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ABSTRACT. In this paper, some necessary and sufficient conditions are given for
the related vector fields of capillary surfaces to be Killing, conformal Killing,
and homothetic conformal Killing vectors in the n-dimensional domain , and a
construction of capillary surfaces is also given by means of the related vector

fields.
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1. INTRODUCTION.

In the non-parametric 'capillary problem" in the absence of gravity, one seeks
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a surface S: u = u(xl,...,xn), of constant mean curvature H, defined over a
region f in n-dimensional Euclidean space n > 2, such that S meets vertical
cylinder walls z over L = 9 in a (prescribed) constant angle Y. One is led

to the equation

diVL‘ = nH (1.1)

/1-+|Vu|z

in §, with boundary condition

V- —Vu__ . cos Y (1.2)

/1 +[Vu]?
on I. Here v 1is the exterior unit normal on I. (For physical and geometrical
background information, see [1].)
It is shown by R. Finn [2] that, in any situation for which the problem

[(1.1),(1.2)] has a solution, there exists a vector field

w(x) = ——— (1.3)

Vu
(cos Y)V1 +[Vu]?

in Q, satisfying

div o = % in Q (1.4)
vew=1 on I (1.5)
13blm| Sy (1.6)

The symbols §, I are used here to denote alternatively both a set and its
measure.

So we have a Euclidean véctor field in an n-dimensional domain Q, n > 2.
We consider Q as a part of n-dimensional Euclidean space En’ with the funda-

mental positive definite metric
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2 E
ds® = §,, dx, dx
1,31 1

covered by any system of coordinate neighborhoods (xi). It is well known that
some special kind of vectors (for example, Killing, conformal Killing, homothetic
conformal Killing vectors) define motions (isometries) in a metric space [3], [4],
[5]1, [6], [7]. The purpose of this paper is to determine for which kind of
"capillary surfaces" the related vector field (1.3) in Q defines the above men-

tioned motions. And in Section 4, a construction of capillary surfaces is given

by means of related vector fields.

2. THE CONDITIONS FOR THE VECTOR FIELD (1.3) TO BE A KILLING VECTOR IN §.

The vector field (1.3) can be written in the form

u, (x)
w,(x) = R (i=1,...,n) (2.1)

i A+l Fa2
(cos V)Vl +uj +-.. +ul

where u; = au/axi. On the other hand, the condition for the vector field wi(x)

to be a Killing vector is

W ow
—-——1 = =
= T 5;1 0, (i=1,...,n) (2.2)
3 i
and consequently
oAy
div w = 2 —a—— (2.3)

i) In the case where the problem [(1.1), (1.2)] has a solution H = const.# O,

we have by virtue of equation (1.1)

div — V. div[(cos Y)w] = nH

¢1-+|Vu|!
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and hence

+#0. (2.4)
Thus we obtain

THEOREM 1. If the problem [(1.1), (1.2)] has a solution H = const. # 0, then
the related vector field (1.3) in § cannot be a Killing vector. Thus the vector

field wi(x) cannot generate a local one-parameter group of motions in Q.

ii) If the problem [(1.1), (1.2)] has a solution H = 0, i.e., if we have a
minimal capillary surface, by virtue of equation (2.1),we find from (2.2) the

following conditions

n o, n
(l + kzl uk)uii - kZl ugu = 0, (1=1,...,n) 2.5)
and
2 n
21 +Zuyduyy -kzl(uikujuk-kujkuiuk) =0, (1#3, 1,j=1,...,0) (2.6)
where
du azu 32u
u, = T and =qu = = .
koo Bkd ik 3xax, ox oxy

On the other hand, for the surface S: 11=u(xl,...,xn), the coefficients of

the first and second fundamental forms are defined

2 Y14
=1+ = . d = . 2.7
gii ui ’ gij Uiuj > ij m ( )
1 n

So equations (2.5) and (2.6) take the forms respectively:

n n
(2-n + kzlgkk)dii = kzl CTOC P (i=1,...,0) (2.8)

and
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n n
2(2-n+ § gkk)dij = Z(gikdjk-+gjkdik) (1#3§; 1,3 =1,...,0) . (2.9)
k=1 k=1

