Internat. J. Math. & Math. Scd. 407
Vol. 3 No. 3 (1980) 407-421

CONTRIBUTIONS TO THE THEORY OF HERMITIAN SERIES
lll. MEANVALUES

EINAR HILLE

8862 La Jolla Scenic Drive N.
La Jolla, California 92037
U.S.A.

(Received March 9, 1979)

ABSTRACT. Let f(z) be holomorphic in the strip - 0 < y < 0 < » and satisfy
the conditions for having an expansion in an Hermitian series
© 1 B _ 2
£(z) =) £ h(z), h(z) = (n? 2 )% e % y (2),
neg B 1 n n

absolutely convergent in the strip. Two meanvalues

N (€5 5) - (e J o ke |£Gey) | dz}%, k = 0, 1.

e
are discussed, directly using the condition on f£(z) or via the Hermitian
series. Integrals involving products hm(x+iy) hn(x—iy) are discussed.
They lead to expansions of the mean squared in terms of Laguerre functions

of y2 when k = 0 and in terms of Hermite functions hn(Z%iy) when k = 1. The

sumfunctions are holomorphic in y. They are strictly increasing when |y|
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increases.
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1. BASIC FORMULAS.
The functions

Pl 2

o0,k gz -
h(z) = (-1)" (122" a) 2 e S (e7%) 1.1)
n dzn

form a closed orthonormal system in LZ(—eD , ®). If x Pf(x) is such that
2
e ¥ ¢ L2(-w , ©) for some Y, 0 < Y <%, thenthe Fourier-Hermite coefficients

exist

fn = J f(s) hn(s) ds (1.2)

and f(x) has a formal Hermitian series
©
£(x) ~ nEO £ b (0. (1.3)
Here we consider only the case where f(xt+iy) is a holomorphic function of
z = x+iy in a strip - 0 < y < 0 < » and the series is absolutely convergent.
The author has shown [ 1] that this will be the case if for every B, 0 < B < o,

there is a finite B(R) such that

2 1
[£Getiy) | < B(B) exp [ -|x[(8% - yH)] 1.4)
for - ® < x <, 0 < |y| <B. This implies and is implied by
1
[£f | < A(a) exp [ -a(2n+1)?] (1.5)
n

for 0 < o < 0 and a finite positive A(a).
The function zt?hn(z) is a solution of the Hermite-Weber differential

equation
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w'+[2n+1 - 22] w=0 (1.6)

also known as the equation of the parabolic cylinder which is moreover

satisfied by h_n_l(iz) and h_n_l(-iz). For further properties of these
functions see E. Hille[1,2,3, 4] .
We shall also encounter Laguerre polynomials in the discussion. Here

the polynomial Ln (a)(u) of order o and degree n is defined by

n
eV L P =L & ™™ (1.7
n n. n
du
or explicitly
L@y = T () (1.8)
" j=o\ "3/ T
See G. Szego [ 5, pp. 96-98, 102]. We note that
B, (@) = (0% a1 P wd). (1.9)
Here we set u = i 2% y and use (1.1) to get
Y (<) 2
10 i _ [ I(ntl) 02y LY
D% h, (127 y) [-——F(n_%) L el (1.10)

For u < 0, -1 < a the function ukaLn(a)(u) is positive, strictly decreasing

%y)

and its graph is concave upwards. Formula (1.10) shows that h2n(i 2
has similar properties for y > O.
Both the Hermite and the Laguerre functions are essentially special cases

of confluent hypergeometric functions, that is solutions of a second order

linear differential equation of the form
zw' + (c-2)w' -aw=0. (1.11)

The equation is satisfied by the entire function

a(a+l) ... (at+j-1) zj
j! e(etl) ...(ct+j-1) :

(o]
(a, c; 2) =1+
j=1

1F1 (1.12)
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For a = -n, ¢ = 1+0 we get

. _ ({n+a (o)
JFy (-, 1ta; 2) = ( )Ln (2). (1.13)

n

The Hermite polynomials are constant multiples of

Fl(—n, L zz) or of 2y F (-n, g, z7) (1.14)

according as n is even or odd.

We shall need the asymptotic behavior of these functions for large values
of n and fixed, non-real negative, values of z. Here the basic results are
due to Oskar Perron [ 6. p.72].

LEMMA 1: For large positive values of p and complex, non-real negative

values of z, we have the asymptotic expansion

l}i © 1
(a+n, c; z)~ [(c) eliz (zn);‘-;ic e2(zn) L+ § pj n_%J], (1.15)

1 1 27 j=1

[Ny

where the powers and roots take their principal values. If the series is
replaced by its mth partial sum the error committed is of the order of
magnitude of the last term.

