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ABSTRACT. This paper generalizes Einstein's theorem. It is shown that under the

transformation

L =2 _ 2 2 2
: Uik 7 Uik ™ Ui * Sihy ~6hy o
curvature tensor Skzm(U)’ Ricci tensor Sik(U), and scalar curvature S(U) are

all invariant, where A = AjdxJ is a closed 1-differential form on an n-dimensional
manifold M.

It is still shown that for arbitrary U, the transformation that makes curvature
i R . .
tensor Skzm(u) (or Ricci tensor Sik(U)) invariant
RS S A ) )
Ty @ Uik 7 Uik = Ui * Vi
must be Th transformation, where V (its components are Vik) is a second order differ-

entiable covariant tensor field with vector value.
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1. INTRODUCTION.

When A. Einstein devoted himself to research on relativism in his symmet-

ric field [1], he regarded non-symmetric gij (or glJ) and non-symmetric affine con-

nection D (its coefficinets are Fi in local coordinates {xl}) as independent

k
variables such that the number of independent variables increased from 50 (gi. and
r?k are all symmetric for lower coordinates) to 80 (16 gij or glJ and 64 F%k). With

so many covariant variables, it was impossible to choose them according to the
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principle of relativism alone. To overcome this difficulty, Einstein introduced a
very important concept, transposition invariance. This '"transposition invariance"
(or transposition symmetry) meant that when all Aik were transposed (Azk== Aki)’ all
equations were still applicable [2] . Einstein supposed that field equations were
transposition invariant. He thought that in physics this hypothesis was equivalent
to the law that positive and negative electricity occurred symmetrically.

As the Ricci tensor Rik(r) represented by connected coefficients F%k was not

transposition invariant, Einstein introduced a '"pseudo-tensor' U.. instead |3 ; its
P p i

k
definition was
L

[ ) t 2 t__ t
Uik = rik- Fitdk , where Fit——tﬁlrit. (1.1)
. 2 2 .
Denoting rik by Uik’ we obtained
2 8 1.t 9 . _
=V 3 Uied (s ko 2=1,..., 4). (1.2)
Then the Ricci curvature denoted by U was
__ S s .t 1.s .t _ _
Rix=Uik,s = Uit Usk * 3 Uis Vg = S3x W)= Sy~ (1.3)
Einstein proved that Sik were transposition invariant and the following.
THEOREM (EINSTEIN). [1] Under the transformation
R A Y A |
Tyt Ui 7 Uik ® Ui 800k - 8 o (1.4
the Ricci tensor Sik of U is invariant; f.e., under the transformation (4), there are
= ) = - — _ 9 . .
Sik = Sik for arbitrary U, where Sik = sik(U)' In (4), x’j- . and A is a differ-

J
entiable function on a manifold M. 9x

REMARK. Einstein gave transformation (1.4) for n=4, but we will still call trans-
formation (1.4) the Einstein transformation for general n (> 2).

One asks naturally, how about the converse of Einstein's theorem? A. Einstein
and B. Kaufman did not solve the problem. It has remained unsolved.

In this paper, we generalize Einstein and Kaufman's results to an arbitrary n (> 2)
dimensional manifold M. Objects which we discuss are not limited to the Ricci tensor
iim
Then, for general n (> 2), we give some invariant theorems on curvature tensor

sik of U. Besides Sik’ we discuss curvature tensor S and scalar curvature S.

st Ricci tensor S.1 and scalar curvature S of U. For this, first we generalize

kem’ k
Einstein's transformation. Finally, we give converse theorems of theorems for arbitrary
n (> 2). These are the main results of this paper. In the special case n=4, we
answer the problemabove mentioned; that is, a converse to Einstein's theorem.

2. DEFINITION AND MAIN RESULTS.

i

To give the definitions for curvature tensor Sklm and Ricci tensor Sik of U, first
let us give reasonable definitions for curvature tensor Riln]and Ricci tensor Rik of

connection D (F% ) (order of lower coordinates is very important; what we give here
ik Yy 1mp

differs by a minus sign from what is sometimes used, for example, in Pauli's relativism).

i i i i s i s

= - - T

rkJL,m ka,l FSQka r‘sm ke
i - ri
T rsmr

RkJLm =
S
kl)

1 _r1irs _ i
(rki,m skrkm) (rkm,ﬁ

= [?, m] - [m, i] , (2.1)
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In (2.1), let i=m. Adding from 1 to n the curvature tensor R;Lm is contracted
to obtain the Ricci tensor
- s _ .S s s .t s .t
Rig T Rygs = I‘kﬂ,,s r‘ks,f!, “ Tealks * TesTka * (2.2)

To establish expressions for the curvature tensor Sizm’ Ricci tensor Sik’ and
scalar curvature S of U for arbitrary n (= 2), it is necessary to give transformation
between U and T for arbitrary n (> 2).

