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ABSTRACT. The convolution of two functions f£(2) = anz and
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I b 2" is defined as (fxg)(z) = I ab 2", For f(z) =z~
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z/(1-2) a Y), the extremal function for the class of functions starlike of

n
g(z) az and

2
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g(z)
order Y, we investigate functions h, where h(z) = (£fxg) (z), which satisfy the
inequality |(zh'/h)-1|/]|(zh'/h) + (1-20)| < B, 0 <a<1,0<B <1, for all z in
the unit disk. Such functions f are said to be y-prestarlike of order o and type
B. We characterize this family in terms of its coefficients, and then determine ex-
treme points, distortion theorems, and radii of univalence, starlikeness, and convex-

ity. All results are sharp.
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1. INTRODUCTION.

L

n
Let S denote the class of functions of the form f(z) = z + I anz that are
n=2

analytic and univalent in the unit disk E = {z : |z| <1} . A function fe S is

said to be starlike of order o and type B if the inequality

| (z£'/£)-1|/| (z£'/6) + (1-20)| < B
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holds for some a,B(0 <a <1, 0 <B <1) and for all z in E. The class of all
such functions shall be denoted by S*(a,B) . Note that S*(a,l) = S*(a), the class
of functions starlike of order o, and that S*(0,f) 1is a subclass of starlike
functions studied by Padmanabhan [l1]. For f € S*(a,B), O < B < 1, the values of

zf'/f 1lie in a disk centered at (1 + (1-2a)62)/(1-82) whose radius is
28 (1-0) / (1-8°) .

@
The convolution or Hadamard product of two power series f(z) = I anzn and
n=0
g(z) = I bnzn is defined as the power series (fig)(z) = I anb 2. A function
n=0 n=0 %7
f, analytic in E and normalized by £(0) = £'(0)-1 = O, is said to be in the

class of prestarlike functions introduced by Ruscheweyh [2] if f*sY € S*(y), where

2 -
(1-v) with 0<y<l 1is the well-known extremal function for the class

s_(z) = z/(1-2)
v

S*(y). We say that a normalized analytic function £ 1is y-prestarlike of order o
and type B (0<a<l, 0<B<l), denoted Ry(a,B), if f*sY € S*(a,B) .

Our main interest will be with functions £ in S*(a), S*(a,B), or RY(a,B)

©

that may be expressed as f(z) = z - I anzn, anzp . We denote these classes,
n=2

respectively, by S*[al, S*[a,B], and Ry[a,B]. The class Ra[a,l) = R[a] was
studied in [3] while the class S*[oa,B] was investigated in [4]. For vy = 1/2
and B = 1, the class reduces to the family S*[a] studied in [5].

We begin with a characterization of the class RY[a,B], from which we determine
the extreme points, distortion properties, and radii of univalence, starlikeness, and

convexity.

2. COEFFICIENT INEQUALITIES.
In the sequel, we set

n
C(y,n) = I (k=2y)/(n=-1)! (n =2,3,...), (2.1)
k=2
=z+ I C(Y,n)zn .
n=2

so that sY may be written in the form sY(z) = z/(l—z)z(l—Y)

Note that C(y,n) is a decreasing function of vy, 0<y<l, with
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@, Y<1/2
lim C(y,n) = 1, y=1/2 .
n-o

0, y>1/2

THEOREM 1. A function f(z2) =z - I a zn, a >0, is in the class R [a,B] if
% n—-’ =2 1n the class ’ iz
n=2 Y

and only if

o [(n-1)+ B(n+1-2a)1 C(y,n)a
I 2 o<1, (2.2)
n=2 28 (1-a)

PROOF. If f e R [0,8], then g(z) = (fxs )(z) =2z - I C(Y,n)anznes*[a,B],

n=2
so that
I (a-1Cly,ma z ¢
| (zg'/9)-1] - n=2 | <g (2.3)
[(zg'79) + (1-2a) | 2(1-a) - % (n+1-2a)c(v,n)anz“‘1|

n=2

for all z € E. Since the denominator in (2.3) is positive for small positive values

of z and, consequently, for all z, 0 < z < 1, we let z + 1° to obtain

-] @
I (n-1)C(y,n)a_ < B[2(1-a) - I (n+tl-20a)C(y,n)a_] ,
n — n
n=2 n=2
which is equivalent to (2.2).

