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ABSTRACT: Recently, K.Yano and M.Kon [5] have introduced the notion of a contact
CR-submanifold of a Sasakian manifold which is closely similar to the one of a
CR-submanifold of a Kaehlerian manifold defined by A.Bejancu [1].

In this paper, we shall obtain some fundamental properties of contact CR-sub-
manifolds of a Sasakian manifold. Next, we shall calculate the length of the second
fundamental form of a contact CR-product of a Sasakian space form (THEOREM 7.4). At
last, we shall prove that a totally umbilical contact CR-submanifold satisfying
certain conditions is totally geodesic in the ambient manifold (THEOREM 8.1).
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1. INTRODUCTION.
This paper is directed to specialist readers with background in the area and

appreciative of its relation of this area of study.

Let ¥ be a (2n + 1)-dimensional Sasakian manifold with structure tensors
(¢,€,n,<,>) [4] and let M be an m-dimensional Riemannian manifold isometrically
immersed in ¥ and let <,> be the induced metric on M. Let V and V be the covariant
differentiations on M and ﬁ, respectively. Then the Gauss and Weingarten's formulas

for M are respectively given by
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for any vector fields U,V tangent to M and any vector field A normal to M, where O
denotes the second fundamental form and v is the normal connection. The second

fundamental tensor A)\ is related to 0 by

<A,U,V> = <a(U,V),\>. (1.3) -

The mean curvature vector H is defined by
1
H = —— trace 0. (1.4)

The submanifold M is called a minimal submanifold of ¥ if H = 0 and M is called
a totally geodesic submanifold of % if o= 0.

For any vector field U tangent to M, we put
®U = PU + FU, (1.5)

where PU and FU are the tangential and the normal components of ¢U, respectively.
Then P is an endomorphism of the tangent bundle TM of M and F is a normal-bundle-
valued 1-form of TM.

For any vector field A normal to M, we put
A = tA + fA, (1.6)

where t\ and f\ are the tangential and the normal components of ¢A, respectively.

Then f is an endomorphism of the normal bundle 7'n of M and t is a tangent-bundle-
valued 1-form of T'py.

We put
= +
g El 52, 1.7
where 51 and F’z are the tangential and the normal components of &, respectively.
Then we can put
= +
n=n +n, (1.8)

where n1 W = <51,U> and n, n) = <£2,>\> for any vector field U tangent to M and

any vector field XA normal to M.

By virtue of (1.5),(1.6),(1.7) and (1.8), we get
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P2U + tFU = -U + n e, (1.9)
FPU + fFU = nl(U)EZ, (1.10)
n,Me = Por+ ¢, (1.11)
Ftl + f2) = -1 + n, Mg, (1.12)

for any vector field U tangent to M and any vector field \ normal to M.
Let M(k) be a Sasakian space form with constant ¢~holomorphic sectional
curvature k. Then the curvature tensor R of Fl(k) is given by

k -

(<7, 2 - n(9)<X,2E

{<Y,2>X -~ <X,2>Y} +

B2 = —k—Z—i—

+ DN X - (DD Y - <dY, Z>0X + <X, Z>Y + 2<¢X, Y>62}  (1.13)

for any vector fields X,Y and Z in M(K) [3].
For the second fundamental form 0, we define the covariant differentiation V

with respect to the connection on TM &T'M by
- 1 .
(VUO)(V,W) = VU(O(V,W)) - O(VUV,W) - G(V,VUW) (1.14)

for any vector fields U, V and W tangent to M. We denote R the curvature tensor
associated with V. Then the equations of Gauss and Codazzi are respectively given by

R(U,v;w,2) = RU,VsW,2) + <o(U,W),0(V,2)> - <0(U,2),0(V,W)>, (1.15)

G, = T ), W) - T WU, (1.16)
for any vector fields U,V,W and Z tangent to ¥, where T?(U, VW, 2) = <T?(U,V)W, Z> and
(B(U,)W)* denotes the normal component of E(U,V)W.

2. CONTACT CR-SUBMANIFOLDS OF A SASAKIAN MANTFOLD.
DEFINITION 2.1: A submanifold M of a Sasakian manifold M with structure tensors

(¢,E,n,<,>) is called a contact Ch-submanifold if there is a differentiable distri-

bution D:x > Dx c TxM on M satisfying the following conditions:

1) € €D,
(ii) ¢Dx c TxM for each x in M,
(iii) the complementary orthogonal distribution D'z > D; c TxM

satisfies ¢D; c T;M for each point x in M.