The above equations (2.8) and (2.9) can also be put in the form

n n
1 85d Y (g;0d,, +8,.d.)
T Rt L

dyy 2d,4

n
= (2-n+kzlgkk) (1#3; 1,3 =1,...,n) . (2.10)

Hence we have

THEOREM 2. If the problem [(1.1), (1.2)] has a solution H = 0, then the
necessary and sufficient condition for the related vector field (1.3) to be a
Killing vector in the n-dimensional domain Q is

n n
] g,.d Y (g dy +85.d. )
WLy BikCik i 1k%5k T 83x%1k
d 2d

n
= (2n+ ] g,) (1#3 4,3=1,...,0)
k=1

11 1j

where gij and d are the coefficients of the first and second fundamental

ij

forms of the minimal capillary surface u(x).

THEOREM 3. For the minimal capillary surfaces for which the coefficients of
the first and second fundamental forms satisfy the condition (2.10), the related
vector field (1.3) generates a local one-parameter group of motions in the n-di-

mensional domain Q.
APPLICATION 1. In the case n = 2, we find from equation (2.10)

852911 = 8129120 Endp2 T 812%2 (2.11)

and

(81 +8,55)d1, = (dy7 +d)))8,, - (2.12)

So we have

477
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da _daz _dia. (2.13)
811 822 Bi2

Hence, the minimal capillary surface must be a totally umbilical surface. But the
sphere is the only surface, all points of which are umbilics. So, if n = 2, the
minimal capillary surface does not exist such that the related vector field (1.3)

is a Killing vector in . Then from this result and Theorem 1 we obtain

THEOREM 4. 1In the case n = 2, in any situation for which the problem [(1.1),
(1.2)] has a solution, the related vector field (1.3) in § cannot be a Killing
vector; thus the vector field w(x) cannot generate a local one-parameter group

of motions in Q.

3. THE CONDITIONS FOR THE VECTOR FIELD (1.3) TO BE A CONFORMAL KILLING AND HOMO-

THETIC CONFORMAL KILLING VECTOR IN Q.

The condition for the vector field wi(x) to be a conformal Killing vector is

Sx_j + TR =2 51j s (i,j =1,...,n) (3.1)

where @ 1is a certain scalar function. Since equation (3.1) gives
1
P =‘; div (3.2)

substituting equation (2.4) into (3.2), we find

= H = =
P = co8 ¥ 0 = constant. (3.3)

(If H =0, (3.3) gives ® = 0 and equation (3.1) takes the form (2.2).) Thus,
according to the definition of the homothetic conformal Killing vectors [8], the
vector field (3.1) can be a homothetic conformal Killing vector.

By virtue of equation (2.1), we find from equation (3.1) the following con-

ditions:
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no, n
(1 +kzluk)(uii _ujj)=kzl(uikuiuk -ujkujuk) (i,j=1,...,n) (3.4)
and
no, n
2(1 +k21uk)uij = kz (uikujuk+ujkuiuk) (A#3; 1,j=1,...,0) (3.5)
= =1

Substituting (2.7) into (3.4) and (3.5), we find

n n
(2-n +kzlgkk] (dii-djj) = kzl(gikdik—gjkdjk) (i,j=1,...,n) (3.6)
and
n n
2(2-n +kZlgkk]dij = kZl(gikdjk+gjkdik) (1#j, i,j=1,...,n) . 3.7
Hence

n n
kzl(gikdik ~841d %) kzl(gikdjk *8ydi)

n
- = = (2-n+ § g,,)
@4 24, Ly Bk

143 1,3 =1,...,n). (3.8)
Thus we have

THEOREM 5. The necessary and sufficient condition for the vector field (1.3)
to be a homothetic conformal Killing vector in the n-dimensional domain Q 1is

n n

Z (gikdik'gjkdjk) Z (Bikdjk+8jkdik) R
= (d,.-d..) - = 2d = (2n+ } g, ) (A#3; 1,3=1,...,0)
ii 73] ij k=1

where gij and di are the coefficients of the first and second fundamental

3

forms of the capillary surface u(x).

Besides this we have

479
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THEOREM 6. For the capillary surfaces for which the coefficients of the
first and second fundamental forms satisfy the condition (3.8), the related
vector field (1.3) generates a local one-parameter group of homothetic motions

in the n-dimensional domain Q.
APPLICATION 2. In the case n = 2, we obtain from equation (3.8)

811922 = 82413

and

(817 +8yp)dyp = (dy; +dy5)gyy -
So we have

Thus we have

THEOREM 7. 1In the case n = 2, the only capillary surface for which the
related vector field (1.3) is a homothetic conformal Killing vector in Q is

a sphere.