Conversely, if (2.2) holds, we wish to show that g = f*sY is in S*[a,B]. For

lzl =r < 1, we have ©
n-1
z (n-l)C(Y,n)anz ’
(zg'/@)-1 | _ n=2
(zg'/g9) + (1-2a) | B ne1
2(l-a) - I (n+1—2a)c(Y,n)anz
n=2

LI (n-1)e(v,n)a
n
n=2 .
2(1-a)- I (n+l=-2a)C(y,n)a
=2 n

| A

The function g is in S*[a,B] if the last expression is < B8 , which is equivalent

to (2.2). Hence, f ¢ RY[Q'B] and the theorem is proved.
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-]
COROLLARY. If f(z) =z - I anzn € Ryla,B], then an < 28(1-a)/I(n-1) +
n=2

+ B(n+l)-2a)]1C(y,n) , n > 2, with equality for functions of the form

£ (2) = 2-28(1-0)2"/[(n-1) +Bn+1-2a)]C(y,n) .

It follows from Theorem 1 that Ryla,B] is a closed, convex family. We shall now

show that the extreme points of the closed convex hull are those that maximize the
coefficients.

THEOREM 2. Set
£(2) = z and £ (2) = 2-28(1-0)2"/' a=1)+ (n+1-20) IC(Y,m) , (2.4)

n=2,3,... . Then f ¢ RY[a,B], 0<a, y <1, 0<B<1, if and only if it can be
o o
= £ , > I = .
expressed as f(2) nzl An n(Z) where An >0 and . An 1

o
PROOF. If f(z) = I xnfn(z) , then

n=1
5 Lo-D+Bm¥l-20)ic(y,m) Aq(28) Q-a) - y =1y <1
B 2B (1-a) [(n-1)+B(n+1-2a) ]C(Yy,n) _, n 1 -
n=2 n=2
and f ¢ Ryla,B] . .
Conversely, if f(z) = z - I anzn € RY[a,B], then set
n=2
A= [(n-1) + B(n+l-2a)]lC(y,n)a /2B8(1-a) , n=2,3,..., andset A, =1- % A .
n n 1 n=2 n

o
We see from Theorem 1 that -xl >0 . Since f(z) = I Anfn(z) , the proof is com-
n=1

plete.

3. DISTORTION THEOREMS.
We may now find bounds on the modulus of f and f' for f ¢ RY[u,B] .
THEOREM 3. If f ¢ Ryla,B], 0<a<1l, 0<B <1, and either

0 <y < (2+3B-aB)/(2+4B-208) or r (1+2B-aB)/ (1+3B-20B), then, for |z| <r,

| A

max{0,r-8 (1-a) r°/ [ (148 (3-20) ] (1-y) }<| £(2) | <r+8 (1-a) r>/ [1+8(3-20) ] (1) . The bounds

are sharp, with extremal function fZ(Z) = z—B(l—a)zz/[1+B(3-2a)](l-Y) .
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28 (1-a)r"
[(n-1)+B (n+1-2a) 1C(y,n)

28 (1-a) £
[(n-1)+B (n+1-2a) ]JC(v,n)

max{0,r-max } < |£(2) |< rtmax

Under the constraints for Yy and r, it suffices to show that

¥(a,B,v,x,n) = 28(1-a)r"/[(n-1)+B (n+1-2a) ]C(Y,n) (3.1)

is a decreasing function of n for n>2. From (2.1) we see that

c(y,n+l) = [(n+1-2y)/nlC(y,n) so that ¥(a,B,y,r,n) > ¥(a,B,Y,r,n+l) if and only if

h(a,B,Y,r,n) = (n+l-2y) [n+B8(n+2-20)]1-rn[n-1+B(n+1-2a)] > O . (3.2)

For o and B fixed, the function h is decreasing in y and r and increasing

0 for

in n. Hence, h(a,8,Y,r,n) > h(a,B,(2+38-aB)/(2+48-2aB), 1,2)
0§y§ﬁ2+38-u8)/(2+48-2u8), r <1, and n > 2. Similarly,

h(a. B,v,r,n) > h(a,B,1,(1+28-aB)/(1+38-2aB), 2) = 0 for
0<y<l, r<(1+2B-aB)/(1+38-2aB), and n>2. Thus max ¥(a,B,Y,xr,n) is attained at
n=2, and the proof is complete. nz?

As a special case of Theorem 3, we get the result in [3] as a

COROLLARY. If f e R [a,1], 0 <a <1, then
2 2
r-r°/2(2-0) < |£(2)] < r+r®/22-0)  (Jz|=r) .

