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ABSTRACT. We apply projection operator techniques to the computation of the
natural frequencies of oscillation for three symmetrically coupled mechanical
systems. In each case, the rotation subgroup of the full symmetry group is used

to determine the projection operators with the result that the Lagrangian must be
expressed in terms of complex-valued coordinates. In the coordinate system obtained
from the action of the projection operators upon the original coordinates, the
Lagrangian yields equations of motion which are separated to the maximum extent
made possible by symmetry considerations.
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1. INTRODUCTION.

We consider a vibrating mechanical system of point masses and ideal rotators.
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If we define the n-dimensional column vector, X , by the notation

X = col(xlxz---xn) , we are able to write the Lagrangian for the system as

L= +mXTX - %—kxvx

N =

~ ~

where X , the transpose of X , is the row vector X= (xlxz--°xn) . Here we

o o .
have xl,x ---,xn and xl,x u-,xn as velocities and displacements with

2’ 2°
respect to an orthonormal set of vectors, {81,32,.--,Sn} . Both T and V
are symmetric n X n matrices with all entries real.

Let G be the finite point symmetry group of the mechanical system, and
let us denote the distinct, nonequivalent, unitary matrix representations of
G by F(u)(G) , where ue{1,2,¢¢+,k} and k 1is the number of conjugacy
classes in G . Then for geG , let us denote the i , j-th complex entry in
the matrix F(u)(g) by Fij(U)(g) .

Further, let ¢(g) be the linear operator induced by geG acting on the

A A ~
solution space which has basis {ul,u °'~,un} . Then we are in a position

2’

to define the projection operator

M _ W
Py = ggcrii (2)9(e)

There are exactly |G| of these operators [4], [5] .

The action of these operators on the basis {;1’;2’...’;n} will produce
a new basis of symmetry coordinates with which it is possible to exploit the
geometric symmetries of the system to the maximum extent in the solution of
the equations of motion [6] . That is, from the new coordinates, we construct
a unitary matrix U such that UTU_1 and UVU_l will assume block diagonal
forms which lead to significant simplifications in the equations of motion.

In general, the entries in U will be complex, leading to transformed

velocities and displacements with real and imaginary components.



PROJECTION OPERATOR TECHNIQUES IN OSCILLATORS 371

That is,
L= %m xulutulux - %k xu™luvutux
- %quum‘lﬁ* - %k Nuvu 1N

where NEEcol(n1n2°°'nn) . Note that ﬁj and njeC and that they give the
velocity and displacement with respect to the symmetry coordinate gj [11, [2].
Also observe that nj* denotes the complex conjugate of n.

J
The equations of motion are then given by

%(5%‘7) - ?)BT]_L.= 0 or , equivalently,
J J
by d 8L, 3L _
aG O

The use of the Lagrangian in the case that the new coordinates are complex
is both convenient and intrinsically interesting.
2. EXAMPLES.

We now give three problems to illustrate the technique.

EXAMPLE 1. Six point masses of which three have the value m and three
have the value M are symmetrically arranged about a fixed circle as shown
below. They are interconnected with identical springs of force constant k .
We desire to find the natural frequencies of vibrations for this system if all
motion is of very small amplitude and is confined to the fixed circle.

SOLUTION. We take the symmetry group to be C, = {E, R(120°) , R(240°)}
which is a subgroup of the full symmetry group CSv .

The irreducible representations over € are given by
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My -t Wi =1y gec, .

r@ ey 1P =1, rPraz) = -+ 2,
r® Rr(2400)) = - 3 - 12_/3 :

I,(3)((:3) @) =1, 1P Rra20) = - %- %3 >

r® r(240°)) = - 3+ —1—2’5

There are three projection operators which act upon the basis of unit

tangents.
P - 7 rWanw ,
geC3
pB = 7 1@ e, and
geC3

PP = 1 1P (grem where (o)
gsC3
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is the linear operator corresponding to the symmetry element g . By computing
A

the effects of the projection operators upon the unit tangents, uj , we form

a new basis for our solution space and we can construct the unitary matrix U

with which we shall transform the Lagrangian.

