP([0,=);V) (p>2) with v(t)e¢K a.e. in (0,®).

A solution u(t) of (1) should satisfy the conditions :

2

u(t) € LE_ ([0,);V) "\ C([0,=);H), u'(t) e L]

loc ([olw);H)I

u(t) € K for a.e. tel[0,») and the initial condition

(2) u(0) = u, € K.
Here A 1is a monotone operator from V to V* and B 1is a
bounded operator from W to W*. More precisely we make the

following assumptions on them.



NONLINEAR PARABOLIC VARIATIONAL INEOUALITIES 81

Al. A is the Fréchet derivative of a convex functional FA(u)

on V, hemicontinuous on V and satisfies the inequalities
p
(3) Koll w5 < Fp) (2 <Au,w)

with some ko>0 and p>2, and
(4) | auflye < CoUll ully)

where Co(-) is a monotone increasing function on [0,»).

AZ’ B isthe Fréchet derivative of a functional FB(u) on W,

continuous on W and satisfies

o+l

(5) I Bu”w* h k1|| u "w

with some kl,a>0.

Regarding the forcing term £f(t) we assume :

2

9 .
Ay feLf . (10,%) V) \Li o

1loc ([0,°);H) with qg=p/(p-1) and

t+1

t+1
max {( I
t

I f(s)llg* as )/, ¢ J
t

s(t) |f(s)|2 das) 172}

const. < o,

A

Note that no monotonicity condition on B is assumed.
The problem (1) is said 'unperturbed' if B(t):=0, and said
'perturbed' if B(t)Z 0. The unperturbed problem (1) with the

initial condition (2) is familiar, and the existence and unique-
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ness theorems are known in more general situations than ours

(see Lions [5], Brezis [2], Biroli [1l], Kenmochi [4], Yamada [13],
etc.). However the asymptotic behaviors of solutions as t— «
seem to be known little. 1In this note we first prove a decay
property of solutions of the unperturbed problem (1)-(2) (with
B(t)=0). This result is derived by combining the penalty method
with the argument in our previous paper [10], where the nonlinear
evolution equations (not inequalities) were treated.

Next we consider the perturbed problem (1)-(2) (i.e., B(t)

70) . For the equation u'(t)+Au(t)+Bu(t)=£f(t) (not inequality),
the existence of bounded solutions on [0,®) ‘in the norm || |
was proved in [8] (see also [7]). We extend this result to the

variational inequality (1)-(2). Recently, similar problems were
treated by Otani [12] and Ishii [3] in the framework of the theory

of subdifferential operators. In their works it is assumed that
(e
f(t)=0 or J |f(s)]§ ds 1is small, while here we require only
0
the smallness of Ms=sup §(t). Ishii [3] discussed the decay or
t

blowing up properties of solutions. We also prove a decay pro-
perty of solutions of the perturbed problem. Our result is much
better than the corresponding result of [3].

We employ the so-called penalty method introduced by Lions
[5], and the argument is related to the one used in our previous
paper [11], where the nonlinear wave equations in noncylindrical

domains were considered.
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1. Preliminaries

We prepare some lemmas concerning a penalty functioanl
B(u). Let K be a closed convex set in V and let J:V — V*

be the duality mapping such that

(6) 3@ flge =l ully » <3, = llulg .
Then the penalty functional B(u) for K 1is defined by
(7) B(u) = J(u - ppu)

where p is the projection of V to K. Recall that p,u
K K

(&£ K) is determined by

(8) lu=-peul|y, =min || u - w{, .
| K \% weK v

Pgu is also characterized as the unique element of K satis-

fying
(9) <J(u - pKu), w - pKu> <0 for w e K.

For a proof see Lions [5]. The following two lemmas are well

known.

Lemma 1. (Lions [5])

B(u) is a monotone hemicontinuous mapping from V to V*,

Lemma 2. (see, e.g., [6])

The projection Pg is continuous.
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The next lemma plays an essential role in our arguments.

Lemma 3.

