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ABSTRACT. The authors introduce the notions of Ritt order and lower order to
functions defined by the series ? fn(s) exp (-Ans) where (An) is a D-sequence and

fn(s) are entire functions of bounded index.
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1. INTRODUCTION.
Let us consider an M-dirichletian element:

{93: £ £(s) exp (-As), s=0+ir, (0,0 ¢ K (1.1)
n=1

where (An) is a D-sequence (a strictly increasing unbounded sequence of positive
numbers) and fn(s) are entire functions of bounded index (defined below). Conver-

gence properties of such elements were discussed by J.S.J. Mac Donnell in his

m
doctoral dissertation [1] under the conditions 1lim l§5—3-= 0 and 1im XE =0
n > n n > © n

where m is the index of fn' In this paper, we first study the convergence prop-

erties of these elements with less restrictions, namely,

L= 1lim sup lg%—g < o and (1.2)
n > ® n
™

B = 1lim sup X_ < (1.3)
n > ® n

As the functions defined by these series are unbounded in the half-plane, it is

not possible to define Ritt order directly. However, by making use of functions
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defined by associated intermediate series, we introduce the notions of Ritt order

and lower order to these functions.

2. MAIN RESULTS.
DEFINITION 2.1. [2;. An entire function f is said to be of bounded

index if there exists a non-negative integer N such that

(k)

(£
0<ks<N k! it

()
Ly o 6L O o gy

for all j and for all s. The least such integer N is called the index of f.
We require the following lemma which shows that an entire function of bounded
index is of exponential type.

LEMMA 2.2. [3], [2]. Let f be an entire function of bounded index N. Then

(k)
[£¢s)| < { max l£—~—$9%l }exp N+ 1) |s

. (2.1)
O<ksN (N + 1)
Let fn(s) = % a ,sJ be an entire function of bounded index mn;
j=0
G o |
_ s _ if7(0) .
An = max {lanjllj‘_ 0,1,...,mn} = max -5 j = 0,1,...,mn} (2.2)

{X}: ? An exp(—kns) the associated dirichletian element whose abscissa of

1
log An

convergence is denoted by OX; k = 1lim 5 -
¢ n > n

REMARK 2.3. It can be easily seen from Lemma 2.2 that

{ £, 9]

|£ (s) | T

IN

max

} exp (m + 1) |s]
Ostmn n

A exp (m + 1) Is|

THEOREM 2.4. If 0 < B < 1, the region of absolute convergence of (1.1) is the

exterior of the hyperbola centre (k(1 - Bz)_l

, 0) and eccentricity B_l contained
in the half-plane 0 > k.
PROOF. Using Remark 2.3, we have

|fn(s) exp(-)\ns)l <A exp(m + 1) |s| exp(-} 0) . (2.3)
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From the definitions of k and B it follows that for € > 0

K| A7 A < exp (k + €)X and
n' n=n' n n
m +1< (B+e)r .

Hence

: |f (s) exp(-A_s)| < exp(-2 (0 -k -€ - (B+¢e)l|s])
n(e) = max(n', n") n n n

and

¥ £ (s) exp(-As) ST exp(-A(oc-k-¢e-B+e)ls]) .
ne) " n n(e) "

The series in the right hand side converges provided
c-k-8|s|>0 (2.4)
which is valid only if 0 > k and 0 < B < 1.
Thus any point in the region of convergence of (1.1) must sat¥kfy
©-102-8©t+1H >0

which reduces to

2 2 2 .2
k 2 BT 1 k™ B~ -
—_— - —_— 7 (2.5)

1-8 1-8%2 a-8gH

from which the theorem follows.

REMARK 2.5. If B = 0 the M-dirichletian element converges in the half-plane
0 > k (which coincides with the half-plane of convergence of the associated series
{x}) thus giving the result of MacDonnell [1] as a particular case.

Next we proceed to introduce the notions of Ritt order and lower order for
functions defined by (1.1). We need the following lemmas.

Let the M-dirichletian element given by (1.1) converge absolutely on Ea¢ and
D = {sec]|o=0, Te R} denote the imaginary axis.

LEMMA 2.6. Under the conditions OCX = - o and 0 < B < o, we have Ea¢ = ¢ and
¢ is holomorphic on ¢.

PROOF. Using (2.3) we have

m + 1 J__]_
v v [f (s) exp(-)_s)| < A exp[- o)A (1 - S—6 S1y)
neN- {0}sce ¢ - Do n n n n n g |O|

where 60 =1 4if 0 > 0 and 60 = -1 if 0 < 0.
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Since 0 < B < = given € > 0

K| A1 v Ifn(s)exp(-)\ns) |
LRy ' -
n'( n€) n=n s € ¢ DO
s
< An exp[-0 An(l - (B +¢) "3'{“ 90)]. (2.6)
o |s| 8y
For any point (on the imaginary axis) so = i‘r0 of D0 we extend v—l by its
lo
limiting value as s > s, -
sl
The function ¢ » s > 0[1 - (B + &) — 60] is continuous on ¢ Let
o]
|s
EIJ ={s e ¢/o(1 - (B+e) — 6, 2 u} indexed by U on R. Then {¢n.} converges
o]
uniformly on each EH as u > 02:( , where
{¢ ,}: $ f (s) exp(-\ s).
v n n
n=n
Let G be any opsa subset of ¢ We put
Is|
u, = inf{o(1 - (B +€) — 8) |s € G}.
G ]
lo]
The number W, is fﬂ-im,_‘:~nd {¢n,} converges absolutely in G if Oz:( = - ®; further,