M 5 +a +a

Platp =y YUzt yg

Pfi)az B 32 ¥ l:4 " ;6 «

Pl(f):;l = 1A’1 * (- % - g):’s S % * 32—6);5
Pff);z = 32 + (- % - i%§5§4 + (- %'+ iéz ;6
P1(13)‘:1 - :‘1 * g %@)‘:3 rCg- %)35
O A O - 1

We construct the matrix U after normalizing the six orthogonal

vectors above.

’ 1 0 1 0 1 0

0 1 0 1 0 1

v 1 0 (-3-13 0 - L+ 175 0
0 1 0 (-%-12—3) 0 (--1-+iz_3)

10 (3.3 0 - 5- 13 0
0 1 0 (_2+12_/§) 0 (_%_12_/3)

and
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N

[N

The kinetic energy matrix

and utu ! =T .

The potential energy matrix

iv3

2

is

iv3
2

iv/3

o

i

i

3

=)

3

=)

iv3
2

iv3

M/m

-1

1
7t )

and
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2 -2 0 0 0 0
-2 2 0 0 0 0
0 o 2 - L, 15 0 0
1 2t 2
vl - /_ .
1 i/3
0o 0 (-3- 2 0 0
1 i/3
° 0 0 0 2 -7-3
0 o 0 0 (-%+i£) 2 ]

Thus, if N = col(n1n2n3n4n5n6) , and N* = col (n{n;ngnin;ng) , we have

_ l =1 _ -1 . _ l . .* . .* . .* . .* . .* LN
L = 2mNUTU N* - kNUVU N* = 2(mnlnl+annz+mn:,)n$+Mn4n4+mr15r15+Mr16116)
1 * 1, _ i3
- 7k (2n1n1 2n;n3 - 2n2n1 *+2n,n3 + 2nang + (- 3 2 )n Mt (- 5 )n4

1 iv/3 1 iv/3

* * - — - - — * *
r g e 2ngng ¢ (- 3 - TEIngng (- 3+ SPIngng ¢ Zngng)
The equations of motion are given by

d OdL oL

dt(an*) an

=0 , jef1,2,3,4,5,6} .

Thus we have

" 2k 2k

n, = --—n, + — n2 and n2 =W nl -V r|2 , implying natural

s £ - R TR s w e S
frequencies f; = 0 and f, = >~ k(G + ) 5 fg= -5 n3+2m(1+1/§)n4

- _ k 2k . . .
and Ny = ZM(1 - 1/_)n3 W s implying natural frequencies

1/2
=L 1.y AL, L
fs‘zn‘)i‘—/m“M) Wt w2 and
172
RN 3/ DR N U U W S T
T TAOACRE g ev S ve Mg st opt 1IN

implying that f5 = f, and f6 = f4 .

.k . 2k
and n6--2—ﬁ(1+1/2'_>)n5- i Ne
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EXAMPLE 2. Three identical rods of length £ are pivoted about a fixed
common axis at the centroid of an equilateral triangle so that the rods lie
along the angle bisectors as shown. The ends of the rods which fall on the
vertices of the triangle are connected with identical springs of force
constant k . The moment of inertia with respect to the fixed axis is I
for each rod. We want to compute frequencies for very small amplitude

vibrations in the plane of the triangle.

SOLUTION. The potential energy is given by

_1 32 2 2 2 o _1.%
P.E.-zk [(x1 x2) + (x2 XS) + (xs-xl):[ cos 60 -szVX

where X = col (xlxzxs) R xj is the displacement of the vertex along

U5, and
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1 11
2 4 4
- 1 1 1
V= "4 2 4
1 21 1
4 4 2
iZ . iZ + iZ
The kinetic energy is K.E. = l—I 12 3. l-(—LJ XTX where
2 22 2 12
1 0 0
T = 0 1 0
0 0 1

The symmetry group is again taken to be C3 and the projection

operators are as in the preceding example. Their action upon the basis

{ul,uz,as} produces the symmetry coordinates

c
[l
Bn [
e
~~
'
N
]
Nl
~
1
N =
+
NI
.

