Internat. J. Math. & Math. Scd. 315
VoL. 5 No. 2 (1982) 315-335

THE SOLUTION OF THE FUNCTIONAL EQUATION
OF D'ALEMBERT'S TYPE FOR COMMUTATIVE GROUPS

A.L. RUKHIN

Department of Statistics, Purdue University
West Lafayette, Indiana 47907 U.S.A.

(Received June 2, 1980 and in revised form December 11, 1980)

ABSTRACT. A functional equation of the form ¢1(X"‘Y) + ¢2(x—y) = 12 ai(x) Bi(y),
where functions ¢1,¢2,ui,81, i=1,...,n are defined on a coumutative group, is
solved. We also obtain conditions for the solutions of this equation to be matrix
elements of a finite dimensional representation of the group.
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1. INTRODUCTION.
Consider the functional equation
6, (xty) + ¢, (x-y) = o, (X)B;(¥) + ... + o (X)B (¥, 1.1
where ¢1,¢2,ai,81, i=1,...,n are functions given on a commutative group G, tak-
ing values in a field & of characteristic zero.

Clearly, if £(x) = ¢;()-4,(x), g(x) = 6,(x) + ¢,(x), then

£ (xty)-£(x-y)

m
i?;‘l a; (x) [B;(y)-8;(-y)] =j§lhj Ok, () 1.2)

and

n P
g(xty) + g(x-y) T @, (x) [B, (38, (-y)] = L ou (v, (), (1.3)
i=1

i=1
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1V i=1,...,p are linearly inde-

pendent. Therefore it suffices to consider the case when ¢i = ¢2 or ¢1 = —(% in

where the functions hj’kj’ j=1,...,m and u,,v

(1.1). Note that linear independence of hj and uy implies kj(—y) = —kj(y), j=1,
...,m and vi(—y) = vi(y), i=1,...,p.
The equation (1.1) can be viewed as a generalization of D'Alembert's (cosine)
functional equation
dlxty) + o(x-y) = 24(x)¢(y), (1.4)
which has been much studied (cf Aczel [1, p. 176], Corovei [3], Hosszu [6],
Kannappan [7], O'Connor [12], Rejto [14]). It also arises in statistical applica-
tions (Rukhin [15]).
The functional equations (1.2) and (1.3) follow from the equation
oxty) = a; (x)B,(y) + ... + am(X)Bm(x), (1.5
which also was an object of detailed study. Clearly (1.5) implies that the space
obtained by takingfinite linear combinations of translates of ¢ is of finite di-
mension, and this of course means that ¢ is a matrix element of a finite dimension-
al representation of the group (. It is known (cf Engert [4], Laird [8], Stomne
[17]) that, for a locally compact group, every finite dimensional (or only closed
in the space of all continuous functions) translation invariant subspace consists
of exponential polynomials. In other terms ¢ must have the form

n
¢(x) = L p,(x)g, (),
i=1 i i

where g, are multiplicative homomorphisms of ( into S and p; are polynomials in
different additive homomorphisms of § into . Actually, the solutions of the
functional equation (1.5) are known to be of such a form in a more general sit-
uation when ( is a groupoid or a semigroup and F is a commutative ring (see Aczel
[2], McKiernan [10], [11]). However, as we shall see, not every exponential poly-
nomial is a solution of (1.5) in the nonlocally compact case.

In Section 3 we obtain the general form of the solutions f and g of equa-
tions (1.2) and (1.3). These solutions are expressed as linear combinations of

matrix elements of inequivalent finite dimensional representations of the group (
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and also of terms involving homomorphisms of G into a vector space 3n over the
field & and homomorphisms of G into additive matrix group over &. Section 2 con-
tains some preliminary results about polynomials on Abelian groups. The discussion
of the main result is given in Section 4, where the equations (1.2) and (1.3) are
proved to have all solutions being exponential polynomials. We also prove that
while every solution of (1.2) is a solution of (1.5), there are solutions of (1.3)
which are not matrix elements of any finite dimensional representation of G, i.e.
which do not satisfy (1.5), and give sufficient conditions for a solution of (1.3)
to have such form.

2. POLYNOMIALS OVER COMMUTATIVE GROUPS,

Let & be a finite dimensional vector space over the field & (In this paper,
£ will be a vector space En of all nxn matrices over the field F, or the vector
space 3" of dimension n on . If ¢ is an S£~valued function defined on the Abe-
lian group (, then L(x), x € ( is the translation operator, L(x)w(') = p(+x).
Thus L is a regular representation of (j which acts in the linear space spanned by
the translates of the function y. The function y is called a polynomial if, for
some n, (L(x)-I)n+1¢(y) = 0 for all x, ¥y € (. The smallest number n for which
this identity holds is called the degree of the polynomial.