Here n ~ + ©. . In the Laguerre case n + -~ instead and we get (see G.
Szego [ 51, p. 193):

LEMMA 2: Let o be an arbitrary real number. Then

a ; 1 Ly 1 2 _nyE Pl
()(> 3 T () THTE R 2 (-n2) [Z ¢, (2)n ") (1.16)
=0
Here Co(z) =1 and Cj's are independent of n and are holomorphic in the plane
cut along the positive real axis. The powers must be taken real positive
for z real negative. The bound for the remainder holds uniformly in any

closed region having no point in common with x > O.

The Hermitian case is discussed in Section 5. We shall use (1.10) a lot
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and this makes it desirable to have comparison formulas for Ln

Ln(-%)(_u).

411

(k)

(-u) with

LEMMA 3: For all non-negative integers k and n and all u > 0

(k) I (&) T (ktntl) L

L7 GO STRa) T )

(%)

(1.17)

PROOF. Formula (1.8) shows that inequality is trivially true if for

j=0,1, 2, .... n we have

o)

or equivalently

1

A

n-j

() (n+e-1) L (k41 € Q () (nd) + .. (o4

This is true with equality for j = O by the choice of Q.

is divided, the left member by
(k+1) (k+2) .... (k+j+2)
and the right member by the smaller quantity
L(0s41) ... (stitl)
the inequality results.

2. FORMULAS OF FELDHEIM.

noEy _ () T'(kt+ntl)
Q ( ) with Q = F64) Tinth)

(1.18)

If this equality

In 1940 Ervin Feldheim produced a paper [ 7] which has an important bearing

on our problem. As a matter of fact it serves as the point of departure of

this work. Several of his formulas figure in earlier papers of mine, but I can

lay no claim to his formulas (20), (20') and (51) which are basic for the

following. Formula (20') on p. 244 reads for m > n

[ee]
2
-5 -t - _
TE T H (e ) H (e - v) de = 2Tl Ry () 2y
00

(2.1)

Here we set t = x, v = iy and express the upper case H's in terms of the

lower case h's to obtain
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(o]
1 -1 1 . ] ;ﬁ - . 2
ot [ h_(x+iy) h_(x-iy) dx = 7 % 228 [fl}] ™ L@ oy &L 2.2
m n m. n
-00
Feldheim's formula (51) on p. 243 is quite complicated. It involves
two positive parameters, A and M, an arbitrary variable v and the variable of

integration t. Here we set

A=pu=1, t =2%, v=2%y (2.3)

n J e X h_(x+iy) h_(x-1y) dx

n (m):]“ () ks,

=(-1)" " m [ e 2 hm+n(2 iy). (2.4)
It should be noted that the right member of this formula is positive when-
ever m+n is even, in particular for m = n.

3. THE MEANVALUES.

Let us form

o
by (5 y) = {177 [ ol £ Getiy) |2 dax}?, k= 0, 1 (3.1)
-
where z P f(z) = f(x+ly) is supposed to satisfy condition (1.4) so that f(z)
can be expanded in an Hermitian series absolutely convergent in the strip
-0 < y <0< ® Formula (1.4) ensures the existence of the meanvalues and

for k = 0 gives the estimate
g (£ ) < B(B) [Ry(y)1 ™2 (3.2)
with
R = (8 - yH)* (3.3)
for every y, 0 < [y| < Band B, 0 < B < o. For every fixed admissible B

this is obviously an increasing function of |y|. That the bound is increasing
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evidently does not imply that the meanvalue is increasing. This question will
be examined later.

lul(f; y) is more complicated. Here (1.4) implies that

Ll (5 912 < 20812 [ exp [- x° - 2 B, x] dx (3.4)
o

The right member is obviously a bound decreasing function of |y| for fixed B.
We can expand the integrand in powers of RB(y). The integral is an entire
function of RB(y); as a matter of fact the Mittag-Leffler function
© n

EW =) waoay . v = -2 Ry(). (3.5)

% nsg G +1) 8
Here E%(w) is of order 2 and normal type.
4. THE FUNCTION hn(iv).

In the first paper of this series [2] it was shown that hn(z) is the

unique solution of the Volterra integral equation

2z
w(z) = c_(z2) + N1 J 2 sin [N(z-t)] w(t) dt 4.1)
o

where

5

N = (2n+l1)73, cn(z) = C(n) cos (Nz - % nm), “(4.2)

while C(n) depends on the parity of n so that

1 2k S5 b [T(ePp) |
c2k) = By, ()] [r? 2% (20)1] R [ng:?;]‘ﬁ. (4.3)

C(2k+l) = |H2k+l

b b 2k+l v L [Tkt %
(0) | (4k+3) 2 [T22 (2k+1)!] T tf?§117] . (4.4)