Ve
~

1]
| =
+
NI
~—~
~~

1
N

]
NI
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Next we obtain

fo o o

v =T and vl = {o %- 0 .
3
0 0 7

Then the Lagrangian is given by
= !'-—L i h ’* o .* - .1. é * i *
L= 2(22) (N} *+ nynd + ngn%) - Sk (Zznynd + Fngngd -
The equations of motion are
2 2
.o . 32k ~ 3%k . . .
n = 0, Ny = -7 Ny and Ng = = 7 N3 implying the frequencies

- -5 =2 /3
f1 =0, 4= fs T/ I

Lastly, we present a problem similar to that in the first example.

EXAMPLE 3. Eight point masses of which four have the value m and
four have the value M are sfmmetrically arranged about a fixed circle.
The masses are interconnected with identical springs of force constant k
Motion is again confined to the circle and we wish to find the natural

frequencies.
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SOLUTION., If we take the symmetry group to be

Cy = {E,R(90°), R(180°), R(270°)} , there are four irreducible representations:

r(l)(c4) :TM(g) = 1 v gec

4 H
B,y : 1P = rPrasey) =1,
r@ (r90°)) = T (R(270°)) = - 1 ;

r(3)(c4) ®@Ey =1, P Reo*)) =i,

r®rase)) = -1, I Re0®) = -1 ;
F(4)(04) ™M@y =1, T® Ry = -1,

r® wraso®)) = -1, P weE70)) =i .

There are four projection operaters which determine the

transformation matrix U . They are

P -1 t W
g€C4

P 1 rP e
geC4

PP o ] P e , ana
gec4

P = ] e .
geC,

After the projection operators are applied to each unit tangent vector,
the resulting, distinct, nonzero vectors are normalized to give the rows in

the matrix U . Thus
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The Lagrangian is

N =

L

J. N.
0 1
1 0
0 -1
1 0
0 -i
1 0
0 i
1 0
= %mi‘(T)’(
0 0
M/m 0
0 1
0 0
0 0
0 0
0 0
0 0
-1 0
2 -1
-1 2
0 -1
0 0
0 0
0 0
0 0

BOYD AND P. N. RAYCHOWDHURY

0 1 0 1
1 0 1 0
0 1 0 -1
-1 0 1 0
0 -1 0 i
. 0 -1 0
0 -1 0 -i
i 0 -1 0
- -lz—k XVX where X = col (x
0 0 0 0
0 0 0 0
0 0 0 0
M/m 0 0 0
0 1 0 0
0 0 M/m 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
-1 0 0 0
2 -1 0 0
-1 2 -1 0
0 -1 2 -1
0 0 -1 2
0 0 0 -1

X

X

-i

3%4¥5X6X7%g)

s

and



PROJECTION OPERATOR TECHNIQUES IN OSCILLATORS 381

2 -2 0 0 0 0 0 0 \
-2 2 0 o0 0 0 0 0
0 0 2 0 0 0 0 0
1 0 0 o0 2 0 0 0 0
Uuvu =
0 0 0 0 2 (-1+1) 0 0
0 0 0 0 (-1-i) 2 0 0
0 0 0 o0 0 0 2 (-1-1)
0 0 0 0 0 0 (-1+i) 2

The transformed Lagrangian is

L = Z0m7 0% + MALRS + mn Rs + MR 0%+ mnong + MRS+ maonE e Mons)
- ZK @nng - gy - 2ngng ¢ Zngng ¢ 2ngng  2ngng ¢ Zngnd
+ (-l-i)ngng + (-1+i)ngng + 2neng + 2n.n3 + (-1+i)n.ng

+ (—1-i)n7n§ + 2“8n§) .

The equations of motion and natural frequencies are found in the standard

manner with the results that

- L /ad. L S /TSP /1Y
f1 O’fz‘zn Zk(m+M)’f3-21r m’f4"2n M ’

1 ///1 1 1
s fhen K /GrRr i o

Hh
[}
H
n

1 1 1 1
7 3 G+ - (;7'* = .

H
n
H
1
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