Thus a polynomial of degree one satisfies the identity

P (xty) + oy (x-y) = 2y (x).
If 2G =3 this condition implies that y (x) = x(x) + c, where c ¢ g,
X € Hom (G,£); i.e., x(xty) = x (x) + x(y) for all x, y € (.
A polynomial ¥ is said to be homogenous, if
@LG)-DYE) = aly ).
The following elementary results [9] will be used in Section 3.
Io. If ¢ is a homogenous polynomial of degree n, then for all integer j
¢(Gx) = 3¢, x €¢-
©. 1If ¥ is a polynomial of degree n, then ¢(x) = (L(x)—I)ﬁp(y) does not de-
depend on y and is an homogenous polynomial of degree n in x.

. 1f Y is a polynomial of degree n, then (L(xl)—I)...CL(xj)—I»(x) is a poly-
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nomial in x of degree n-j.
4°, If ¢y is a polynomial of degree n, then
v(x) = % x) + ... + % x),
where cpj (x) is a homogenous polynomial of degree j, j=0,...,n. One has
¢ @ = @CE-D™()
and for j=n-1,...,0,

1
§ 300 = F@E-DIEG - () - oot - gy 0.

5°. If ¢ is a homogenous polynomial of degree n, then ¢(x) = x(x,...,x) where
x(xl,...,xn) is a symmetric function of XpseeosX and for fixed

xz,...,xn,x(',xz,...,xn) € Hom (G, 9.

If ¢ is a polynomial of even degree and 275 =73 then in all formulas
above L(x)-I can be replaced by L(x/2)-L(-x/2).

If k € 8“ and k € a;_tn’ where ;S*n is the dual space, then <h,k> will always
denote the value of the linear functional k on the element h. With this conven-
tion, equation (1.2), for instance, can be rewritten as

f(xty) - £(x-y) = <h(x),k(y)>, (2.1)
where h(x). € 7, and k(y) eF™. Also, A" will denote the transpose of a linear
transformation A.

3. THE MAIN RESULT,

A structure theorem for the solutions of the functional equations (1.2) and
(1.3) is obtained in this Section-.

Theorem 1. Assume that ( is a commutative group such that 23 =73. A
function f taking values in an algebraically closed field & of characteristic
zero is a solution of the equation (1.2) with linearly independent functions
hj’kj’ j=1,...,m if, and only if, there exist nonnegative integers
ml,...,mR,ml + ...+ mR = m such that

£(x) = <S()f, Ax)> + <T(X)Ql¢(X)>

R
* L <F(OF, 4>+ <F(-0)d_,1] + c. (3.1

m-1 me-1
Here g € Hom(G, F™1),S(x) = W B 60/ QRHD L, T(x) = | I B (x,x)/ (2k+2) !, where
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m
for each y€ CH(+,y) €Hom (GF, ), HuY) = H(y,m, H "(t,y) = 0 if

m, > 1, Hz(x,y) = H(x,x)H(y,y) Bt (x,x) ¢ (¥) = H (x,y) «x) for all x,y;

1

Fr’ r=2,...,R are pairwise inequivalent matrix representations of the group( of de-

gree m_ where all eigenvalues of Fr are equal and not identically one; Qr are in-
my r

vertible linear operators from g to .

m *.
- ont - o ft - . o
H(x,x)Q; = QH (x,x),F (x)Q, = Q F (x), r=2,...,R; {, €7 ]’LrE ST
m
fr,drE & T r=2,...,R, fr + dr = 2Q.2 ., r=2,...,R, c€F. Also the vectors
m
C(x)fl + S(x)qu(x), x€ G span 51 and the vectors St(x) @(x) span

ml-l

* * ml.
& ml, c(x) = L Hk(x,x)/(Zk)!; the spaces FUr and F , r=2,...,R are spanned by
k=0
the vectors [Ft(x)-Ft(-x)]JL , x€ G and by the vectors F_(x)f _-F (-x)d_ x€ G, corre-
r r r r r oy r
spondingly. The representation (3.1) is unique up to equivalence for matrices H(x,x)
and Fr(x), r=2,...,R.
We do not prove the next Theorem 2 since its proof is analogous to that of
Theorem 1.
Theorem 2. Under assumptions of Theorem 1 a function g is a solution of the

equation (1.3) with linearly independent function u vy i=1l,...,p if, and only if,

i

there exist nonnegative integers pl,...,pR,p1+.. .+pR = p, such that

g(x) = <C(X)ng1,a >+ <S(x)w(x),al>

1

R
+ rEZ[ <F (0)g ,a >+ <F (-0b ,a> ]+ c.

Here C(x) ,S(x),Fr(x),Qr and Qr have the same meaning as in Theorem 1 with m_ re-
1 *m
- = T = N4
placed by pr,¢€Hom(Q,g )’br’grf {E‘“r,gr br 2Qrar,ar€ T ', r=2,...,R, c€ &
The vectors Ct(x)al, x € G span Spl, and the vectors C(x)a1+ S(x)y(x), x€ G, span
*.