PROOF. When B = 1, we have Yy = a < (5-a)/(6-2a) , so that the first con-
dition in Theorem 3 is satisfied.

REMARK. The function fz(z) = 0 in Theorem 3 when
z = [1+B(3-2a)1(1-Y)/B(1l-a) . Ietting =z > 1~ , we thus have
|f(z)| >r - B(l—a)rz/[l+8(3—2a)](l-Y) for all z in E if and only if
0<y<[1+B(2-a)1/[1+B(3-2a)].

Theorem 3 leaves open the question of an upper bound for |f| when
y>(2+3B-08) /(2+48-208) and r>(1+2B-aB)/(1+3B8-2aB). We resolve this with

THEOREM 4. Set rno(a,B,Y)=(nO+1-2Y)[n0+8(n0+2-2a)]/n0[n0—1+B(no+1-2a)] .

If fe RY[a,B], 0<a<l, 0<B<1l ,

(1+8)n_+B (1-a) 1+ (1+B)n_+B (2-a)
- 0y« 9 Y, (n=2,3,...)
Yo ng B (n +2-20) S TH(T#pIny B (3-20) 1 ‘MgTerdrees
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and r (¢,B,Y) < r <1, then

0
n_+1

[£(z)]| < r + 2B(1-a)r / Ing*+8 (n+2-20) 1C(y ,n 1) (|z]=) ,
with equality for fn i given in (2.4).
o]

PROOF. It suffices to determine when ¥(a,B,Y,r,n) , defined in (3.1), is max-

imized for n = ng + 1 > 2. The function ¥ attains its maximum value at

n = nO +1 if the function h , defined in (3.2), is negative for n = nO and

positive for n = no +1, which occurs for rn (¢,B,Y) <r < rn +1(a,6,y) ; however,
0

rno(a,B,y) <1 if and only if yzyo and rn0+1(a,8,y) >1 for y:yl. Therefore,

max y(a,B,y,r,n) occurs at n = no+l for rno(a,B,Y) < r <1 and Yofyﬁﬂl , and the
proof is complete.
We use similar methods to determine a distortion theorem for f'.

THEOREM 5. If f € RY[a,B], 0<a<1l, 0<B <1, and either 0 <y < 1/2 or

r < (2+4B-2aB)/(3+9B8-608) = r, « then

1-28(1-a)r/[1+8(3-2a) 1 (1-y) < |£'(2)| < 1+2B8(1-a)a/[1+B8(3-2a)](1-y) for |[z| = «r ,

2
with equality when fz(z) = z-2B8(1l-a)z /[1+B(3-2a)]1(1-Y).
PROOF. For A(a,B8,Y, r,n) = 28(1—a)nrn_l/[(n—1)+8(n+1-2a)]C(Y,n) we have,
according to Theorem 2,

1 - max A(a,B,Y,r,n) < |£'(z)| <1 + max A(a,8,y,r,n) . But A is a decreas-
n>2 n>2

ing function of n if and only if

hl(a,B,Y,r,n) = (n+1-2y) [n+B(n+2-2a)] - (n+1)r[(n-1)+B(n+1-2a)] > O.

Since h1 is decreasing in r and Yy for ¥y 5_1/2 and increasing in n, we have
hl(allelrln) i hl(alB'l/zlllz) = 1-B(1-2a) i 0

for 0 <y <1/2 , and

h, (a,8,y,z,n) > h (a,8,1,r,,2) =0 for r <r, .

This completes the proof.

REMARK. The theorem is the best possible in that hl(a,B,l/z,r,Z) < 0 for
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r > ro and A(a,B,Y,l,n) > A(a,B,Y,1,2) for each fixed Yy > 1/2 and n = n(y)
sufficiently large.
4. RADII OF UNIVALENCE, STARLIKENESS, AND CONVEXITY.

As we have seen in Theorem 3, it is possible to have f(zo) =0, 0< |zo| <1
for £ in RY [a,B], which means that £ need not be univalent. We now determine
when the family contains only univalent functions.

THEOREM 6. RY [@,B]l¢Z s if and only if vy < 1/2.

PROOF. Since z + I az e S if = n|a | <1, if suffices to show
n=2 ° n=2 n
for vy < 1/2 -- according to Theorem 1 -- that
[(n-1)+B (n+1-20)]C(y,n)/2B8(1-a) > n for n=2,3,... . (4.1)

But C(y,n) > Cc(1/2,n) =1 for y < 1/2 , so we need only prove (4.1) for y = 1/2,
which is equivalent to n[1+B8-2B8(1-a)] > 1-B(1-2a). This last inequality is true
for n=2, and consequently for all n > 2.

