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ABSTRACT. A fixed point theorem for a pair of random generalized non-linear contrac-
tion mappings involving four points of the space under consideration is proven. It is
shown that this result “~cludes the result of Lee and Padgett [1]. Also an application
of the result is given.
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1. INTRODUCTION.

The idea of fixed points plays a very important role in solving deterministic
operator equations. Recently the idea of random fixed point theorems which are the
stochastic generalization of the classical fixed point theorems has become a very im—
portant part of the theory of some operator equations which can be regarded as random
operator equations. Many interesting results have been established by various authors
(see for example Bharucha-Reid [2], Hans [3], Padgett [4], Tsokos [5], Tsokos and Pad-
gett [6], Lee and Padgett [7]) in this area.

Recently, a fixed point theorem for a pair of generalized non-linear contraction
mappings involving four points of the space under consideration, which includes many
well known results as special cases has been established by Achari [8] (see also
Achari [9], Pittanuer [10]).

The object of this paper is to study a stochastic version of a pair of generalized

non-linear contraction mappings of Achari [8]. Also it has been shown that this result
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generalizes the result of Lee and Padgett [1]. It is interesting to note that with
suitable modification of the conditions of the theorem, we can easily obtain stochastic
generalizations of the results of different classical fixed points. Finally, we apply
Theorem 2 to prove the existence of a solution in a Banach space of a random nonlinear
integral equation of the form

x(t;w) = h(t;w) +f k(t,s;w) f(s,x(s;w))du(s) (1.1)
S

where S is a locally compact metric space with metric d defined on § X S, U is a com—
plete 0-finite measure defined on the collection of Borel subsets of S and the inte-
gral is a Bochner integral.

2. PRELIMINARIES.

In this section, we state some definitions as used by Lee and Padgett [1]. Let
(2,S,P) be a complete probability measure space, and let (X,B) and (Y,C) be two mea-
surable spaces, where X and Y are Banach spaces and B and C are O-algebras of Borel
subsets of X and Y, respectively. First, we state the usual definitions of a Banach
space-valued random variable and of a random operator.

DEFINITION 1. A function V: { + X is said to be an X-valued random variable
(Random element in X, or generalized random variable) if {w € Q: V(w) € B} ¢ S for
each B € B.

DEFINITION 2. A mapping T(w): £ X X > Y is said to be a random operator if
y(W) = T(w)x is a Y-valued random variable for every x e X.

DEFINITION 3. Any X-valued random variable x(w) which satisfies the condition

P({lw: TWxW) =y} =1
is said to be a random solution of the random operator equation T(w)x = y(w).

DEFINITION 4. Let yj(w), j=1,2,...,n be second order real valued random vari-
ables on a probability space (§,S,P), that is yj(w) € LZ(Q,S,P). The collection of all
n-component random vectors y'(w) = (yl(w), cees yn(w)) constitutes a linear vector
space if all equivalent random vectors are identified. Define the/norm of y by

1/2

2

9] o= max Iyl = max o Iy, %
L2 1<j<n 2 1<j<n ‘Q

The space of all n-component random vectors y with second-order components and norm

given by l!'ll n above is separable Banach space and will be denoted by L;(Q,S,P) or
L
2
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simply L Let S be locally compact metric space with metric d defined on S X S and

n
2°
let U be a complete O-finite measure defined on the Borel subsets of S.

DEFINITION 5. We define the space C(S,LE(Q,S,P)) to be the space of all continu-
ous functions from S into Lg(Q,S,P) with the topology of uniform convergence on com—
pacta. It may be noted that C(S,LE(Q,S,P)) is locally convex space whose topology is

defined by a countable family of seminorms given by

[xCeso) [, = sup [[xCesw) || . 3 =1,2,... .
I tec,

3 b2

DEFINITION 6. Let B and D be Banach spaces. The pair (B,D) is said to be ad-
missible with respect to a random operator U(w) if U(w)(B) < D.