Let u(t)€ cl([0,=);v). Then || u(t)-peu(t)||2 is qif-

ferentiable on [0,~) and it holds that

(10) 3 a2 Il ul®) - pauatt) |2 = <gu(t)), u'(t)>

Proof.
The proof can be given by a variant of the way in Biroli
[1, lemma 6]. By a standard argument (see Lions [5, Chap II,

Prof 8.1]) we know
1 2 1 2
(1) Flw-pgvllyg -3 v - pgvily 2 <B(v), w=-v>

for w,veV. Then, if t,t+h>0 we have

2
v

N|

[ u(en) - peutesn) 12 - 3 I u(e) - peuce) |

(12) < B(u(t)), u(t+h) - u(t)>

fiv

If h>0, we have from (12)

t,+h t.+h
2 2
5% Jt || uls)-ppu(s) |y ds - 5% Jtl Il u(s)-pgu(s) g ds
2 1
€2 u(s+h)-u(s)
a2 [ % < e, Blemmis) ;g

t

1

for t2>t1;0, and hence, letting hi0,
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2
Ll utey) - peutey) 12 3 11 utey) - peucey) 113

t)
(14) > J < B(u(s)) , u'(s) > ds .
2

Similarly, if h<0, we have

t t
1{ 2 I 2 1 ("1 2
= u(s)-pgu(s) || ds - =% I w(s)-pyu(s) ||S ds
2h £ +h K v 2h £.+h l K v
2 1
) u (s+h) -u(s)
< I < B(u(s)), - ds
%
for t2>tl with tl+h;0, and
1 2 1 2
(15) 5 I utey)-pulty) |Ig - 5 | wt))-prulty) (13
)
;f < Blu(s)),u'(s) > ds
t1
for t2>tl;0, where we have used the continuity of pKu(t) at

t>0. The inequalities (14) and (15) are equiavlent to (10).

We conclude this section by stating a lemma concerning a
difference inequality, which will be used for the proof of decay

of solutions.

Lemma 4. ([9])

Let o(t) be E_nonnegative function on [0,») such tha;_

sup o (8) 1T < c (a(t) - o(t+1)) + g(t)
t<s<t+l
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with some C,>0 and 1r20. Then

(1) if r=0 and g(t)_g_C1 exp(-At) with some A>0, C,>0, then

1
¢ (£)<C] exp(-A't) for some Cj,A'>0,

and

(1) if r>0 and 1lim g(t)t'*1/T=g

troo

, then

-1/r

¢ (t) < Cj(1l+t) for some C; > 0.

2. Unperturbed problem

As is mentioned in the introduction we prove here a decay

property of solutions of the unperturbed problem (1)-(2).

Theorem 1.
Let uj ek and let lim s(0)t® /(P2 g 3¢ p>2 ana
t>o -

§(t)<C exp(-At) (A>0) if p=2. Then the problem (1)-(2) with

B(t)=0 admits a unique solution u(t), satisfying

(16) late) Iy < el ug lly) +e) /P72 5 oo
and
(16) " hute) (I, < Ul ug |l) exp(-A't)  if p=2

with some \'>0.



NONLINEAR PARABOLIC VARTATIONAL INEQUALITIES

Proof.
Recall that the solution u is given by a limit function
of {ue(t)} as € — 0, where ue(t) is the solution of the

modified equation

u'(t) + Au(t) + Z8(u) = £(8) (e>0)
(17)

u(0) = u, -
Since A and B are monotone hemicontinuous operators from
V to V*, the problem (16) has a unique solution uE(t) such

that

2

p o) » '
ue(t)eLloc([o’ );V) and ue(t) eLloc

([0,);H).
(Cf. Lions [5, Chap. 2, Th. 1.2., see also Biroli [1], where
more general result is given.)

Let {wj};=l be a basis of V. Then, it is known that

ue(t) is given by the limit function of {um €(t)} as m—y ©,

14

m
where umrﬁ(t)=jzl aj’m(t)wj is the solution of
' = .
(18) <um’€(t),wj> + <Aum,e(t),wj> if(t)’w3>

(j=1,2,...,m)
with the initial condition

(19) um,e(o) =q — u, in V.

87
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The problem (17)-(18) is a system of ordinary differential equa-

tions with respect to aj m(t), j=1,2,...,m, and by the monoto-
7

nicity and hemicontinuity of A and B it is easy to see that

this problem admits unique solution such that
u (v ctro,=) ;v )C clio,=) ;v
m,g ’ ’ m ’ 17

where Vm is the m-dimensional subspace of V spanned by {wl,
""’i}’ For the proof of Theorem 1, it suffices to show that

the estimate (16) or (16)' with u=u o holds with the constants

’

independent of m and ¢.

By Lemma 3 we have
t
(20) Ee(um,e(tz)) - Ee(um,e(tl)) + f
t2
= J <f(s),u' _(s)>ds
€ m, e
1
for t2>t1;0, where
E_(u(t)) = F (u(t)) + == [lu(t) - pou(t) ||2
€ I -\ 2¢€ K v °

Also we have easily by (18)

t
2 1

Jt {< Aum’e(s),um,e(s)> t <B(um,8(8),um,€(s)>}ds
1

t
(21) = Itz {<f(s),umle(s)> - <u$,€(s),um’€(s)>}ds.
1

Using the similar argument as in [10], the equalities (20)-(21)
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imply the estimate (16) or (16)' with u=u . For completeness,
’
however, we sketch the proof briefly.