In (1.1), let 2=k, add from 1 to n obtaining

t ot t_ 1yt
Uit = rit nrit_' (n l)rit. (2.3)
Substituting (2.3) into (1.1), we can solve
A ) 1 2.t . _
Fik = Uik - ;:T-dk Uit (i, k, £ = 1,..., n) (2.4)

From (2.1) - (2.3), and definitions we obtain immediately

PROPOSITION 1. Curvature tensor S-

Xam’ Ricci tensor Si and scalar curvature S

k
of U are respectively

) Rliu;m = Uiﬁ,m - n_}'l' a; Ultt,m " U:muim * ?{}_1 6 U:tuim

* n:-l_l UitU;LUL (nl-l)2 ‘Sxizunfn Ulscs Uli<m,m * T{-l—l 5 Ultct,m * Uimuin

- n-Ll ‘5; U.f,t Uin - n+1 Ultt Jizm '(n_f'ﬁz U;t Uis = Slium L) = Sliczm : (2.5)
() Ry =uUj - Ul w* B%T‘Jis U = 550 = sy (2.6)
B) s= gikRik = gikuik,s - gikuit ”ﬁk * n_ff gikuis U = S (2.7)

When n> 2, it is not difficult to verify that Ricci tensor Sik and scalar

curvature S of U are transposition invariant.

THEOREM 1. Curvature tensor sltm,

are all invariant under the following transformation

Ricci tensor Sik and scalar curvature S of U

S A A ) A )
Tos U > UL UL o+ 80h, - 6, (2.8)

where A = A.dxj is a closed 1-differential form on a manifold M; i.e., dA = 0.
J

REMARK. The transformation (2.8) is a generalization of Einstein's transformation
(1.4). In fact, as A is a closed l-differential form on a manifold M (dA = 0), then

by the Poincaré Lemma, there exists a coordinate neighborhood Mf:M and a different-

iable function A such thatA.k = 2A A,k (k=1,..., n). Therefore, in a local

Bxk

neighborhood, for example M., the transformation (2.8) conforms with Einstein's trans-

1’
formation (1.4)
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Because an exact differential form dX is a closed differential form (dLX = 0),

T\

is a transformation which makes S

.,a i i .
Kam’ Slk nd S invariant

theorem is a special case of the above theorem 1.

PROOF. 1In local coordinates {x1}, let ﬁi

=1

skJLm =

where

i
kam

S

3
n-1
I
n-1

1

(n-1)

i
Ui, ¢

)

+

- =

t
62}\,t -

i
,m * Umzx,k

i
le,k

AU

n-1

4+ —
2,k mt

A ., then

>

2

i
- Ukm>‘,2

A -
,m

When n=4, Einstein's
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Consider the transformation

=2 3
- Uik 8. 8.,

£
+ 8.0 &

2
Uik * 8%

where Q is a 1-differential form, in local coordinates {xl},

Having the above result for theorem 1,
which makes curvature tensor S;zm

mation T}?

(or Ricci tensor S.
ik

Q szjde
we ask naturally if the transformation

) invariant is the transfor-

For this, although we cannot give the complete answer - it is a very

difficult problem - we have the following results.

. i
The transformation that makes curvature tensor Sklm

THEOREM 2.
Sik) of some U invariant
T uto ST 2 Ut e sty - st
Q ik ik ik ik ki
must be R , where Q= dexJ is a l-differential form.
PROOF. Similar to the proof of theorem i, we obtain §iﬂm = Sigm(U)
i 1 i 1 it t t
= WU * S%m ™ 8% T S Wke,m * Sfe,m ~ Setn
i i i s s 5
- Ugy * 88 -6295) Um * 8%~ Snfhy)
1 it t t s S, s
* ;?T'éﬁ(ust * 6th - atﬂs) (Ukm * 6ks'm - 6ka )
1 t t t i i i
* TWke + S8 - 8 (U + 88y - 80)
1 i t t t s s s
_ 0 §, (U, + 80 -8R (U + 80 -8R - [m, 2]
i l t
= ksLm(U)+(‘Sk9,m S ,m ~ <S(‘Sktm 82 )
- ula +utg sula.slng +aon + sio u®
k2 'm me 'k kaL ke 'm 27k 2's km
+ slpa - slpg o« L st L i s
27k 'm 2 m 'k n-1 62Uthm n-1 52” t k 6EQsUkm
1 i 1 i i s
+ —— §°Q — -
n-1 "¢ ka n-1 GQQka -1 6leUkm - -1 GEQkQ
n i 1 1 it 1 i
+ =80 Q o+ — . = it
n-1 "2"m’k n-1 %y“p n-1 %ph%n+n4 k%m
1 i 1 i n i i
+ = 8§QQ — n_ 1
n-1 %% T T % T T Am T T S
n i 1 it it 1 i
+ s - U a0 o+ —L syt g o ud
n-1 "¢"k'm 3 2 § U
(l’l—l)2 mt k (n-1) £2-mt 'k (n 1)2 £°m ks
- slaq 1 1o g+ D siys sio g
27 m k ¢
(n-1) (n-1p *mk 1y * ks™m lf 2'm 'k
n? i
- 6QQ m, 2 ! -
2 [ ] kzm Gk(Ql,m Qm,l)