Pr
f=2,...,R are spanned by the vectors

P
5P1; the spacesF T and F
t
Fr(x)gr + Fr(_x)br and by the vectors, [F:.(x)+Fr(-x)]ar correspondingly. The ma-
trix functions H(x,x) and Fr(x) r=2,...,R are defined uniquely up to equivalence.
We break up the proof of Theorem 1 into three lemmas.

Lemma 1. Assume that the functional equation

fl(x+y) - fl(x-y) = <w(x),k(y)>
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has a symmetric solution f fl(—x) = fl(x). Then the vector function w has the

1’
form, w(x) = Bk(x), where B is an invertible linear operator from 3*m to 8m,

Bt=B. Also k(x) = Ttl(x), where T is an invertible linear operator fronl{f*m to

* *m
3*m and there exist nonnegative integers m,,...,m such that S*m =FMe...0 F°*

1
and the projections lr of 2 onto gfmr satisfy the following functional equa-
tion,
lr(x+Y) + Zr(X-Y) = ZBr(Y)lr(x).

Here Br(y) is an upper triangular matrix of dimension m with the same diagonal

elements b(r)(y), b(r)(y) # b(s)(y), r # s, such that QrBr(y) = B;(y)Qr with some

L}

invertible operators Qr’ QE Q, r=1,...,R, and

r
B_(xty) + B_(x-y) = 2B_(x)B_(y)

Proof of Lemma 1. Since f1 is symmetric

<w(x),k(y)> = <w(y),k(x)>.
X,
Therefore there exists an invertible linear operator B from 3“‘to 5

Bt = B and for all x€ §

™ such that

w(x) = Bk(x). (3.2)
Now let V denote the linear space over  spanned by the translates f(-+x),
x€ G of the function f which satisfies (1.2). Then the regular representation
L(x): L(x)g =g(4+x), g€V acts in V, and the functional equation (1.2) means

that

m
[LG) - L(-»)1f = Lk, (y)h,. (3.3)
13

Here f denotes the (cyclic)vector of V corresponding to the function f(+), and
hl,...,hm are vectors from V which correspond to the functions hl(-),...,hm(-).
If V_ denotes the subspace of V spanned by the vectors [L(y) - L(-y)1f, y€ G, then
it follows from (3.3) that V_ has dimension m. Also, as is easy to see, v_ is in-
variant under all operators L(x) + L(-x), x€ G.

Let A(x) denote the restriction of the operator [L(x) + L(-x)]/2 on v_.
Then,

m m
22 k,MANK, = I [k, (xty) + k, (-xty) Ih,,

j=1 .
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so that
k(xty) + k(-xty) = 245 (0k(y). (3.4)

It is evident that all matrices A(x) commute. Therefore (see Suprunenko and
Tyshkevich [18] p. 16) the whole space gfm can be represented as a direct sum of
invariant subspaces W}, with respect to all A(x), for r=1,...,R. The irreducible
parts of A(x)lwr are equivalent, while for r # s the irreducible parts of A(x)|wr
and A(x)lws are not equivalent. Since the field § is algebraically closed, Shur's
lemma shows that all irreducible parts of A(x)Iwr, r=1,...,R, are one-dimensional
operators. Thus all matrices A(t) have the form A(x) = T_lBt(x)T, where B(x) is
a quasi-diagonal matrix with blocks Bl(x),...,BR(x) on the principal. diagonal, and
Br(x) is an upper triangular matrix of dimension m = dim wr, r=1,...,R with the
same diagonal elements b(r)(x),b(r)(x) # b(s)(x), r #s. Clearly m = m1+...+mR
and all matrices Bt(x), r=1,...,R commute.

Let Q= TBTt. Then Qt = Q, Q is invertible and QB(x) = Bt(x)Q. Because of
Shur's lemma Q = QIO... OQr where Qr is of dimension m, and

QB (0 = B;(x)Qr, r=1,...,R. Also, if k(y) = T'2(y) then

L(xty) + 2(x-y) = 2B(y)2(x).
Let 2(y) = ll(y) ®... elR(y) with lrﬁg*mr, r=1,...,R be the partition of 2(y)
into direct sum corresponding to that of the matrix B(x). Then for r=1,...,R
zr(x+y) + lr(x-y) = ZBr(y)lr(x). (3.5)
It is easy to deduce from the definition of A(x) that the matrices A(x) satis-
fy D'Alembert's functional equation
A(xty) + A(x-y) = 2A()A(®Y). (3.6)
It follows from (3.6) that
B_(xty) + B_(x-y) = 2B (x)B_(y), 7r=1,...,R, 3.7
so that Lemma 1 is proven.
Lemma 2. For r=1,...,R
8 = 0 + x 0172,
where X, is a multiplicative homomorphism of ( into G, xr(x+y) = xr(x)xr(y). If