DEFINITION 7. A random operator T(w) on a Banach space X with domain D(T(w)) is
said to be a random generalized nonlinear contraction if there exists non-negative
real-valued upper semicontinuous functions ¢i(w), i=1,2,...,5 satisfying ¢i(w)(r)< §
for r > 0, ¢i(w)(0) = 0 and such that

]]T(w)xl - T(w)le[ < q>1(||xl - lel) + ¢2(||xl - T(w)xlll) + ¢)3(||x2 - T(w)lel)

+ 0, (Ilx) = T@x, [ + o5l x, = T@x [
for all X)5%, € D(T(w)).
3. A FIXED POINT THEOREM FOR A PAIR OF RANDOM GENERALIZED NONLINEAR CONTRACTIONS.
THEOREM 1. Suppose Al(w) and Az(w) are a pair of random operators from a separ-

able Banach space X into itself such that
LA, @x) = A, @)%, || = oy lxy = %, [ 1) + 0,y = A @xgl ) + 051 [x, = &, @x, ]
+ 9, (Hxy = 8, @x, [ + 05(][x) = &) @xg|D) (3.1

where ¢i(w), i=1,2,...,5, are non-negative real-valued upper semicontinuous functions

satisfying ¢i(w)(r) < %—for r >0, ¢i=0(w)(0) and for all X1 5%, ,X € X. Then there

3%
exists an X-valued random variable n(w) which is the unique common fixed point of
Al(w) and Az(w).

PROOF. Let x,y X and we define

X = Az(w)y, X, = Al(w)x, Xy = X, X, =Y,

Then (3.1) takes the form
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1A, @A, @)y = &, @A @x|] < ¢, (| [A @x - A @y|]) + 0,(| |4 @x - 4, @y|])
+ o5l 1a @x - Ayl ). (3.2)

Let x € X be arbitrary and construct a sequence {xn} defined by

Al(w)xn_l = X

02 Az(w)xn =X .1 Al(w)xn+l = X 40, 0= 1,2,000 &

Let us put x = X 1 and y = X in (3.1), then we have
||A1(w)Az(w)xn-Az(w)Al(w)xn_l||S ¢l(||Al(w)xn_l—A2(w)xn|l) ¢2(||Al(w)xn_l—A2(w)xn|I)

+ ¢3(||A1(‘“)xn-1 - A, x|

or
g = X s 0 Clxg =% 1D+ o (e = x 1D + o dllx - x 1D 3.3
We take n to be even and set o = len_l - xnl . Then
@ o = i =m0 ey = g I+ 0,y = = D+ 0=, = x4 ID
S 0@ F (0 ) F e ). (3.4

From (3.4) it is clear that o decreases with n and hence o > aasn*>*® Leta>0,
Then since ¢i is upper semicontinuous, we obtain in the limit as n > «
3
+ =
o s 9(@) + 9,(0) + 6@ < 5 a
which is impossible unless a = 0.
Now, we shall show that {xn} is a Cauchy sequence. If not, then there is an € > 0 and

for all positive integers k, there exist {m(k)} and {n(k)} with m(k) > n(k) > k, such

that
dk = me(k) - Xn(k)” 2 €. (3.5)
We may assume that
a1 = Xago !l < &
by choosing m(k) to be the smallest number exceeding n(k) for which (3.5) holds.
Then we have
4 < a0y = Xaao-1H *+ -1 = %o !
< <
am(k) +e<a +e
which implies that dk > € as k > @, Now the following cases are to be considered.
(i) m is even and n is odd,

(ii) m and n are both odd,
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(iii) m is odd and n is even,
(iv) m and n are both even.
C e (i):

d

L+ [lx, -

k lem—xnll < me_xm-i-ll[ + lem+l_xn+ll xn+l”

= an+l + OLn+l + llAl(w)xm - A2(w)xn[l

By putting x, = x , X X , X in (3.1), we have

1" %nr *2 T Fpr X3 T Xm0 Ky

ST ¢>l(]lxm - xnll) + ¢2(Hxn - A (Wx

" |

MREENUESE R WOPSN I

+ 0, (lx = a,@x 1D+ ocCllx, - a@x ;1D

So g oy o)+ 9,(d) + o (d).
Letting k > © we have

€ < €.

v|w

This is a contradiction if € > 0. In the Case (ii), we have

dk = me- an < me_ xm.{.]_H + me.’.z xm+1l‘ + me-l-z - xn+l” + Hxn - xn+l||

S Oy Oy T oy F A X, - A x|

By putting x, = x , x, =

2 " Xpy1c X

3T Xy ¥4 T X in (3.1), we get

IA
Q
+
Q

w2+ O Cnar O U by = 1D+ 0 Ul = Ay @)x D

+ 05 lxpyy =A@ D+ 6, (lx, = Ay@x (1) + o5l lx, - & x 1D

A
Q

w2 T O T Oy T O T o) T o) b (d o).