THEOREM 8. 1In the case n = 2, if the solution of the problem [(1,1), (1.2)]
is a sphere, the related vector field (1.3) generates a local one-parameter group

of homothetic motions in Q.

Integrating equation (3.1), we can also find the form of a homothetic con-

formal Killing vector:

n
w; (x) = axi-+jzlaijxj-+ai (i=1,...,n) (3.9)

where the a's are constants, subject to the conditions
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=-aq

41 (3.10)

H
cos vy ij

APPLICATION 3. Let the lower hemisphere, centered at the point M(ml,...,mn+1)

with radius r, be a solution of the problem [(1.1), (1.2)]

5

= el - (x-m )2 = et = (x -m )2
u(x) mo [r (x1 ml) (xn mn) ] . (3.11)
Since
(x,-m,)
o =2 (1=1,...,0)
n+l
and
2 2 r?
l4ul+---+u’ = — ,
1 (mn+1 )
from equation (2.1) we find
W (x) = & [—E— x, - — ] (A=1,...,n) (3.12)
i “'rcosy 1 rcosy'’ et :

where r, cos Y and m, are constants. So, w,(x) has the form (3.9).
i

i
Thus we have
THEOREM 9. For an arbitrary n, if the solution of the problem [(1.1), (1.2)]

is a sphere, the related vector field (1.3) is a homothetic conformal Killing vec-

tor in the n-dimensional domain Q, n > 2.
And we have also

THEOREM 10. For an arbitrary n, if the solution of the problem [(1.1), (1.2)]
is a sphere, the related vector field (1.3) generates a local one-parameter group

of homothetic motions in the n-dimensional domain , =n > 2.
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4. CONSTRUCTION OF CAPILLARY SURFACES BY MEANS OF RELATED VECTOR FIELDS.

i) If we have a homothetic conformal Killing vector of the form
wi(x) = axi-+ai , (i=1,...,n; a's are const.) (4.1)
in an n-dimensional domain @, n > 2, satisfying
vew=1 on I = 3R (4.2)

where v 1is the exterior unit normal on I, so we may construct a capillary sur-
face S: u = u(x), defined over the base domain §, such that S meets vertical
cylinder walls z over L = 30 in a constant angle Yy prescribed by cos vy <

TGE%ET , and then it has the constant mean curvature H = a cos Y.

Indeed, it is easily seen that this vector field (4.1) satisfies the conditions
(1.4), (1.5) and (1.6), so we may consider this field related to the capillary

surface

w; cos y
ui(x) =t ———m— (i=1,...,n) (4.3)
V1 - |w]2cos?y

which is obtained from equation (2.1). Now, substituting (4.1) into (4.3), we find

(ax, +o.)cos Y
uyx) = % — .y = 52% (4.4)
V1 -[(oxy +a1)2 +--- + (ax +o)2]cos?y i

where the condition of integrability

N (i,j=1,...,n) (4.5)

is satisfied. Integrating (4.4), we obtain

-gF_—1L AT
u(x) =B ¥ @ cos ¥ 1 - |w|“cos®y (4.6)

which is a sphere (B 1is a constant).
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ii) In general, if a vector field mi(x) satisfies the following two con-

ditions with the constant div w,

ow, ow n  Jw w
2 2 i i 2 i i
1-|w _— - + . - w. =0 i,j=1,...
(1-|w|“cos®y) (axj Bxi) (cos \()kg1 (axk O~ Te, wak) (1,3 ,n)
(4.7)
in an n-dimensional domain , n > 2, and

then we can construct a capillary surface S, defined over the base domain (),
such that S meets vertical cylinder walls z over I = 90 1in a constant angle
. 1
<

Y prescribed by cos Yy IEEFKT , and then it has the constant mean curvature
H=S25Y 45y 0.

n

Indeed, since equation (4.7) is the condition of integrability of equation
(4.3) and the given vector field wi(x) also satisfies the conditions (1.4), (1.5)
and (1.6), the related capillary surface S: u = u(x) can be found from equation

(4.3).
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