Xy is not identically one, then
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P(x) = [6,(x) - G ()],
wherc Gr(x) are lower triangular matrices of dimension m with all diagonal ele-
t . .
ments equal to xr(x), Gr(x+y) = Gr(x)Gr(y); QrGr(X) = Gr(x)Qr with invertible
t *
Qra QI‘ = Qr; lr € 31“-
Proof of Lemma 2. It follows from (3.7) that
b (xty) + 58 (xmy) = 2680 (0yp D (v).
All solutions of this D'Alembert's functional equation are known to be of the
form (cf. Kannappan (7])
2 0 =[x, (0 + x (0172,
where Xe is a multiplicative homemorphism of G into & :
X, (xty) = x GOx (9).
If X, is not identically one there exists X € (; such that xr(2x0) # 1 and the
matrix Bi(xo)—I = [Br(Zxo)—I]/Z is nonsingular. Moreover, one can find a nonsing-

ular lower triangular matrix Gr such that Gi = Bi(xo)-l. Indeed,

B2 Geg)-T = [(x, Geg) X, (%)) /21214 1,

where Pr is a nilpotent matrix, P?r = 0.
Thus one can put
. n -1 i+l 1
6, = [ (xp)=x (%)) /2}[T+P /2 + ¢ (-1)7 " (2i-D1t P[] .

i=2 2:|'.

i!
Clearly G_ commutes with all matrices B_(x) and Q G_ = GtQ .
r r rr rr

Now let

6 (x) G;l[Br(x)(Gr-Br(xo)) +B_Getxg) ]

B_(0-6_1[B_(0)B_(x))-B (et

It is easy to check (cf. [5]) that

G (xty) = G (x)G (y),
and
t
QrGr(x) = Gr(X)Qr-

Evidently Gr(x) and Gg(x) are inequivalent for r # s and
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-1
+ -x) = - - -B (- = .
Gr(x) Gr( X) ZBr(x) Gr [2Br(x)Br(x0) Br(x+xo) Br( x+x0)] 2Br(x)
It is also clear that Gr(x) is a lower triangular matrix with all diagonal
elements (and hence eigenvalues) equal to xr(x).
It follows from (3.5)
2, (xty) + 4 (y-x) = 2B _(x)2_(¥),
so that
2.(x=y) = B (y)2 (x)-B_(x)2_(¥).

Using again (3.5) we see that

ZBt(x)[Rr(x+y) + Qr(x-y)] 2Br(y)lr(2x)

2B_(5)[B_(x-y)2 (xty) + B_(xty)L (x-y)].

Now one deduces from (3.7)

B, ("B, (x-y) = [B_(x) + B_(x-2y)]/2

and

B_(5)B_Geby) = [B_GO) + B_(x+2y)1/2.
Thus
[B (x)-B_(x-2y) 12 (xty) = -[B (x)-B_(x+2y) 12 _(x-y).
It is easy to check that
B, (0-B_(x-2y) = [6,(9)-C_(-y)1[6_(x-y)-G (=x+y)1/2,
and
-B_(x) + Br(x+2y) = 16, (9-C (-y)][C (xty)=C_(-x-y)1/2.
Let K = {x: xr(Zx) =1}, 1f x § K the matrix Gr(x)—Gr(—x) is nonsingular.
Thus if y 4 Kr [Gr(x+y)—Gr(-x—y)]2r(x—y) = [Gr(x—y)—Gr(—x+y)]£r(x+y). It follows
that the relations x+y ¢ Kr and x-y ¢ Kr imply
-1
(6, Geh) =6, (x-)1 7y Geby) = (6, Gy)=6, (xt)] 2 Geoy).
In other words for z ¢ K.
lr(Z) = [Gr(Z)—Gr(-Z)llr (3.8)
with some vector lrif z has the form z = xt+y with y ¢ Kr and x-y ¢ Kr or

z = xt2y, x, ¥y ¢ Kr' We prove now that every element z ¢ Kr has this form.

If there exists X, € Kr such that xr(xo) % 1 we put z = (z+x0)—x0.
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Clearly z + %9 ¢ K and x0/2 ¢ Kr. If for all x € K_ one has Xr(x) = 1, then we
show that z = x+y with x, y ¢ Kr' Indeed in this case it suffices to take
=y =2z/2.
Thus (3.8) holds for all z ¢ Kr' We prove now that (3.8) is valid for all
z € (. Let z € Kr’ X ¢ Kr’ then x + z‘¢ Kr and x-z § Kr. Therefore

ir(z+x) + lr(z—x) = [Gr(x+z)—Gr(—x—z) + Gr(—z-x)-Gr(x—z)]JLr

2B_(x)[6,(2)-G (-2)]2 .
From this relation and (3.5) it follows that (3.8) holds if there exists
be ¢ Kr such that the matrix Br(x) is nonsingular. The latter condition is met if

2x ¢ K_. If 2x € K for all x €( , then because of the condition 2 G= G it

follows x€ K for all x. Thus xr(x) = 1 for all x contrary to our assumption.
Thus (3.8) is true for all z€ ( and Lemma 2 is proven.