By (20) we have

t+l 2
I lur'n,e(s)| ds < 2{E€(um,€(t) - Ee(um'e(t+l))} + C8(t)

(22)

= De(t)2 . (C>0 ; constant)
On the other hand, using the ineqaulity

<Auy (t),up (£)> 4 2 <Bluy ((t)), um,€(£)> 2 B (uy ((£)

(see (3) and (9)),

we have from (21)

X e 12, a2 ! ]
E_(u (s))ds < (I £(s) ds) sup u (s)
t € e = e | v selt,t+1] M€ v
t+1
2 1/2
+ (J [ut (s)]“ ds) sup |u_ _(s)]
t m, e teset+l TrE
(23)

(s)/P

A

C(D _(t) + &(t) sup E(U
€ tes s+l E(m’e

where hearafter C denotes various constants independent of m

and e. From (23) there exists t* €[t,t+1l] such that

E_(u t*¥)) < cip_(¢) + §(t))} sup 52£(um’€(s))l/p

(
e € t<s<t+l

and hence by (20)
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€

1/p
sup E (u (s)) < c{(D_(t) + 6(t)) sup E(u (s))
t;S;t‘Fl m,e € t;s;t+1&(m'€

2
+ DE(t) + De(t)é(t)}

and by Young's inequality,

(p-1)
(24) sup E_ (u _(s)) < c{(D_(t) + &6 (£))®/
tcsct+l € M€ = €

+D_(8)2 + 8 ()% .

From (24) we can easily see that Ee(um €(t)) is bounded on
’

[0,) by a constant depending on Ee(um e(0)). Since we may
’

assume, without loss of generality, that u E(O)eK and
’

(25) B (up ((£)) 2 CE_(u (0))) < C(] ug |l

\%

where C(:) denotes various constants depending on the indicated

quantity. By (20) and (25) we have

2(p-1)/p
(26) sup E (u (s))
t<s<t+l e me

< Ul g g HE (uy (£+1)) = E_(u (£)) + 8(6)%)

where we set M=sup G(t)z. Applying Lemma 4 we obtain the desired
t
result.
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3. Perturbed problem

In this section we investigate the existence and decay of
solutions of the problem (1)-(2) with B satisfying the assump-
tion A,. For this consider the approximate equations

(27) <uf () + Bug _(£) + Bug (£) + _€1_ Bluy (£)) - £(8), wy> = 0,

j=1,2,...,m, where we set again

m
u t) = a L(B)w.
m,E( ) j£1 m,j( ) 3
and we impose um,e(o)é'K and um’E(O) —a'uo (e€K) in V.
Using a similar argument as in [7] we derive a priori estimates
for u (t). We also give a rather brief discussion. First

m,e

we assume p>at+2. By (27) we have

t
' 2 ' 2
(28) Ge,O(um,e(tZ)) - Ge,o(um,e(tl)) + It Ium,e(s)l ds
1

£
[ <tor,u, (1588
tl '

where

G, olult)) = Fplult)) + Fy(u(e)) + 5= [lu(e) - ppute) 12,

and hence, in particular,

1 .
(29) Ge,O(um,e(t)) < Ge,O(um,e(o)) + 7 §(0) if 0<t<1
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which together with the assumption p,>0+2 implies
(30) vy, e (0 lly 2 et ug Iy 800)) < =

if 0<t<1l. Thus u E(t) exists on an interval, say [O,tm],
- ’

with t>1. If we assume Ge,o(um,e(t));Ge,O(um,e(t+l)) for

some t>0, we have from (28)

2

t+1 2 2
1
I |um,€(s)| ds < 8(t)° < M° .,

(31)
Using (27) and (31) we have

t+1 2 t+1 2
Jt Ge,l(um,e(t))ds <M°+C It I um,E(S)HV ds

where we set
= 1
(32) Ge,l(u) = <Au + Bu + z B(u), u> .

Since

a+2 1 2
Ge,l(u) 2 ko" u "8 - klﬂ u "W + E" u - pgu ”V

and since p>at+2, theeexists a point t* ¢[t,t+l] such that

” um,e(t*) “V + % " um'e(t*) - pKum'e(t*) ”‘2’ ; c(M).