Let M be a contact CR-submanifold of a Sasakian manifold M. Then EeDCIM,
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so, the equations (1.9),(1.10),(1.11) and (1.12) can be written as

P2U + tFU = -U + n(U)E, (2.1)
FPU + fFU = 0, (2.2)
PtA + tfA = 0, (2.3)
FEX + 21 = - (2.4)

for any vector field U tangent to M and any vector field A normal to M, respectively.
By virtue of (1.5), we have

PROPOSITION 2.1: 1In a contact CR-submanifold M of a Sasakian manifold ﬁ, in
order to a vector field U tangent to M belong to D it is necessary and sufficient

that FU = 0.

Taking account of (2.1) and PROPOSITION 2.1, we have

P’X = =X + n(X)E (2.5)

for any X in D and we have from (1.6)
PE = 0. (2.6)
Furthermore, we obtain
<PX,PY> = <¢X,¢Y> = <X,Y> - n(X)n(¥) 2.7)

for any X and Y in D. Thus we have

PROPOSITION 2.2: In a contact CR-submanifold M of a Sasakian manifold ﬁ, the

distribution D has an almost contact metric structure (P,£,n,<,>) and hence dim Qr
odd.
We denote by II the complementary orthogonal subbundle of ¢D1 in T'M. Then we

have
7'M = ¢* 1, oD0*L . (2.8)

Thus we have
PROPOSITION 2.3: For a contact CR-submanifold M of a Sasakian manifold &, the
subbundle II has an almost complex structure f and hence dim Hx = even.

3. BASIC PROPERTIES.

Let M be a contact CR-submanifold of a Sasakian manifold M. Then we have
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¢(VUZ + 0(U,2)) = -A¢ZU + VU(¢Z) - <U,2>¢ (3.1)
for any vector field U tangent to M and Z in Dl. From (3.1), we get
<VUZ,¢X> = <A¢ZU,X> + n(X)<U,z2> (3.2)
for any vector field U tangent to M, X in D and Z in D'. In (3.2), 1f we put X = ¢X
t]
then (3.2) means
<VUZ,X> = <¢A¢ZU’X> + n(X)<VUZ,E> (3.3)

for any vector fieid U tangent to M, X in D and Z in I'. By virtue of (3.2), we
obtain

<A¢ZX,£> =0 (or equivalently <0(X,§),$Z> = 0) (3.4)
for any X in D and 2 in D*.

On the other hand, we have
<O (X,E),\> = <§xg - VEA> = <9X, 0> = 0

for any X in D and A in II. Thus we have from (3.4) and the above equation O(X,£) = 0

for any X in D. So, we have from (1.7) and the last equation
VXE = PX (3.5)

for any X in D. Thus we have

PROPOSITION 3.1: In a contact CR-submanifold M of a Sasakian manifold I?, the

distribution D has a K~contact metric structure (P,£,n,<,>).

In (3.1), if we put U =W ¢ Dl, then the equation (3.1) can be written as
1
¢(VWZ +0(Z,W) = -A¢ZW + Vh;t;Z - <W,Z2>E,
from which
1 'y
o ([2,W]) = Aggh = Ay + Tpt0 = V.42, (3.6)

where [Z,W] = VZW - VWZ‘
LEMMA 3.2: In a contact CR-submanifold M of a Sasakian manifold 1‘3, we have

V‘W¢z - V0 e ¢0* (3.7)

for any Z and ¥ in Dl.
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PROOF: For any Z,W in D' and A in I, we obtain
1 1 ~ ~ ~ ~ ~ ~
<VW¢Z - VZ¢W,A> = <VW¢Z - VZ¢W,A> = <¢(VWZ - VZW) + (VW¢)Z - (VZ¢)W,A>

= <¢(VWZ - VZW)’)‘> = <VZW - VWZ,¢>\> = 0.
On the other hand, we can easily have

A¢ZW = A¢WZ (3.8)

for any Z and W in Dl. In fact, for any vector field U tangent to M and Z and W in

Dl, we have from (3.1)
<¢(VUZ +0(U,2)),0> = <OV 2> + <¢o (U,2) > = <o (U,2),¢W>

= Ay = <AL,

¢z
from which, we have (3.8).
By virtue of (3.6) and (3.8) and LEMMA 3.2, we have
PROPOSITION 3.3: 1In a contact CR-submanifold M of a Sasakian manifold M, the
distribution D1 is integrable.