Lemma 3. Assume that xl(x) =1 and let q = m

1 Then ll(x) is a polynomial

of degree 2q-1, which has the form

q-1 Mk(x,x)

2. (x) = ¢ L (x).
1 kZO (2k+1) 1Y 1

Here M(x,y) are matrices of dimension q under the following conditions:
t
M(x,+x,,y) = M(x;,y) + M(x,,¥), M(x,y) = M(y,%), QM(x,x) = M (x,%)0;;

Mq(x,x)

0, ¥ (x,y) = M(x,)M(y,y), M(x,y)%, (x) = M(x,x)¢,(y) and
c;l(X+y) =q1(x) + ({,1(}’),(‘, 1 € g*q.
Proof of Lemma 3. We have Bl(x) = 1 + N(x), where Nq(x) =0, q-= m, .
Thus
2, Gety) + 2, (x=y)=22, (x) = 2N(y) 2, (x) (3.9
and
N(xty) + N(x-y)-2N(x) = 2N(y) + 2N(x)N(y).
The latter identity can be rewritten
[LG/D-LE-y/D 1N = M) T + N,
Easy induction shows that for k = 1,2,...
[LGy/D-LGy/D 1000 = 2@ (1 + 8@ 1.
Thus in particular

L(y/2)1-L(-y/2) 12 2N (x) = 29y,
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which implies
2q-
(-1 1° 9 N = o
i.e., N(x) is a polynomial of degree 2q-2. Because of the result mentioned in
Section 2,
N(x) = qu_z(x) + ...+ Nz(x),
where for k = 1,...,q-1
2k
- - = y 1 .
IL(y/2)-L(-y/2)1°"N,, (x) = (2N, (¥);

i.e., N2k(x) is a homogenous polynomial of degree 2k, N2k(nx) = nZkN These

2k(x).

polynomials are defined by the formulas

N [L(X/Z)-L(-x/Z)] N('),

2q-2(%) = (2q 2)'
and for k = q—2,...,1

Ny (¥) = (2k). [L(x/2) L(-x/2)] [N(-)—qu_z(-)-...—N2k+2(-)].

We prove at first that

q-1
Ny, (%) = Z d, klZN(X)] /i,

where the coefficients djk can be found in the following way. If D is the lower

triangular matrix formed by d,, k < j, then D = pl where the elements p,, of P

jk jk
have the form
2k
_ 1 2k, oiol (2]
Py = @OT 1Eo (EDTE- Y.
(Clearly pjk =0 if k > j).
Indeed,
-1
[2n(0]d
Nyoo £ = ot Le/D-Lex/ 1) = R —
so that dq_1 q-1 =1.
Also,
2k 2k
[L(x/2)~-L(-x/2)] sz(O) = L )( 1) N ((k—i)x)
i=0

2K
B 2y, i o 12)
= i£=0 DGR sz(x)

= (Zk)!ijsz(x).
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Thus
N, (x) = =it [L(x/2)-L(-x/2)175[N(0)-N
2k (2! 2q-2
q-1
k
= 8@ 1Y@ T p N (),
=kl I 4D
and it follows by induction that
_i
d, = - d,. j > k
ik i=§+1 1P Y
d,, =1.
i3
But these identities mean D = -D(P-I) + I or DP = I.

We prove now that

[/ L3/ D1y () = 2Ny () + L Ny (N

j<k
Indeed

k
[L(y/2)-L(-y/2 12 [28(x) 1 *1(2)
2k

0)-..

2(k=3)

“Nore2

(x)

- Lo/ L CH DT a0

i=0

2k ok i
= Lt 5) CDTN(E0Y) 2 (z+(E-K) %)
i=0

k-1 2k

i=0

k=l op i
= L (D EDTANUE-RIYN(E-R) 0L, (2)

i=0
k-1 2k i
I (OED ML ()
i=0
2k 2k i
= T CHE G0N0 L, (2)
i=0
2k .
+ 2 HEn oy, @),
i=0

Therefore

2 k
[L(y/2)-L(-y/2)17[2N8(x) ] = 2(2k)! j‘ziijkNZj

)

and

@i!

(y)NZi(X)+2(2k)! 2'_1)

J

q-1 i
[L(y/2)—L(-y/2)]2N2k(x) = L 4, [L(y/2)-L(-y/2)1° JEAEINN
sk 3K

]

1.