In both cases we have
Ca) ~a % (4.5)
The method of successive approximations applies to (4.1) and leads to

rapidly convergent series of the form
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o -4 b -4
h_(2) = Cn(Z)mZO P_(Nz) N ooy sn(Z)mZO Q (Nz) N o (4.6)

where

sn(z) = C(n) sin (Nz - % nm).
The factors Pm and Qm are polynomials in z with rational coefficients. Pm is
even and Qm is odd and they are of degree 3m or 3m-1 whichever has the right

parity. We have

- =1 g2 - = -1,3_1
P(2) =1, P (2) =% 2" -1, Q(z) =0, qz) =gz -7z
For large values of |z| and n we have
hn(z) ~ cn(z). 4.7

Suppose now that z = iv with v > 0. We have then (see [3] pp. 81-82)

0<i® hn(iv) - gn(v) < C(n) eNv [exp (y3/6N) -1] (4.8)
where

g (v) = % Cn) e + (D" eV 4.9)

1
If v = o(n6) it is seen that the quantity within brackets in (4.8) is

o(l). For our purposes a weaker result suffices:
LEMMA 4. There is a finite quantity M(0), depending only on 0, such

that for all nand 0 < |y| S O
0<1™h (1v) < M) 0 * &V, (4.10)

Combining Lemma 3 and 4 with formulas (1.10) and (2.2) we obtain

LEMMA 5. For all non-negative integers k and n and 0 <y < 0O

2
Ln(k)(-Zyz) e < M(0)

n-%r(k +n+1) e(8n+2)%|Y|
Y

(4.11)
T'(k+1)[T(n #5)T'(n+l)]

We note also (see Theorem 1.4, p. 883 of [3])
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LEMMA 6. For y # O

h n(x+iy)

n___ . 4.12
hn(iy) 1 + 0(1/N) ( )

+ Nmx
—

Here the sign in the exponent is the same as that of y. The relation holds
uniformly with respect to x and y in the regions - 1/e < x < 1/e, 0 < € ¢
Iyl < 1/e.

5. ESTIMATE OF [hb(f; y)]z.

We have

o

. ) 2 ) _;5 o ) _ )
g (£5 9)17 = o J {mZO £ hm(x+iy)}{nzo E b (x-1y)} dx

-0

(5.1)

o
«© «©

] ;o _
_mZO nZo fm fn m [ hm(x+iy) hn(x iy) dx.

Ead

We split this double series into three parts. So involving the terms where

m=n, Sl the terms where m > n and S_l those where n > m. A moment's

reflection shows that S_l must be the complex conjugate of S, so no separate

1
estimate is needed.

Now by (2.2)
e . .

n=0

Here we use (l1.4) and Lemma 5 to obtain

s, < M(a) ) expl- (a-|yl)(8n+2)li

n=0

] (5.3)

which converges for |y| < a. The sum of the majorant series is

-2
0L (a-lyDH71. (5.4)
This is a rather poor estimate. Formulas (3.2) and (3.3) suggest that the

exponent should be -% rather than -2.
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For |y| > ¢ > 0 Lemma 2 gives a slightly better result. We set k = 0

and get
©), ,2y 32 _ o 5 & (8n)* ="

L (-2y0) e =cy inte 1 + o %1, (5.5)
This introduces the factor y_!5 n-k in (5.3) and gives

s, < C(a, €) y 3 ) 2% exp (- (a-lyl)(en+2)*J (5.6)

n=0
and the estimate
3
s, =0 [y‘;2 (a—Iyl)ZJ. (5.7)

The series S, presents greater difficulties. Here we set m = n+k and

1
note that
b T = n+k k. (k) 2. y?
s;= ) fon0 1 OE 2Vt eyt (5.8)
n=0 k=1

Here we naturally think of Lemma 5. It turns out to be too weak to give
absolute convergence of the series (5.8) in the whole strip |y| <o < og. Using
it and later also Lemma 1 we can prove convergence in a strip of width about o
but omitting the real axis. This result clearly indicates that the argument
has to be based on the asymptotic formula of Lemma 2. The neighborhood of the
origin is not accessible by this method but will be taken care of by consider-

ations of analyticity. We use formula (1.5) to obtain

T 3
s, ] < a2(@) T (%R a7 g oD

n=0
v 4 ki - —a(2k2041)% _kén koK), . 2. y?
x Y (722" (ktn)!1 % e 2 ly|© L2 (-2y%) & . (5.9)
k=1 n
This we simplify and use formula (1.16). Thus
® L L
|31| < B(a, 1) y-g ) o o-20(2n41)* + |y](8n) T, (5.10)

n=1
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where
,k % Lk ~of (2kt2n+l)® - (2041) %]
Tn (k&n) e . (5.11)
k= 1
Here the last factor is < 1 and may be neglected. Further
5%
n... n
(k-l-n)'] [n+1)(n+2).. (n+k)] <1 (5.12)
so that
T < ) k.,
k=1
Hence
Is;| < BGa, 1 ly|™ I 0% exp [ (a-ly]) Bu+2)™] (5.13)
n=1

which converges for 0 < |y| < a and has a sum satisfying (5.7). Thus

b (£5 ) = 0 Clyl™ @-IyD “1. (5.14)

which holds for every a, O < a < ¢ and for every y, 0 < € < |y| <a < Qg <™,
The constant implied by the order symbol of course depends on o and €.
6. ESTIMATE OF Ll (f; y)JZ.