For any X in D and A in II, we have

40X = 4 X. (3.9)

A
Next, we assume that the distribution D is integrable. Then for any X and Y in

D, $[X,Y] is an element of D, that is, ¢[X,Y] € TM. Since we have

¢[x,Y] = ¢(VXY - vYX) = {V0r = VpoX + n(0Y - n()x} + {o(x,¢7) - 04X, D},
we get 0o(X,¢Y) = 0(¢X,Y). From which we obtain

<0 (X,4Y),02> = <o (dX,Y),02> (3.10)

for any X and ¥ in D and Z in Dl.

Conversely, if (3.10) is satisfied, we can easily show that the distribution D
is integrable. Thus we have

PROPOSITION 3.4: In a contact CR-submanifold M of a Sasakian manifold ﬁ, the
distribution D is integrable if and only if the equation (3.10) is satisfied.

Next, we can prove

PROPOSITION 3.5: In a contact CR~submanifold M of a Sasakian manifold M, the
vector field £ is parallel along Dl.

PROOF: For any Z in Dl, we have
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¢Z = VZE + U(Z,E)o

1
Since the vector field Z is an element of Dl, ¢$Z 1is in T M. Thus we have from the
above equation Vzg = 0, that is, the vector field £ is parallel along any vector
field in D1 .

4. SOME COVARIANT DIFFERENTIATIONS.

DEFINITION 4.1: In a contact CR-submanifold M of a Sasakian manifold 1‘7, we

define

(VUP)V = VU(PV) - PVUV, (4.1)
= _ ool

(VUF)V = VU(FV) - FVUV, (4.2)
— 1

(VUt))\ = VU(t)\) - tVU)\, (4.3)
- 1 1

(VUf)A = VU(ﬁ) - fVU}\, (4.4)

for any vector fields Uand V tangent to M and any vector field A normal to M [2].
DEFINITION 4.2: The endomorphism P (resp. the endomorphism f, the 1l-forms F and
t) is parallel if VP =0 (resp. Vf =0, VF =0 and Vt = 0).
By virtue of (1.5) and (1.6), we can prove

PROPOSITION 4.1: For the covariant differentiations defined in DEFINITION 4.1,

we have
T PV = <U,V>E + n(NU + to(U,V) + AU, (4.5)
T,V = foW,7) - oW,PN), (4.6)
@, n = AU - PAU, 4.7
(VA = ~FAU = o(U,8)) (4.8)

tor any vector fields Uand V tangent to M and any vector field A normal to M.

By virtue of (4.5), we get

(T P)Y = <X, 1>E + n(DX + to(X,¥) (4.9)
for any X and Y in D. Thus we have
PROPOSITION 4.2: 1In a contact CR-submanifold M of a Sasakian manifold Fl, the
structure (P,£,n,<,>) is Sasakian if and only if 0(X,Y) is in Il for any X and Y in

D.
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COROLLARY 4.3: In a contact CR-submanifold M of a Sasakian manifold .M, if
dim Di, = 0, then the submanifold M is a Sasakian submanifold.

Next, we assume that the endomorphism P is parallel. Then we have from (4.9)
to(X,Y) = <X, > - n(NX (4.10)

for any X and Y in D. By virtue of o(X,£) = 0 and (4.10), we have X = of for
any X in D, where o is a certain scalar field on D. Thus we have

PROPOSITION 4.4: 1In a contact CR-submanifold M of a Sasakian manifold 17, if the
endomorphism P is parallel, then dim D.'z: =1,

5. THE DISTRIBUTION Dl.

In a contact CR-submanifold M of a Sasakian manifold 7"!, we assume that the leaf
M1 of D1 is totally geodesic in M, that is, VZW is in D1 for any Z and W in Dl. This
means

<VZW,¢X> =0 (5.1)
for any X in D and Z and W in p'. By virtue of PROPOSITION 3.4 and (5.1), we have
<0(X,2) - n(X)9Z,¢w> = 0 (5.2)

for any X in D and Z and ¥ in p.

Conversely, if the equation (5.2) is satisfied, then it is clear that the leaf
M1 of D1 is totally geodesic in M. Thus we have

PROPOSITION 5.1: 1In a contact CR-submanifold M of a Sasakian manifold ;1, the
leaf Ml of Dl 1s totally geodesic in M if and only if the equation (5.2) 1is satisfied.

Next, let us prove
THEOREM 5.2: 1In a contact CR-submanifold M of a Sasakian manifold 74, we assume
that the leaf M1 of ot is totally geodesic in M. If the endomorphism P satisfies
TP =MW - <U,PE (5.3)
1
for any vector fields U and V tangent to M, then dim Dx = 0, that is, the submani-
fold ¥ is a Sasakian one.