Letting k > ® in the above inequality we obtain € < % €, which is a contradiction if

€ > 0. Similarly, the cases (iii) and (iv) may be disposed of. This leads us to con-
clude that {xn} is a Cauchy sequence. Let n(w) be the limit of the sequence. We shall
now show that Al(w)n(w) = nw) = Az(w)n(w). Putting X T X s X, = nw), Xy = X9
X, =X, in (3.1), we get

A= _; = A n@ ] < o (lx_; = n@ D+ ¢yl _; - A @x 1D

+ 0, In@) = Ay@x [ + 0, (| [x,_;

= A, x |+ o5l Inw) - A @x 1D
Letting n + «, we get |ln(w) - Az(w)nau)|| < 0 which is a contradiction and hence
nw) = Az(w)n(w). In the same way, it is possible to show that n(w) = Al(w)n(w).

Thus n(w) is a common fixed point of Al(w) and Az(w). Suppose there is another fixed
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point £(w) # n(w) of Al(w) and Az(m). Then putting X =x, = n(w) and Xy = X, = E(w)
in (3.1), we have

Hnw) - g@] < ol In@) -~ @) + ¢,([In@) - €@ + o5l Inw) - £w])

3
<3 lInw) - ewll
which is a contradiction. Hence n(w) = £(w). This completes the proof. If in Theo-

rem 1, we put Al(w) = Az(m) = A(w) and x, = Xy =X, Xy, =%, =y then we have the fol-

1 2

lowing theorem which we only state without proof.

THEOREM 2. If A(w) is a random generalized nonlinear contraction from a separ-
able Banach space X into itself, then there exists an X-valued random variable which
is the unique fixed point of A(w).

We now have the following corollary of Theorem 2.

COROLLARY 1. If Ab(w) is a random generalized contraction from X into itself for
some positive integer b, then A(w) has a unique fixed point n(w) which is an X-valued
random variable.

PROOF. Since Ab(w) is a random generalized nonlinear contraction operator on X,
by Theorem 2, there exists a unique X-valued random variable n(w) such that

A @Nw = n@w.
We claim that A)nw) = n(w). If not, consider

[ L @mw) - @@ ] < ¢, ([a@nw - n@] D + b, [a@n@-" @nw )
0, (| @ -8 @n ) |+, (| [A@n@=-a"@n | D+ n@-2"T @nw ),  3.6)

Moreover, the left hand side of (3.6) is
187 nw - S@n || = (A1 - nwl]. G-7

From (3.6) and (3.7), we have
HA@NW = n@]] <o) ([[a@n@-n@) 3+, [a@n@-n@ | D+ (| [a@n@-n@])

which is a contradiction and hence A(W)Nn(w) = nWw).

We remark that under the conditions Alcn) = Az(w) = A(w) and X) T X3 T X, X =X =Y,

¢l = 0, ¢j(w)(r) =0, j=2,3,4,5, the Theorem 1 reduces to the following corollary.
COROLLARY 2. (Lee and Padgett [1])., If A(w) is a random nonlinear contraction

operator from a separable Banach space X into itself, then there exists an X-valued

random variable n(w) which is the unique random fixed point of A(w).
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4. APPLICATION TO A RANDOM NONLINEAR INTEGRAL EQUATION.

In this section we give an application of Theorem 2 to a random nonlinear integral
equation. To do so we have followed the steps of Lee and Padgett [1] with necessary
modifications as required for the more general settings. We shall assume the following
conditions concerning the random kernel k(t,s;w). The function k(.,.;.): S X SXQ->R
is such that

(1) k(t,s;w): S X S > L(R2,5,P) such that |||k(t,s;w) ||| = ||x(s5w)]] o is -
integrable with respect to s € S for each t € S and x ¢ C(S,Lg(Q,S,P)) where %or each
(t,s) ¢ S XS

(e, s30) ]| = Hk(t,szw)lle(Q,s-’P)
is the norm in Lm(Q,S,P);

(ii) for each s € S, k(t,s;w) is continuous in t € S from S into Lm(Q,S,P); for
each t € S, k(t,s;w) is continuous in s € S from S into Lm(Q,S,P); and