With the same assumptions of f(z) as above we have by formula (2.4)

o

Ll (55 127 = ] 7 no IR AR SNCTLY
m=0 n=0
(6.1)

=Y (k+1)

=] 0] D¢ E hk(iz;‘y)

k=0 min=k
This series will be shown to be absolutely convergent for O <y < a < 0. Let

us first estimate the finite sum where mtn = k. By (1.5)
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<Al ® ] @™

min=k

n . = vk
|sk|=m+£=k(—1) £ m! n!) ° x

19} (6.2)

k ' b
2 =k k!
= A"(a) 2 & ) m! (k-m) ' Tm,n

x exp { - a [ (2m+1)% + (20+1)

m=0
where
L

1
Tm o - XP {-a [(2m+-l)'5 + (2n+l)

1} (6.3)

We now apply Cauchy's inequality and find that
k
k 7 % 2 k! 2
k! <) w—F—+ I T° . (6.4)
{ mZO l_m! (k-m)!] Tm,n} "m0 ™ (k-m): mo=k ™0

Here the first sum equals Zk. In the second sum the largest term corresponds

to m ~ %k and this term is approximately

exp [ -2a(4k+2)%] (6.5)

so that the second sum is at most

(kH1) exp [ -20 (4k+2) %] (6.6)

Hence

s, | < a%@ 27 1) 17 ()% exp [-a(4k2) ) 6.7)

Thus by (6.1), (6.7) and Lemma 4

Ly (55 372 < 2@ @m™7 ] (D) LOPD - exp [-(amly D Gler)?1. (6.8)
k=1 [ T(kt) ]

Using the duplication formula for the Gamma function we see that this simplifies
to an expression of the form

2—k

Tak D) @[~ (a-|y]) (4k+2) %3 (6.9)

~ 8

k=0

Here
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© Z-k

G(s) = e
kZO Tk + 1)

%
es(4k+2) (6.10)

is an entire function of s of order 2 and minimal type. The Dirichlet series
(6.10) converges for all finite values of s. Compare formula (3.5) where
the majorant is of order 2 and normal type.

7. ANALYTICITY OF THE SQUARED MEANS.

The functions

y Pl (£ 1%, y By (5 97 .1
are actually analytic functions of y. To see this we consider the corre-
sponding Laguerre series in the first case, the Hermitian series in the
second. In the first case we consider the series

© o
F(z) = kZO nZO e, B+ DNE, £ 1210 @b 3 (7.2)
which for z = iy reduces to [Rb(f; y)]2 and represents the analytic continuation
of the mean square function in any bounded domain in the strip -c <y < ¢ in

which the series converges uniformly with respect to z. The variable parts of

the two series are

2 2

(iy)k L(E)(-Zyz) e’ and 2% L(E)(Zzz) e (7.3)

respectively. Now Lemma 2 shows that for fixed k and n the ratio of the
absolute values of the two expressions tend to the limit Iy/zl% which is
bounded away from O and » if z is restricted to a finite domain D in the
strip -0 <y < 0 < » having a positive distance from the lines y = -g, O, o.
It follows that the series (7.2) converges uniformly in D and thus represents
a holomorphic function in D.

Actually F(z) is holomorphic in the whole strip O < |y| < o. This may

-

be concluded from an application of formula (2.1) where we set v = z., A
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simple calculation gives

®
F(z) = 1% J £(t +2z) £(t - z) dt (7.4)
-
valid for any z in the strip O < |y| < 0 < =. It follows, in particular, that
the maximum modulusof F(z) for the substrip |y| g o < o is an increasing
function of a.

Similar considerations apply to the square of the second mean as we see

from formulas (2.3) and (2.4) where we replace iy by z and set

_Li T -t2
G(z) = [ e f(t +z) £(t - z) dt (7.5)

which for z = iy reduces to [hl(f; y)]z. While the latter function of y has

an expansion

2 (-]
Cig (65 7% = ] g b 2%) (7.6)
n=0
we have
-5 ¥
G(z) = § g, b (2% z). (7.7)
n=0

By the virtue of Lemma 6 the absolute convergence of the series (7.6) for
ay=a, a <0, implies the absolute convergence of (7.7) for any z with
Im (z) = o and the convergence is uniform in every finite subinterval of the
line. Thus G(z) is holomorphic in the basic strip and is actually an entire
function of z. The properties of the maximum modulus are the same as in

the first case, that is an increasing function of a.
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