¢G: G 3 s > ¢(s) is hol™orphic on G. Since G is arbitrary on ¢, {0} converges
absolutely on each point of ¢ and ¢>G can be continued analytically on the totality
of ¢. Let ¢ denote its analytic continuation. Now we put

Vv M¢ (6,B) = sup{|¢(s")|/0' 20 s ¢ B(-cl,lL)}
ce R

where B(1,,%) = {set¢/]t- Tll < 2} is the horizontal strip with T = T, as axis
and of width 22. Then
LEMMA 2.7. Under the conditions OZ = -©and 0 < B < 1 we have

A% M¢ (0,B) is bounded on each point 0 ¢ IR and lim M¢ (c,B) =0
(Tl,f,) e R x ]R0

as 0 > + oo,

PROOF. Let (Tl,SL) be fixed arbitrarily on Rx IR: . Then given €' > 0,

:g A —— <1+ ¢'" and with 0 < B < 1. We have
e’ se {02 Ooe/s € B(rl,l)} lo]
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s
\4 o(l - (B +¢) =l 65) >0l - (B+e)(1+e") 2.7)
g=xaq |0l
z 0, 1-B+e)(1+e"));

as a result of(2.6)and (2.7)

¢
M®(0,B) <A exp (0, (L= (B+e)1+e")
=Xy (O (L - (B+e) A+e"))
and hence
nl
lim M (0,B) = 0 as 0 => oo

finally, lim M¢ (0,B) =0 as g => « ,
Further, we have

v o(l - (B + €) Isl 6 ) >0(l + (B+ 1+e");

oz—oe,( B+e) o7 8) >0+ BHe) L+e;

we put M(oe,) = Max {|¢n,(s)|/0 S0 AsE B(tl,l) . As ¢n' is holomorphic on the
compact set, {s € B(Tl,ﬁ)/|o| S 1, M(o_,) is finite. Then we get

¢n’
\4 M~ (0,B) s Max {xn.(O(l + (B+e)(d+e")), MO, X 1 (O, (1-(B+e) (I+e")) };
ge R

Xn' is a strictly decreasing function in IR and hence

xn.(o[l +B+ €)(1+¢€")] > X, (0L - B+e)(1 +€")) if 0 < 0 and
Xn.(O(l + B+e)+e")) < X, (c1 - B+¢e)@1 +¢")) if o >0,

(equality holds for o = 0) with Xn,(c) =0 as 0 => «,
As all M-dirichletian polynomials satisfy the two properties of the lemma, in
each horizontal strip B(7,%) M¢(0,B) is bounded for each 0 € Rand hence the function

g -> M¢(0,B) is decreasing on Rwith lim M¢(O,B) = 0.
g =>

DEFINITION 2.8. We put

¢
B

= 1lim sup {
g => =

lggilog+ M¢(G,B) }
p g .

log 1og+ M¢(O,B) }

Then DB¢ is called the Ritt order of ¢ on B. Let AB¢ = lim inf { p

0 ->w
Then AB¢ is called the lower order of ¢ on B.

THEOREM 2.9. Under the conditions OcX = - and 0 £ B < 1, we have
o¢ < pX and A¢ < X
B~ "R B R

\ rY
(Tl, ) € IRx 0
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where px

R and Aé are respectively the Ritt order and lower order of X in the whole

plane.

PROOF. Proceeding as in Lemma 2.6 for 0 < B < 1, we have by (2.6)

|¢’nv(5)l < Xyr [0 - (B +¢) I—S—leo)] .

vV 4q ’
e mg n'(=n) Ve R(T,,2) lo]

Now denoting by ¢n' and X, the holomorphic functions on ¢ defined by the elements

{¢n.} and {Xn’} , we have for 0 negative with |0| sufficiently large:

M¢n'(0 B) < [6(1 - (B + €) Isl 8)]
y Xrl' IOI O

which gives

-4 pgn' < o)én' [1+ (B +€)e")]

and hence an' < oXn‘.

As adding finite number of terms to a holomorphic function defined by a classical
1

Dirichlet series does not affect its Ritt order {4], we add An exp (—an) to

n=0
{xn.} and then pén' = pﬁ.
Now
6 [
1 1
v MPG,B) s M ™ (0,B) + M * (0,B)
o e IR
o n-1
where {¢n,}: T fn(s) exp(—kns); then
n=1
o
v + og < max (ogn', ogn' )
(1,2) € Rx IRO
I 0%, _
= an since an = 0.
Finally we have
\ + pqJ < ok
(1,2) € Rx IRO B R
and similarly we can show:
v XCBD < )\é .
(1,2) ¢ Rx R

0
Now we are in a position to define the Ritt order and lower order of ¢ in the whole

plane ¢.
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DEFINITION 2.10. We put

0
or = sup {0 /(1,1) ¢ mx R}}

and

T ew OF /(0 ¢ mamY)

¢
Then Pr 1s called the Ritt order of ¢ on ¢ and Ag

on ¢.

is called the lower order of ¢
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