323

L (O EDIME-0Y) [ (24004, (2= (1000 ]

)

(3.10)
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-1 -1
T Y a T
L Poagihon (N (042 Ly djki PisNay O

= 2[ T N .(yN (y) + N (D],
15 2177 2(k-1) 2k

Using (3.10) repeatedly we can now establish the following formula
k

2 =
[L(r/D)-Le-y/2) 17Ny, () = 2 spbe B =k Ny Oy @)
- (2,15, (3.11)
which gives the basic result: ) [2N2(y)]k
. Loy 212N, () = e
Ny = iyt [LG/DLy/21,, () = —gss

Note that there exists a function M(x,y) on GxG with values in 82 such that
2N2(x)=M(x,x) and it possesses the properties from the condition of Lemma 3.
Now we return to the equation (3.9) which can be rewritten in the following
form
[L(y/2)-L(-y/2) ]2, (x) = 2N(y) 2, (x).

It is easy to check that for k = 1,2,...

IL(r/2)-L(-3/2) 172, ) = (29 1Fe (0 -
Thus

[L(y/2)-L(-y/2)1%%, 0 = o,
and 2, (x) is a polynomial of degree 2q-1.

Analogously to previous considerations,

CO) =¢2q_l(x) to g (0,

where ¢2k+1(x) is an homogerous polynomial of degree 2k+1,

2+l
Fopean (MF) = 0 Ty, GO

Note, that if 2x = 2y, then q2k+1(x) = ¢2k+l(y), k = 0,1,...,9-1. Thus the
function 2(x) = 221(x/2) is defined.
Similarly to (3.10) we prove
q-1

x) = cjk[(2j+1)!]_1[2N(x)]j£(x), (3.12)

¢
2k+1 ok

where the lower triangular matrix C formed by the coefficients Cjk’ k < j has the

form C < V-l. Here V is the matrix with elements
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2k .
ij = ?EE%ITT 2;0 (%F)(-l)i(i—k+1/2)2J+1 .

Clearly v.. = 0 if k > §.
y " ]
Also

[L(y/2)-L(-y/2) 12 [20(x) 1 2 (x)

”
2(L(y/D)-L-y/212 I CH Dt (-gyem/2)

i=0
=2 ).'?j (?j)(—l)iZN((‘—'+l 2 i
o i-j+1/ )y)ll((i-Jﬂ/Z)x)
=4 221 (2j)(_1)i z N ( ) 2n+2k+1
oo i 20 ) Ppe4p (%) (1-3+1/2) ,
n,k
so that
2
L - - =
[LG/D-LEy /DT g, () = 2 j)ék “icoeiy T Ton % 347 0
= 2D () 994 G0
Using this identity repeatedly one obtains
. 2% K b
[L(y/2)-L(-y/2)] (x) =27, . N (D)LLNL (e (%)
Bok+1 LA A k021 21, 21, 41
- (28,0 1%
and
(L /D)-Ley/217 gy G0 = 12,0015 0. RN
Therefore
[28, () 1"
?2k+1(x) T Qi(x), k=0,1,...,q9-1 |
and

, k
-1 [ZNZ(X)] ¢ 1 (x).

9 = k)1

k=0
The relation (3.13) for k=1 implies that

M(x,y) ¢ () = My, ¥) ¢ (%)
Since ¢1(x) is a polynomial of degree one, ¢y is an additive homomorphism. Thus

we proved Lemma 3.

Proof of Theorem 1. Now we are able to obtain the desired formula for the
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solution of (1.2). Clearly
£(x) = £,(x) + £,(x),
where fl(x) = [f(x) + f(-x)]/2, fz(x) = [f(x) -f(-x)]/2. 1t follows from (1.2)
that
£, Ooty)-£) () = <[h0O-h(=x) 1/2,k(y)> = <w(x),k(y)>
and
f2(x) = <h(0),k(x)> = <h,k(x)> .
Thus fl(x) is a symmetric solution of the functional equation of Lemma 1 so that
the vector functions k(x) and 2(x) possess all properties given in the Lemmas.
Therefore

£(x)-£(0) = £, (x)-f; (0)+f, (x)

<h(x/2),k(x/2)>

<w(x/2),k(x/2)>+<h,k(x)>

<Q2(x/2),2(x/2)> + <Th,2(x)>

R
)51 [ <Q2, (x/2),8 (x/2)>+<f .2 (x)> ]
ml—l K
_ M (x/2,%/2)
=<f, L (2k+1) ! ¢(x)>
k=0 .
-1 m. -
1 mé " Ge/2,%/2) 1% Q%) oM /2,02 w0>
tyc (2k41) (21+1) !
k=0 i=0

R
+ L LelGL(R/2)-C (x/2)1Q, 2, (6, (x/2)=6 (-x/D)18,>

r=2

+ <fr’[Gr(X)'cr('x)]>}

m, -1 ml—l

1 t k t k
M (x,%)] M Gx,x)]
-« g BgEmh s ws v <p g o (0,60
k=0 k=0

R
+ § [<cr,Gr(x)£r>+<dr,Gr(—x)lr>+<cr—dr,1r>]'
r=2

We used here the formula
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[ i% Mk(x/2,x/2) 2 -3 al ngxzx)
k=0 (2k+1)! kz—:o (2k+2)! >
k= =

which follows from the properties of M(x,x).
The formula (3.1) follows with H(x,x) = Mt(x,x) and Fr(x) = Gz(x).

