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ABSTRACT, A number of identities involving iterated integral transforms are establi-
shed, making use of the fact that a function which is a linear combination of the

Macdonald's function Kv(z), where z is a complex variable, is a Fourier kernel,
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1. INTRODUCTION,

The object of this note is to establish various identities involving integral
operators. The integral operators are the integral transforms with respect to the
function KV(Z), where Kv(z) is the Macdonald's function of order v and argument z, a
complex variable. Some functional relations are deduced, as special cases, which
show the inter-relations among more familiar Fourier Sine, TFourier Cosine, and Laplace
transforms.

2, THE KERNEL,

Let y = x%Kv(ex), with 6 a constant and |v]| < 1,
Then y" - ﬁi‘z‘l’/ﬁ y = 8%
or (DZ - %}ﬁ]u = 82y, D = % .
Whence [DZ - Xijiyllﬁ}ky = GZky, k=0,1,2,... .

Now, if we set 6 = ie"™/K 0 <m < 2%-1,
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% imm/k
5 Ik,

then y=x Kv(ie )

satisfies a k-fold Bessel equation:

vZ2 - 1/4
Rl

x x
p? - — } y=(-Dy 2.1

It is not difficult to see that if x is a complex variable, then every point of (2.1)
is regular except for a singularity at x = 0. Now consider a function of the form
2k-1

1
- S (4
Gplx) =} B aX (e
m=0

’Lm/kx), |v] < 1.

The functions are an extension of the functions which were first noted by Guinand.

As a special case when k = 2, chose the coefficients as

By =B, = - % s By =0 and By = - — cos 5 v .
Then we obtain
6,(x) = - 2 2HK (iz) + K (-iz) + 2cos(Evmk (2))
2 T v v 2 v
= Kv(x), say, (2.2)

and we have

THEOREM 2.1. y = kv(x) is a solution of

2 _ 2
[Dz_v—xz}ﬁ_}y=ya 0<x<m’

the two-fold Bessel equation.
The function kv(x) is of special interest to us here and we shall develop its
properties further,

Using the representations [3]

Kv(x) % cosec vn{I_v(x) - Iv(x)}

and

Yv(x) cosec vr{cos vm Jv(x) - J_v(x)},

where Jv’ Iv and Y are the usual Bessel functions, equation (2.2), can be written as

2

kv(x) = x%{sin %anv(x) + cos %wn(Yv(x) + e

Kv(x))}.

These functions arise as kernels in divisor summation formulae of the Hardy-Landau
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type, involving number theoretic function ok(n), the number of kth powers of the
divisor of n, [4]. If we put v = # % , we have

1

K, (x) = 1 %(cos x —-sin z + )

bl

s

which obviously satisfies the differential equation
DYy = y.

Next, the Mellin transform of x%Kv(ax) is given by

-s-% _s-3/2 _ 1 1 1 1 1 1
a F(§s+—v+z) T‘(is- \)+2)’

2 2 2

m{x/zkv(ax) } =

where Re s > |Re v —-% , [5], whence the Mellin transform of kv(x) defined in (2.2)

is given by
ao) = - 23—1/2 r(%s +%v +%) I‘(%s -%v +%)
(i-s'% + (-‘é)_s_l/2 + 2cos %-vn).
On simplifying, we have
kc(s) =_zs-:5 r(%s+%v+%) F(%S -%\’+%)
cos %ﬂ(s + Vv + %) * cos % (s = v + %9 s
for Re s > |Re v --% .
By repeated use of the relation
r(z)T(1-2) =?i—n"? s

it is not a difficult matter to see that
* *(1-g) =
kv(s)kv(l s) 1,
Hence,

THEOREM 2.2. The function kt(x) defined by equation (2.2) is a Fourier kernel, [6].

If we define the transformation T[f] by
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o

T = J ke F(ode, vl <1, (2.3)
0

then 72[f] = f and 7 is involutory since 72 = 7, the identity transformation. Mak-

ing use of the asymptotic expansions of the Macdonald's function Kv(z), we have

k(@) = 0™, >
—utl
and k (@) = 0z vy x > 0.
Theref ore kv(x) € L2(0,), for |v| < 1.

m

Now, if we take f(x) € L2(0,©), the integral defining the transformation 7 exists
and is in fact absolute convergent. Thus 7 is a bounded transformation on Lz-space

for |v| < 1.

3. THE OPERATOR.,

We shall now define the transformation 7 in operator notation. Denote the ope-

rators K and K . respectively by
v v,T

I

K [f] = KA {f(x); x} = f Vxt K (xt) f(E)dt
v Vv 0 Y

and K, ;IF1 = K {f@); ix} = [ /:?fkv(ixt)f(t)dt s
0
where f € L2(0,) and |v| < 1, with Kv(z) being the Macdonald's function. Then the

transformation 7 can be expressed, in operator form, as

T[] J k (xt) f(2)dE
0

- % {J /xt K (ixt)f(t)dt + J\/;_c? K(~iat) f(t)dt
0 0

+ 2cos % vT J Vxt Kv(xt)f(t)dt}
0

1 1
= - ;(Kv,i + Kv,—i + 2cos i-vWKv)[f]-

and we can write, symbolically,

T ==K .+K . + 2cos 1 vrK ) .
v,T v,=1 2 v
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Since T2 = I, the identity transformation, we have

1 1 2 _
s (Kv,i + Kv,—i + 2cos E-vnKv) =T
or
-1l 2 2 1 2
I = ?7-{K v, + Kv,-i + 4cos 5 vnKv + Kv,iKv,-i + Kv,—iKv,i

1 (3.1)
+ 2cos Ewﬂ(Kv,iKv + Kv,-iKv + Kva,i + Kva,-i}

The right-hand side is the linear combination of iterated transformations, which are
bounded on Lz—space for |v| < 1.