(or Ricci tensor

731
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=i .t . .
Therefore, Sknm = SkZm if and only if
Ql,m = m, L’ i.e., dn=0.
F 5 = =i - i i _ _ _ .
rom KL Skh Sk2i+ Gk(nz,i Qi,z) Sk% + (Ql,k Qk,z) it follows that

Skn = SkR if and only if

Q =
ok = g

i.e., dQ = 0.

THEOREM 3. A necessary and sufficient condition that transformation T. makes

Q
scalar curvature S of some U invariant is
ik ik
g Y,y -8 8, =0
N
where ﬁk i = ——% .
’ 39X
= ik— ik ik ik ik
PROOF. From § = o= - = -g*
_ on B Sk = B Sjxt & (@ -0 ) =S @y e )
it follows that S = S if and only if
ik ik

& Y ;-8 9y =0

s

REMARK. If glk are symmetric, then-glkﬂ .- giin =0, If gik are not

symmetric, for example glz # g21, let ol )
x2, k=1,
Qk "o k=2...n
then glknk’i - gikﬂi’k == g21 - gl2 # 0.

Now we give the converse of theorem 1. For this, what we must emphasize is that
because of theorem 1, the transformation TA makes curvature tensor Silm and Ricci

tensor Sik of every U invariant.
The following theorems, 4 and 5 respectively, are the converses of theorem 1 on

i
curvature tensor S
km

THEOREM 4. Let V be a second order differentiable covariant tensor field with

and Ricci tensor S., .
ik

vector value and its components be Vik in local coordinates {x! }. If the transfor-

mation
2 = 2 2 L .
. = = 2.10
Tv : Uik - Uik‘- Uik + vik (i, k, & 1, ..., n) ( )
makes curvature tensor silm of every U invariant, then it implies
Lo bR
Vik = Stk 7 %y

where A == Ajde is a closed 1-differential form; i.e., Tv must be TA.

PROOF. By (2.10),
sioo— ¢t (U)=(Ui svioy o L
kam kam k2,m k2,m n-1 "¢ “kt,m kt,m

1 i t

i i s s t s
- (Usl * vsl) (Ukm * Vkm) * n-1 62 (Ust * vst) (Ukm * vkm)
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i ) - 1 5i (Ut +

(n-lf 2 mt

1 t i s s
T n-1 th,m 8y - VsEUkm s2 km

t 3 s
vmt) (Uks * vks)

1 it . s 1 is .t 1 it
n-1 Givstukm * n-1 lekmust * n-1 6;Vst v

- [m’ 1] = S;Qm * Film'

. =i
Since Skim

for every U).

J

Let o = k.

B8

0 = nV
ym

In (2.11)

o i _ . _
= sklm (for every U), now Fkkm(u) 0 (i, k, &, m 1,

Therefore,

Adding from 1 to n we obtain

B o n & B 1 .t .8
* o Vay 71 Vem Gy " n-1 Vytém'

let 8 = y again. Adding from 1 to n we obtain

733

., N and

2y

(2.11)
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. B .
B a n- L L Am mt = 0,
m&n+vw1-n4.%m_ ol Vmt T T n-1 n-1
t .t
Vae = Vi (= V)

Substituting the above formula into (2.11) to obtain

, .
v’3m=<fs6 Vin -6]§\ly = sPq - sPg,
Y Y er -1 Y m m oy
v VE
where . = L = XX
Y n-1 n-1

This proves that the transformation Tv must be Tn; then, according to theorem 2,

Qo= dexJ must be a closed differential form; i.e., @ = A.

The analogous result for Sik is stronger.
THEOREM 5. The transformation TV that makes the Ricci tensor S.Lk of arbitrary

U invariant must be the transformation TA.