We prove now that every function f of the form (3.1) satisfies the equation
(1.3). Note that for k > 1

B Gty 30hy) B (x-7, x-3)

=2, 5 GGG,y 1 1286, 17

. et i) /2 et

" 20T oad, jii(l::) (;)[H(x’x)lﬁ(k D721y, gy IO D 20y

C 2 3 G 0 1 G 11 3.10)
it+l<k Gi+1 x,x) ] [H(y,y)] H(x,y). 3.

The last identity follows from the formula

2k
k. i, k-i
> OO =G )
itk-{ odd J P
2j+k-i=2p-1

which is easily obtained by comparison of coefficients of aszZk_Zp in expansions

(aZ4b2+2ab) 5= (a%412-2ab)% and (a+b)Z*- (a-b) 2K,

Also,

Hk(r'-y,x-*y) + Hk(x-y,x-y) = 21z (i?)ﬂi(x,xmk_i(y,y)-

<k

Using this formula, (3.14) and properties of the function H one obtains

m -1 m -1 m -1
1 k 1 .k 1 t i
- r— = H (X,X) H !XIXZ [H
f(xty)-£f(x-y) = 2< kEO 2o £+ k§0 (Zk+1) ! Q ¢(x), 120 QirD1 4(y)>
R
t t
+ jz <Fr(x)cr—Fr(-x)dr,[Fr(y)-Fr(—y)]mr>. (3.15)

Thus (1.2) holds and the statements of the Theorem 1 about vectors St(x)q(x),

t t o
C(x)fl + S(x)Qlﬁ(x), Fr(x)cr—Fr(-x)dr and [Fr(x)_Fr(_x)]Qt’ x€( , r=2,...,R follow
from the assumed linear independence of functions hj’kj’ j=1,...,m. The uniqueness
up to equivalence of the matrices in formula (3.1) is a corollary of the uniqueness

of the decomposition of the space 3P into direct sum of subspaces invariant with
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respect to commuting matrices A(x) from (3.4). Theorem 1 is proved.

REMARK 1. If G is a topological group and f (or g) is assumed to be a contin-
uous (or only a measurable) function, then the condition 2 G= of the Theorem
1 (or 2) can be replaced by the following one: the subgroup 2 G is dense inG. 1In-
cidentally, this condition means that the dual group does not have elements of
order two.

REMARK 2. Theorems 1 and 2 are true if the field § is not algebraically closed.
In this case all homomorphisms from G into corresponding vector spaces over & should
be replaced by homomorphisms from § into vector spaces over a finite extension of
the field &. Of course if & is the field of reals, this extension coincides with
the field of complex numbers.

For instance, any solution of the classical D'Alembert's equation (1.4) has
the form [x(x) +x(-x)1/2 where x is a multiplicative homomorphism into a simple ex-
tension of the initial field .

REMARK 3. The general form of a solution of (1.1) easily follows from Theorems
1 and 2. Namely, if m and p denote the maximal number of linearly independent
functions among a, {x), Bj(y)-Bj(-Y) and among aj(x)’ Bj(Y)+Bj(-y), j=1,...,n, re-

3

spectively, then

o, () = [£E(0)+e(0) /2, ¢,(x) = [f(x)-g(x)]/2

where the forms of f(x) and g(x) are given in Theorems 1 and 2.
4. DISCUSSION.
It follows from the proof of Theorem 1 that every solution f of (1.2) has the
form
f(x) = <L(x)f,A>. (4.1)
Here L is a cyclic representation of the group ( in the space V with a cyclic vec-
tor f, and the space V_ spanned by the vectors [L(x)-L(-x)]1f, x € G has dimension
m. The element A of the dual space V* is a cyclic vector for the contragradient
representation L*, L*(x) = Lt(-x). (Indeed we define A in the following way:
<h, A> = h(0) for all h from V. Then <h, L*(x)A> = h(-x) and the vectors
L*(X)A, x € G must span the whole space V*.) Clearly the representation L

under these conditions is defined uniquely up to equivalence. A natural question
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is whether the representation L is finite dimensional. Bounds for the dimension
of L in terms of m are also of interest. The same question can be formulated for
the functional equation (1.3)

It was proved in [13] that for both equations the space V is finite dimension-
al if G is a compact group. In the non-locally compact case the situation for the
equations (1.2) and (1.3) is different. Here is an example of a solution to (1.3)
with infinite dimensional representation L.