PROOF: The equation (5.2) means

<A¢WX -n@W,2> =0 (5.4)

for any X in D and Z and ¥ in o',
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On the other hand, we have from (5.3)
to(U,V) + AFVU =0
for any vector fields U and V tangent to M. From this, we obtain to(U,X) = 0 for
any vector field U tangent to M and X in D. Thus we have
<g (UpX) ,0W> = <A¢WX,U> = —<¢o (U,X),> = 0,

that is, A¢VX =0 for any X in D and ¥ in Dl. Substituting this equation into
(5.4), we get dim D;c = 0.

6. A CONTACT CR-PRODUCT OF A SASAKIAN MANIFOLD I.

In this section, we shall define a contact CR-product and give a necessary and
sufficient condition that a contact CR~submanifold is a contact CR-product.
DEFINITION 6.1: A contact CR-submanifold M of a Sasakian manifolci M is called

1
a contact CR-product if it is locally product of M and MT, where M' denotes the

leaf of the distribution D.
THEOREM 6.1: A contact CR-submanifold ¥ of a Sasakian manifold ¥ is a contact

CR-product if and only if
Apk = nxOw (6.1)

for any ¥ in D and ¥ in p'.

PROOF: Since (6.1) means
<0 (X,2) - n(X)Z 0> = 0 (6.2)

for any X in D and Z and ¥ in o , the leaf u of ot is totally geodesic in M. Further-
more, we have

<o(X,0Y),Z> = n(X)<Z,4Y> = 0
for any X and Y in D and Z in o . So, by virtue of PROPOSITION 3.4, the distribution

D 1is integrable.

Let M' be the leaf of the distribution D, then we have from (6.1)
W, ¥,2> = <VX.Y,Z> = <¢VXY,¢Z> = <5X¢Y - @X¢)Y.¢Z> = <0 (X,0Y),$2>

= <A, X, 0> =0

(oY1
for any X and Y in D and 2 in ot , that is, the leaf M of D is totally geodesic in

M. Thus the submanifold ¥ is a contact CR-product.
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Convefsely, if the submanifold M of a Sasakian manifold M is a contact
CR-product, then we have from (5.2)
Ath - n(){)W €D (6.3)
for any X in D and ¥ in Dl. So, it is sufficient to prove the following:
L
A¢WX -nX)W €D (6.4)

for any X in D and ¥ in Dl. In fact, since the distribution D is totally geodesic in

M, we have
Ay X = NOOW,T> = <0 (X,1),00> = ~<¢0 (1,Y) > = ~<¢ @ ¥ - v, 1), »>
= -<¢VXY,W> = <V 47,/ = 0

for any X and Y in D and ¥ in D'. This means (6.4). By virtue of (6.3) and (6.4), we

have (6.1).

7. A CONTACT CR-PRODUCT OF A SASAKIAN MANIFOLD II.

In this section, we shall mainly study the second fundamental form of a contact

CR-product.
Let M be a contact CR-product of a Sasakian manifold M. In M, we shall calcu-
late the ﬁB(X,Z) for any unit vectors X in D and Z in Dl, where EB(X,Z) is defined

by
?JB(X,Z) = —<R(X,0X)2,42>. (7.1)
By virtue of (1.14) and (1.16), we get
<R(Z,0X)2,02> = <V;{o(¢X,Z),¢Z> - <V;)X0(X,Z),¢Z> - <Ay o2
- <A¢ZX’VXZ> + <A¢ZV¢XX’Z> + <A¢ZX’V¢XZ>’
Since the leaves M' and M1 are both totally geodesic in M, we have
VYeDd and VZeD (7.2)

for any vector field U tangent to M,Y in D and Z in p'. Thus we have from (6.1) and

(7.2)

<R(X,0X)Z,¢2> = <V;{c(¢X,Z),¢Z> - <V;X0(X,Z),d>z> = nVy0x) + n(V¢XX). (7.3)

On the other hand, we obtain
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n(VX¢X) = <V 0X,8> = <vx¢x,g> = -1+ nx)2.
So, (7.3) can be written as
<B(X,0X)2,42> = <v§o<¢x,z),¢2> - <V$x°(X’Z)’¢Z> +1-nx?