From this and (28)
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G (t+1)) < 6. gluy ((£%) + Co(8)? < com .

e,o(um,e

Thus we conclude that
Ge,O(um,e(t)) < max(C(M).OT:§l Ge,o(um,E(S)))

<cm, ffuy ) by (29))

and therefore u (t) exists on [0,»), satisfying

m,e
32 Jlu. (&) o = lu (t) - peu (&) |2 <cm,lu, )
m, g lV € m, e K'm,e vV = ! o''v’®
Of course we know
t+1 2
(33) Jt |u&l€(s)l as < cM, || uy |l) for  t20.

We have now derived a priori estimate for E(t). Using

u
m,

standard compactness and monotonicity arguments (see Lions [5],
Biroli [1l] etc.) we can suppose without loss of generality that

as m — «,

up (t) —— u_(£) weakly* in LY([0, =) ;V) ,
’

2

Toc(10,= V).

Ll L} ]
um,e(t) — ue(t) weakly in L

1 : i o) .
(34) Aum,E(t) + g B(um,e(t)) — xe(t) weakly** in L ([0,%®);V*),

Buy _(t) — Bu_(t) strongly in IF ([0,®) ;W*) (Yr>1)
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and
_ 1
(35) Xe(t) = Aue(t) + = B(ue(t)).

Moreover, with the aid of the inequality

< B - BV ,u=-vo>> (fu-pally - llv-pevlly

for u,v V, we know

(36) lim || u. _(t) - (t) = |l u (t) - pyu_(t) |
S “ m, € Pylnm ||V I € Pg € IV
. 2
in Lloc([O,”)).

The limit function ue(t) satisfies
1 =
ué(t) + Aue(t) + Bue(t) + z B(u(t)) = £(t) a.e.
(37)

uE(O) =y, .

Furthermore, it holds from (32) and (33) that

(32)° u ) g + -i— I u_(t) - peu_(t) Hé. <, llug Iy
and

t+1 )
(33) " It Iué(s)l ds < c(M, | u, Uv)

2

on [0,x)
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for t>0. Then we may suppose, as € —> 0 ,
: 2
ué(t) —_— ué(t) weakly in Lloc([o,w),v),

u_(t) —> u(t) weakly* in L7 ([0,°);V),

(38)
and in Cloc([O,“);H),
Au_(t) — X(t) weakly** in L"([0,=);V*)
and Bue(t) —> Bu(t) strongly in Lr(lo,w);w*)(vr>1)

Moreover from (32)'

u (£) - peu (£) — 0 in  L7([0,®);V),
which implies easily
(39) u(t) € K a.e. on [0,x).

By a standard monotonicity argument (see Biroli [1]) we see

x(t)=RAu(t) a.e. on [0,»), and by (37) we have
< u'(t) + Au(t) + Bu(t) - £(t) , v(t) - u(t) > >0

for Yv(t) elP([0,»);V) with v(t)eK a.e. on [0,®).

We summarize above result in the following

Theorem 2.

Let p>a+2. Then under the assumptions Al,Az and A3, the
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problem (1)-(2) admits a solution u(t) such that

t+1 2
[ ace) Yy + ]t lur(s)|“ as < el uyll ) < =

for t>0, where we set M=sup 6(t).
t

Next, we assume 2<p<a+2. As is already seen, for the
existence of solution it suffices to show the boundedness of
um,e(t) by a constant independent of m and €. For this we
set further

_ P a+2 a+2 1 - 2
aelo(u) =kolullg - k87 ujy “+5= v pKuHv
and
_ 1 _ 2
aell(u) = aelo(u) + ¢ | u Pxu ”V ,
where S is a constant such tat | u HW;SH u "V for ueV.
Note that
"
(40) G o 28 g, 6, (@ 28 ;m 28 ),
a+2 .
and Gg,l(u);Ge,O(u)_zkl" u “w for ueV. Let us determine
x0>0 and D0>0 as follows.
P _ a+2_oa+2, _ P _ a+2_o+2
(41) max (kox k3S X ) = kox0 k3S X = Do

x>0

Then 'the stable set' )4} is defined by
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(42) 'W= {uev | Ge'l(u) < D, and i ul|v< X 1.

Let us assume the initial value uoe-ZLT[\K, and let M < M) =

2/D0-Ge Oiuoi (>0). We shall show that there exists a constant
’
M0>0 such tht if M<M0, u,

m is sufficiently large. First, by (29),

(0 € U for tsty provided that
’

1
(43) Ge,O(um,e(t)) < Ge,o‘“o) + M+ n<D

4 0

if 0g<t<min(l,t ), for sufficiently small n>0 and large m.
The inequality (43) implies tm>1. Thus, if our assertion were

false, there would exist a time €>1 such that

(44) Ge,o(um,e(t)) < D0 if 0<t<t
and
(45) Ge,o(um,e(t)) = D0 .