Let G be an infinite dimensional Hilbert space, g(x) = |‘x|12. Then

gGety) + gGy) = 2] x| 12 + |1y] 1%,
so that (1.3) holds, and the dimension of the subspace V+ spanned by the vectors
[L(x)+L(-x)1g, x€ G is two, and g(x) is a polynomial of degree two.
However
g(xty)-g(x-y) = 4 < x,y >,
and the space V_ is an infinite dimensional one. Therefore V = V(g) is an infinite
dimensional space as well. Thus not every polynomial solves (1.2) or (1.5).

Note that in this example the homomorphism Y of Theorem 2 is zero. Also note

that if g is an odd function, g(-x) = -g(x), and g satisfies (1.3), then
gGty)-g(x-y) = g(nty) + g(y-x) = <u(y), v(x)>,

so that g also satisfies (1.2). Thus both spaces V+and V_ have dimension p, and

the dimension of V does not exceed 2p. Of course the same remark refers to equa-

tion (1.2).

Now let f be a solution of (1.2). Then F has the form (3.1), and

F(ety) + £(x-y) = 2<C() ;8" (000>

+

2HENTEUE (), T ¢ (2T (0, ¢ ()

R
+2TNQ AN, U+ | <F (0 #F_(-x)d_, [FLO0+F (-0 ]2 > (4.2)

The proof of (4.2) is analogous to that of the identity (3.15).
Note that the second term in (4.1) has the form

HELTEOQ X, T () Y)> = <HE,WTHIQ ¢ 1,T M ¢ (>

™

=i’§=1 O ACUNEOP
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where aij(x) are elements of the matrix H(x,x)T(x)Qland qi(y) and nj(y) are coor-
dinates of the functions %(y) and Tt(y)qu).
Therefore the dimension of the space V+ does not exceed
my + mi + 2+ % m = mi +m+ 2.
r=2
Thus
dim V(f) < mi + 2m + 2 f'mz + 2m + 2,
and the next result follows.
Theorem 3. Every solution f of the equation (1.2) has the form (4.1) with
a finite dimensional representation L, dim L f.mz +m + 2, The representation L
is defined uniquely up to equivalence.
Theorem 4. Every solution g of the equation (1.3) has the form (4.1) with a
finite dimensional representation L under one of the two following conditions:
(1) gl=x) =-g(x), x€(,
(ii) dim Hom (G, &) = p <= forn=1,2,... .
Under condition (i) dim L < 2p; under condition (ii) dim L j_p(pp+2).
The proof of Theorem 4 under condition (ii) follows from the following for-

mula valid for any solution of (1.3)

gGehy)-g(x-y) = 2<H(x,7)8(x)Q a 8" ()a >+2<S (¥ (y),C (x)a,>

R
t t
+ ] <lF (g ~F_(=x)b_,[F_(y)-F (-y)la > .
r=2
This identity implies, that the dimension of the subspace V_ is less or equal to
R
po_ +p, + ] p_=p+po_ .
1 Py 1 r=2 T 1 Py

Therefore
dim V(g) < p + pl(pplﬂ) < p(op+2),
and Theorem 2 follows.

Assume now that G is a topological group and continuous solutions of equations
(1.2) and (1.3) are considered. The @(x) = O for all x belonging to a compact sub-
group of (. Therefore the first term in the formula (3.1) vanishes if ( is a com-
pact group.

If the group ( does not contain nontrivial compact groups, then any matrix

homomorphism F(x) has the form F(x) = exp{H(x)} where H € Hom (Q,ﬁ). (cf. [5p.
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393] for one dimensional result.) In this case, the power series for, say,
[F(x)+F(-x)]/2 bears some resemblance to the function C(x) and explains the struc-
ture of the latter.

Thus if G is a compact commutative group, it follows from Theorem 1, that

every solution of (1.2) has the form
£(x) = k2= Lo O 01,

where xk(x+y) = xk(x)xk(y), k=1,...,m are different multiplicative homomorphisms
of G. The same is true for equation (1.3).

As another application of Theorems 1 and 2 notice that every solution of (1.2)
or (1.3) is an exponential polynomial. (However, as we noticed, not every exponen-
tial polynomial can be a solution.) Indeed, the proof of Theorem 1 shows that
<S(x)fl,¢(x)> and <T(x)qu(x),q(x)> are polynomials in components of ¢(x) of degree
2m and Fr(x) = gr(x)(I+Cr(x)) where gr(x) is a multiplicative homomorphism, I is
the identity matrix, and the matrix Cr(*) is a nilpotent one, er(x) = 0. Thus

<SF(f 2 >=6 ()<I+C (Nf,0>=g (®p (),

where pr(x) is a polynomial of degree m . In the case G= R™ one can indicate con-
ditions on the coefficients of these polynomials (See [16].).
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