(iii) there exists a positive real-valued function H on S such that

H(s)llx(s;m)ll a is p-integrable for x € C(S,L;(Q,S,P)) and such that for each t,s € S
L2

k(030 = k(s,ww) [ ] [xw [| < B@) [ [ [
L L
2 2
Thus, .for each (t,s) € S X S, we have k(t,s;w)x(s;w) € L;(Q,S,P). We now define the

random integral operator T(w) on C(S,L;(Q,S,P)) by
[T)yx](t;w) = [ k(t,s;w)x(s;w)du(s) (4.1)
S

where the integral is a Bochner integral. Moreover, we have that for each t ¢ S,
[T(w)x](t;w) € L;(Q,S,P) and that is a continuous linear operator from C(S,LZ(Q,S,P))
into itself. We now have the following theorem.

THEOREM 3. We consider the stochastic integral equation (1.1) subject to the
following conditions:

(a) B and D are Banach spaces stronger (cf. [1]) then C(S,L;(Q,S,P)) such that
(B,D) is admissible with respect to the integral operator defined by (4.1);

(b) x(t;w) = f(t,x(t;w)) is an operator from the set

Q(P) = {x(t;w): x(t;w) e D, [[x(t;0)[[} s pl

into the space B satisfying
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[1E£Ce,x(e50)) = £Ce,y(e30)) [ [ < 0 @) [x(e50) = y(e50) [[) + 6, @) (| [x(t;0) -
£(t,x(e50)) [+, @) (| |y (e50)=£(e,y (50 [ ) + 65 ) (| x(t;0)-£ e,y (e500) [ )
+ g @) (| |y (e50)-£ (e, x(e50)) | )

for x(t;w), y(t;w) € Q(p), where ¢i(w), i=1,2,...,5 are non-negative real-valued

upper semicontinuous functions satisfying ¢i(w)(r) < %— for r > 0 and ¢i(w)(0) = 0;
(¢) h(t;w) e D.

Then there exists a unique random solution of (1.1) in Q(p), provided c(w) < 1 and

llh(t;w)llD + 2c(w)|lf(t;0)||B < p(l - c(W)) where c(w) is the norm of T(w).

PROOF. Define the operator U(w) from Q(p) into D by

[U()x](t;w) = h(t;w) + J k(t,s;w)f(s;w))du(s).
S
Now

vl (o) || < [ [y + c@ ] [£E,xesu) |
< [t [ + c@ [ [EC30) [ + c@)[[£(e,x(t50)) = £(e50) ||
Then from the conditions of the theorem
c @[ [£Ce,x(t50)-£(t,0) [ = @19 @) (| [x(es0) [ ) + ¢, @) (| [x(t50)-£(t,x (e300
+ o, (| £Ce500 [ ) + 0, @) ([ x(es0) [ 1) + o) ([ £Ce, x50 ),
e, 2 e |[£(e,x(t0) - £(£50)] |, < % c)p + %-c(w)||f(t;0)||B
Hence
HIv@=x](esw) [ < [1hcesw) [ + 2c@) [[£50) [ |5 + cw)o
<p(l - cw) + clwp
< p.
Hence [U(w)x](t;w) € Q(p).
Now, for x(t;w), y(t;w) € Q(p) we have by condition (b)
[Tu@x]) (t30) = [U@yIEsw |
= Ilf k(t,s;0) [£(s,x(s50)) - £(s,y(s;0))Idu(s) ||}
S
S e[ [£(e,x(e50)) - £(e,y(e500) |5 < o) @ (Hx(t50) - y(es) ]

+ ¢, @) (| [x(t3w) = £¢t,x(e50)) [[) + o5 (| ]y(t5w) = £Ct,y(e50)) | )

+ 9, @ (| [x(ts0) - £,y () || + 65 ([ ly(e5w) = £(e,x(e50)) | )
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< 6 @ (x50 = y(esw) [+ 0, @) (| Jxles0) = £(e,x(e50) |}
+ 03 (Jy(esw) = £Ce,y(e) [ + 6, @ (| [x(t;0) - £(6,y 50 [[))
+ 0s @) (y(t;0) = £(e,x(e50) )

since c(w) < 1. Thus U(w) is a random nonlinear contraction operator on Q(p). Hence,
by Theorem 2 there exists a unique X-valued random variable x*(t;w) € Q(p) which is

a fixed point of U(w), that is x*(t;w) is the unique random solution of the Equation
(1.1).
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