By (28) with t._=t, tl=EFl we have easily

2

t
(46) I |u? (s)l2 as < m?
-1 ™€ =

and hence

t
(47) J_ Ge,l(umle(s))ds; I_

=, t_1|-ur;1,£_:(s)+f(s)||um’g(_=~,)|ds

< 2MSlx0
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where Sl is a constant such that

I ully < S0 u “V for uev.
Therefore, if we assume M<M"

= 3 1 *
0--DO/ZS]_xo, there exists a time t

€ [t-1,t] such that

< x(M)

(48) Ge,1 Uy, ¢ (£%)) < 2MS;x, and Il um'e(t*)||v <

1
where x(M) (<x0) is the smaller root of the numerical equation

(49) k.xP - k,g%Ft2x0+2

0 1 = 2MSlxo (<D0) .

We use again (28) to obtain

— 1.2
* =
Ge,o(um,e(t)) hs Gs,O(um,e(t )) + TM
1 .2 a+2 a+2
* = *
(50) <Gyl (29) + 3 ME o+ 2k 804 uy - (E%) Iy
1 .2 a+2 o+2
2 2MSyx, + 7 M7+ 2k;S7 Tx(M) .

Now we determine M3>0 as the largest number such that

(51) 2klsa+2x(M” ) + 2M" S.xo + % M 2 = Dy (Mg < Mg )

and set MoEmin(M',Mg ). Then, assuming M<M0, we have by (51)

(52) Ge oluy ((®)) <D,

’
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which contradicts to (45). Consequently, if M<M0, u, e(t)
’

exists on [0,0) for large m and it holds that

t+1 . 2
o, )y < %o+ [ lug ()% as < conse. < =
(53) and
Ge,O(um,e(t)) < D, for t e[O,®) .

Thus, applying the monotonicity and compactness arguments, we

obtain the following

Theorem 3.

Let 2<p<a+2 and M<M0. Then the problem (1)-(2) admits

a solution u satisfying

t+1 , 2
Iate) Iy £ x, and J |um'e(s)| ds < const. < ® ,

t

Moreover, we note that the approximate solutions u. e(t) (m:
’

large) satisfy

(54) G gluy (8)) 28 olu (8)
> (kg - kls°‘+2xé°‘+2)'p) w0 11E
+% lu- peulld
with (ko—kls“+2xé“+2)'p)>o. Therefore the same argument as in

the section 2. yields the following

99
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Theorem 4.

Let 2<p<o+2 and M <M,. Then the solution in Theorem 3

satisfies the decay property :

(1) If p>2 and 1lim ()t P/ (P2 g 4nen

t+

Huce) {1y el ug lly) (1+e) "2/ (B2

or

(ii) If p=2 and 6(t)<C exp{-At} (C,A>0), then
| uce) “V < C' exp{-)'t}

595 some C',A'>0.

Remark. In [3], Ishii proved that |u(t)|<c(1+t) 1/ (P72} ¢
p>2 and |u(t)|<C exp{-At} (C,A>0) if p=2 for the case £=0.
It is clear that our result is much better, because the norm

|+, is essentially stronger than the norm |-].
v

4. An example

Here we give an typical example. Let § be a bounded domain

in R® and set

v = wé'P(n), H=1%@) and w=12"2(q)

with 0<o<pn/(n-1)+2 if n>p+l and O<a<w if n<p. We define

A;V — V* Dby
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n
) -
<awvos [ ] R e By ()
Q i=1 i i i

for u,V’GW%'p(Q), and B:W — W* Dby

Bu = d(x) |u|®*  for uer®? ()

where d(x) is a bounded measurable function on Q. Moreover

we set

K = {ue;wé’p(ﬂ) | b(x) < u(x) < a(x) a.e. on @}
where a, b are measurable function on 2 with a(x)2>0>b(x).
Then all the assumptions Al—A2 are satisfied. The problem (1)

-(2) is equivalent in this case to the problem

Lu(x,t)

f(x,t) a.e. on Qx[0,») where b(x)<u(x,t)<a(x),
Lu(x,t) < £(x,t) a.e. on Qa[0,») where u(x,t)=a(x)
Lu(x,t) > f(x,t) a.e. on Qx[0,o) where u(x,t)=b(x)

with the conditions

u|39=0 a.e. on 3@ [0,®) and u(x,0)=uj(x) (€K) a.e. on g,

where

39 ( du p-2 9
%, |

o
< X u) + d(x)|u| u .
i i
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