Conversely, since C(y,n) - 0 for y > 1/2 , we take fn(z) defined by (2.4),

and note that

n-1
' L 28(1-a)nz
£l(z) =1 [(n-1)+B8(n+1-2a) IC(y,n)
for
2" = (-1 +8(n+1-20) 1C(y,n) /28 (1-a)n

which is less than 1 for n sufficiently large. Thus, fn(z) is not univalent for

Y > 1/2 and n = n(y) sufficiently large.

0o
Since functions of the form 2z - I anzn , anz 0, are starlike if and only if
n=2

they are univalent [5], we have shown that functions in RY [a,B], O <y <£1l/2, are
all starlike. We now determine the largest disk in which such functions are star-

like of order 6, 0 < 6 < 1.

o

THEOREM 7. 1f f(z) =z - I az' e R (@8] , 0<a<1,
n=2

0<f <1, 0 <y <1/2, then f is starlike of order §, 0 <8 <1, in the disk
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|z| <ry where

1/(n-1)

£ = inf [(1-6)[(n-l)+6(n+l-20)]C(Y,n)]

o i 28 (1-a) (n-6)

PROOF. It suffices to show that |(zf'/f) - l| < 1-§ for |z| <ry - But

«©
n22(n—l)an|z|n_l
| (z€'/6) - 1] < <1-6 (z] = o
1- I a [z[
n=2 n
if and only if
® n-8
g B0, o (4.2)
1-6 'n -
n=2

In view of Theorem 1, we need only find values of r for which

E:% n-1 < [(n-1)+B (n+1-2a)]C(y,n) (n=2,3,...) ,

2B (1-a)

=
]
|

which will be true when r < r_ , and the theorem is proved.

0
COROLLARY 1. If feRy[a,B],Of_a<l,0<B_<_1,0iyil/z, then f is

convex of order §, 0 < § <1 in the disk lz| < ry where

1(n-1)

o (1-8) [(n-1)+B (n+1-2a) ]C(y,n)) .
fpT et 28(1-a)n (n=9) 4
oo
PROOF. Since 2z + I anzn is convex of order & if and only if
n=2

o

z+ I nanzn is starlike of order §, the proof follows that of Theorem 7, with
n=2

replaced by nan .

By taking & = 0 in Theorem 7, we may determine the radius of univalence (and
starlikeness) of Ryla,B] when y > 1/2.
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COROLLARY 2. If feRY[a,B],Oia<l,0<6§l,1/2<Y<l,then f is

univalent and starlike for lz| <r, . where
1/(n-1
o ing (UnDt8meI-20))clrm POV
2 n 28n(1-a)

5. ORDER OF STARLIKENESS

Since functions in Ry[a,B], 0 <y <1/2, are starlike, it is of interest to
determine the order of starlikeness. We do this in

THEOREM 8. If feRY[a,s],0§a<1,0_<_8<1,o§~./§1/2,t_he_rl £f is star-

like of order

[1+B(3-2a) ] (1-y)-2B(1-a)
[1+B8(3-2a) 1 (1-Y)-B(1-a) !

with equality for f£(z) = z —B(l—a)z2/[l+8(3-20)](l-Y) .

PROOF. From Theorem 1 and [5], it suffices to show, for

£(z) =z - I az eR [0,8], that I [(n-1)+B(n+l-2a)1C(y,n)a /2B (1-a) < 1 implies
o n=2 " Y n=2 n
L [(n-A)/(l—)\)]an < 1. This will be true if
n=2
g(aIBIYIn) = [(n-1)+8(n+l-2a)]C(Y'n) (1-A) _>_ 1 (n=2,3,...) -

2B(1-a) (n-2)

For o« and B fixed, g can be shown to be an increasing function of Y,
0 <y 5_1/2, and an increasing function of n, n > 2, so that
g(a,B8,y,n) > g(a,B, 1/2,2) =1 for 0 <y <1/2 and n > 2. This completes the proof.
Choosing B =1 and Yy =a in Theorem 8, we get the following result proved in
[3] as a
COROLLARY. If f ¢ Ra[a,ll, 0 <a <1/2, then f is starlike of order

(2-2a) /(3-2a) .

This work was completed while the first author had a grant from the University of
Khartoum, while the second author was on sabbatical leave from the Collegg of Charles-
ton, and while both authors were Visiting Scholars at the University of Michigan.
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