+ n(V¢XX). (7.4)

Next, we have from (6.1)

<g (X, W) 2> = <E,X><Z,W>, (7.5)
from which

<0(X,2),$2> = <E,X>, (7.6)

<o ($X,2),42> = 0. 7.7

Covariant differentiation of (7.6) and (7.7) along ¢X and X respectively give us
1 1
<V¢X0(X,Z),¢Z> = -<o(X,Z),V¢X¢Z> + <V¢X§,X> + n(V¢XX), (7.8)
<V (9X,2),02> = =<0 (9X,2), V92> (7.9)
Substituting (7.8) and (7.9) into (7.4), we get
~ 1 ; 1
<R(X,0X)Z,0Z> = -<o(X,Z),V¢X¢Z> + <o(¢X,Z),VX¢Z>
+ 21 - n(0?). (7.10)
By virtue of (3.9) and (6.1), we can calculate

<o(¢x,z),v;¢z> - <0(X,2),V, 62> = =2|o(X,2)[? + 2n(X)2. (7.11)

1
ox?
Thus we have

PROPOSITION 7.1: 1In a contact CR-product of a Sasakian manifold, we have

ﬁB(x.Z) = 2(Jox,2)]% - 1) (7.12)

for any unit vectors X in D and Z in D',
Especially, if the ambient manifold M is a Sasakian space form ﬁ(k), then we

have from (1.15)
~ . k-1 2
R(X,¢X,¢Z,Z) = 2 (1 - n(X) )- (7.13)

Thus we have

PROPOSITION 7.2: In a contact CR-product of a Sasakian space form ﬁ(k), we have
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o) = X532 - 2ol am? (7.14)

for any unit vectors X in D and Z in Dt.
By virtue of PROPOSITION 3.4. and (7.14), we have

k+ 3

7 for X1&,

lox,z) |2 =

(7.15)
lo(s,2) )2 = 1

Thus we have

COROLLARY 7.3: 1In a Sasakian space form M(k) with constant ¢-holomorphic
sectional curvature k < -3, there does not exist a contact CR-product of I!(k).

Next, we shall prove

THEOREM 7.4: Let M be a contact CR-submanifold of a Sasakian space form i‘}(k).
Then we have

"(7‘2—*‘3) +1), (7.16)

lol® 2 2p¢

where p = dimD' and 2k = dimD - 1. If the equality sign of (7.16) holds, then M
and M' are both totally geodesic in MK).

PROOF: Let AZ’A2""’Ah"MZ’MZ””’¢Ah’A2h+1 (= &) and BZ’BZ""’Bp be orthog-
onal basis of D:c and D;. , respectively. Then "0"2 is given by

ol = 1 dotgplt ez T § bowgnplr s 3 el
Gg=1 i a1 © % a1 B
By virtue of (7.15), the above equation can be written as
ol - 32D 41y v T owanls ¥ leeusplt. 0.an
1,d=1 o, B=1
From the above equation, we have our theorem.

8. TOTALLY UMBILICAL CONTACT CR-SUBMANIFOLDS.

Let M be a totally umbilical contact CR-submanifold of a Sasakian manifold M.

Then by definition we have

o(U,V) = <U,V>H (8.1)
for any vector fields U and V tangent to M. By virtue of (1.6), we can write

¢H = tH + fH. (8.2)

Since the vector field tH 1is in Dl, we have from (3.8)
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A¢tHW = A¢WtH (8.3)

for any W in 0'. From this, we obtain
—<W,W><tH,tH> = <tH,W><H,pW>. (8.4)

We assume that dimp' > 2. Then we can put W as the orthogonal vector field of tH.
The equation (8.4) means

tH =0 (8.5)
Next, let @, and @, be the projections of TM to D and Dl, respectively. Then for any
vector field U tangent to M we can put

U= U+ QU (8.6)
and

$@1U € D, $@2U € ¢D' © T'M. (8.7)
The equation (8.7) and the covariant differentiation of ¢X = tA + fA teach us

“0Q1A4,U = @V EN - QlAﬂU (8.8)
for any vector field U tangent to M and any vector field A normal to M. In (8.8), if

we put A = H and taking account of (8.5), we have

¢Q1AHU = 14 (8.9)

or”
for any vector field U tangent to M. For any X in D and any vector field U tangent

to M, we get

<4 X> =<4, U,Xx> = <g(U,X),0H> = <U,X><H,¢H> = 0,

or”? oF

<¢Q1AHU,X> = -<Q1AHU,¢X> = -<AHU,¢X> = <o (U,pX) B> = —<U,pX><H,H>.
By virtue of (8.9) and the above two equations, we have
<H,H><U,$X> = 0 (8.10)

for any vector field U tangent to M and any X in D. We assume that diml?x > 2 and

if we take U = ¢X such that the vector field X is orthogonal to £, we have from

(8.10) H = 0. Thus we have

THEOREM 8.1: Let M be a totally umbilical contact CR-submanifold of a Sasakian
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manifold M. We assume that dﬁme > 2 and dimLi 2 2. Then the submanifold ¥ is

totally geodesic in M.
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