Now, using the standard result [5],

) -v 2V_p2V
J tK (at)k (Btydt = LB __ [a -8 ] ,
oV v sin vm 228

where [v| < 1 and Re(o+8) > 0, we have for example, if f € L?(0,®),

1 J JZE K (izt)dt f W) K (ut) Fu)C -
™ 0 v 0 Y

K K LA

vV, Vv

%%'Jo (xu)%f(u)du Jo tKv(ixt)Kv(ut)dt

~ —(i)_v o0 N (ix)Zv _ u2v
T mosin VT Jo CORRACY) z2 + u? du
= -Kva,-i[f]'

The change of order of integration can be justified by absolute convergence. Thus,

we obtain our first identity

Kv,iKv + Kva,—i =0 3.2

The identity given by (3.2) can alternatively be established by making use of the

Mellin transform theory. That is, the Mellin transform of the iterated operator

Kv,iKv[f]’ is given formally by

3 e
m{Kv,iKv[f] = m{- %-xlkv(ix); sim{- %.x'KV(x); 1-81f*(s)
.~g-}
7

= *(s) ,
4sin %ﬂ(s - v+ %)sin %ﬂ(s + v + %)

where f*(s) denotes the Mellin transform of f(x). Also,

1 1.
m{Kva’_i[f]} m{- %»xfkv(x); sim{- %-xzkv(-ix); 1-s}f*(s)

(-i)s_3/2

1 T 1 T
4sin Eﬂ(s - v+ 2)51n 21r(s + v+ 2)
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Then m{(KV iK\) + KvK\)’_i)[f']} = 0,

>

implying that

K K +KK . =0,
V,T Vv vV V,-T

as shown above., Similarly, one can show that

KK .+K .K =o, (3.3)

Vv, T V,-T Vv

a sort of conjugate of the identity in (3.2). Consider the representation

11 —ihum PRSI

Kv(ix) ey (e J_v(x) e J\)(x));
then
®
= 2 Crt) £
Kv’llf‘] fo(xt) K (izt) f(t)de, [v] <1
. P N L o
" 2sin vm {e f (xt) J_\)(.rt).. (t)de

0

P J (xt)%Jv(xt) f‘(t)dt}
0

_ m A _ ihvm
= o {e H_v[f] e Hv[f]},

2sin vT
where Hv denotes the Hankel transform operator of order v. Thus, in operator form,

T AL T ihsvm
K —_— "TH S A

= n - n 3.4
V,1T 2sin vm -V 2sin vm v ( )
and similarly
ks ihum ™ -tlsvm
K = H - e———— e TH .
Vv, =1 2sin vm -v . 2sin vm v

Now, after substituting for K\) : and Kv : in (3.2) and rearranging, we have
> [
-1% rL
eTTH K - KH) =" THK - KH ).
-V v Y vy v -V

By comparing the real and imaginary parts and solving, we obtain the identities

KH =H K (3.5)

AVERY] -V Vv

and H\)K = K\)H (3.6)
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Now,

00

J (xt) l/le (xt) f(¥)dt
0 L

H (5]

AN
PJ J sin(xt) f(t)dt
0

™

S[f7,

and similarly,
H_l/z[f] = C[f] >

where S and C are the usual Fourier since and cosine transform repsectively.

Also,

0

f(mﬁmuwﬂww
0 2

K, L1

% {oe]
{-2’[] J etectyde
0

. ]
[3] L[f],

where L[f] is the Laplace transform.

Hence, setting v = t% in (3.4), we obtain the relatioms,

LS = CL
and LC = SL. (3.7)

Incidently, a general relation involving the operators Kv and Hu can be established:
H K = cosec vr{sin l-(v-u)ﬂK H + sin l{v+u)nK H (3.8)
[TRRY 2 uov 2 uo=v *

On setting u = *v, (3.8) yields the identities (3.5) and (3.6). Next, from the

representation (3.4), we have symbolically

P B b R
V,T 2sin vm -~ "€ v
. 2
= {EEETTFJ (2cos vrl - H—vHv - HvH-v) (3.9)

since HEV = Hi = I, the identity operator, with HV being the Hankel transform.

Similarly, one can show that

K2 —= K2 .. (3.10)

v,7 v,-1
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And, in the same vein, we have

2
K .+ K K .= P——;L——J {ZI - cos vi(HH +H H )} (3.11)
V,1 V,=1 Vy=1 V,17 2sin vm V-V =V V

Now, going back to equation (3.1) and using the results given by (3.2), (3.3), and

(3.9) in (3.11) and simplifying, we have finally, for |v| < 1,

2
HH +H H - {g sin vn] K? = 2cos vr T. (3.12)
V- —vov m v

1
An interesting relationship can be established by putting v = ¢ 5 in (3.12). Then

4 2
HI/ZH-I/;)-O-HJ/ZH%—? K1/2—0
or
s N 2 2
sc+ s =217, (3.13)

where S,C, and L denote the Fourier sine, Fourier consine and Laplace transforms
respectively.
From (3.9) and (3.12), one can establish the identity

K2 = k% .= K?

v v,T v,=1 (3.14)

3

which, on setting v = * %, yields (3.13).
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