PROOF. In fact,

§. = 1) = T - 0 U __l.__ oS gt
ik SikW = Ui o - UidUg * a1 Uis Ve
_ S .S S s t t 1 3 .S t 't
= Wiks * Vik,s) - Wig * Vi) Wy # Vg + ooy Wi + Vi) Wy + Vi)
= St e
where
2 __ s s t s t s t 1 st
Fik = Vik,s " Yie Vsk 7 Vie Ysk 7 Vie Yok *omoT VisVex
1 s t 1 s t
N vis Utk * n-1 vis vtk'
According to the condition of the theorem, §;k = Sik’ and we obtain Fik = 0
(for arbitrary U). Therefore,
aF~k s.a Bt to.B s 1 s. o .8 ,t
0= —— = -s°%"v - 8oste VI —5 eSs%sl v,
suY yi't k vy s k it n-1 "y"i's 't
aB
1l ta B s _ B B ., 1 o Bt 1l B s
Yoy SeSk Vis 8 Vo T S Viy a8 8 Ve e %k Vis
In the above formula, let a = y. Adding from 1 to n we obtain
Vs v e LByt . oo sBys
ik it n- tk n-1 'k 'is 7’
8 1 Bt 1 gt
Vikt AT S Vet T & Ve T OO
B = B vty B (vt (2.12)
ik i " n-1 "tk k * n-1 "it’"

In the above formula, let 8 = i; again, adding from 1 to n we obtain
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., oyt n .t 1 .t n 1 t
Ve = Ve T omr Vet an Vke T onot Vet aT Ve o
t t
ek = Ve = Ve
Substituting the above formula into (2.12) we obtain (note szk= % Vk)
_ B 3
Vik = 6152k - 6191.

From theorem 2, it follows that Q=dexJ is a closed differential form; namely

TV must be 'l;\ .
Moreover, we have the following

ik

THEOREM 6. The transformation TV that makes scalar curvature S = g S.lk of
arbitrary U invariant must satisfy the following system of equations
ak B8 ig .. a 1 a _
g (Yk n—l s Vk) + g (ViY + GYVi) = 0, (2.13)
t t
where Vk = vtk = _th‘
PROOF. From (2.7), we have
1 ik=s ~t
= ik= ik=s ik—s =t g S U
S =g S, =28 Uik,s-g tUk‘fnl is tk
ik s s ik s s t Vt
=g W5y ot Vik,s) 8 Ut Vi) Ut Vo)
1 ik s s t — F
voag e Uit Vi) Ut vtk) S+ F
where,
s ik s t ik,s t ik,,s Vt
F=g kV;i.k,s g kU1t sk - & kvlt sk~ & kvlt sk
1 ik, s |t 1 ik,s ,t 1 ik s Vt
P eVt ar g Vit mTE Vis Vi
From the condition of the theorem, 3 = S, it follows that F = 0 (for arbitrary
U). Therefore,
3F ik .o B ik, o (B 1 ik,B at
0 = -5 —_géivyk-gkviyék+n—1g6yéi tk
ERY)
aB
1 ik s B __ ak B _iBVOt+ 1 otht+ 180. (,,14)
A vis ay Gk - & Vyk g iy ol 8 tk 18 y

Multiply the above formula by 8,8’ adding from 1 to n for a and B to obtain

ok B ig @ 1 ak B ,,t 1 i§60=0,
“8up & VYk T Bup & Viy * AT Gag g GY Vtk * noT Bag®  Vis Oy
k o 1 t 1 s
_vyk - Voty Y Vey ¥ n-1 vys .
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From this we obtain,

t t
V. = V., =-v-_ .
Y ty vt

Substituting the above formula into (2.14), we have

. 1
ak .8 1 8 i (v o+ —-s&*v) = o.
o mrey v et Vi TR ST
REMARK. Let Q ==dex? be a 1-differential form. It is easy to prove that
2 L .

Vik = diQk - 6iﬂi is a second order differentiable covariant tensor field with
vector value. By the following computation, we know it satisfies (2.13).
B 1 B8 B 1 B t t

veL by = - - -
s A Gy @y =82 ) - 776 G 9 - & a)
- 4B _ 4B _ _n B 1 B — B

GY Qk Gk QY ;:T-G Q + E:T-GY Qk = - Gk Qy,
Vo %y, o= (6% - %)+ —— % (6Fa, - sfa)
iy n-1 "y i y i n-1 vy 7t i i™t
= -6%q + g - L %0 =sq ,

i Yy i n-1 v i n-1 'y i Y
ak B 1 B ig ..o a
g V- sV v e iy r s vy

ak B i .o af aB
= -850 + §. Q == Q + Q = 0.

g (58 )+ g(8a) g vga

From the remark of theorem 3, it follows that although TQ satisfies (2.13),
perhaps it does not make scalar curvature S invariant. Therefore, (2.13) is only a
necessary condition under which the transformation Tv makes scalar curvature S

invariant.
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