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ABSTRACT. This paper generalizes Einstein’s theorem. It is shown that under the

transformation

TA U
--g

U
ik Uik-- ik

+ 6Ak -6kAi’
i

curvature tensor Skzm(U), Ricci tensor Sik(U), and scalar curvature S(U) are

all invariant, where A .dx is a closed 1-differential form on an n-dimensional

mani fo id M.

It is still shown that for arbitrary U, the transformation that makes curvature
i

tensor Skm(U (or Ricci tensor Sik(U)) invariant

T U -- VU +
v ik Uik ik ik

must be T
A transformation, where V (its components are Vik is a second order differ-

entiable covariant tensor field with vector value.
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i. INTRODUCTION.

When A. Einstein devoted himself to research on relativism in his symmet-

tic field , he regarded non-symmetric gij (or gij) and non-symmetric affine con-

nection D (its coefficinets are F
i

ik
in local coordinates {x }) as independent

variables such that the number of independent variables increased from 50 (gij and

r e ij g
rik)ik

are all symmetric for lower coordinates) to 80 (16 gij or g and 64 With

so many covariant variables, it was impossible to choose them according to the
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principle of relativism alone. To overcome this difficulty, Einstein introduced a

very important concept, transposition invariance. This "transposition invariance"

(or transposition symmetry) meant that when all Aik were transposed (AikT Aki) all

equations were still applicable [2] Einstein supposed that field equations were

transposition invariant. He thought that in physics this hypothesis was equivalent

to the law that positive and negative electricity occurred symmetrically.

FAs the Ricci tensor Rik(F represented by connected coefficients
ik

was not

transposition invariant, Einstein introduced a "pseudo-tensor" U
ik

instead [3] its

definition was

F
t FtU t Z where tt1 i

(i i)
ik Fik- Fit k i t"

Denoting F
ik by Uik we obtained

1 Ut (i, k, ---i, 4) (i 2)Fik--Uik- itk
Then the Ricci curvature denoted by U was

s
U
s

U
t 1

Us Ut (U) (1 3)Rik--Uik, s it sk
+

is tk-- Sik Sik"
Einstein proved that Sik were transposition invariant and the following.

THEOREM (EINSTEIN). [i] Under the transformation

-k -= Uik+ i ,k ,iTX U
ik

/ k
the Ricci tensor Sik of U is invariant; i.e., under the transformation (4), there are

Sk Sik for arbitrary U where Sik-- Sik(U). In (4) X and is a differ-
’J xJ

entiable function on a manifold M.

REMARK. Einstein gave transformation (1.4) for n=4, but we will still call trans-

formation (1.4) the Einstein transformation for general n (_ 2)

One asks naturally, how about the converse of Einstein’s theorem? A. Einstein

and B. Kaufman did not solve the problem. It has remained unsolved.

In this paper, we generalize Einstein and Kaufman’s results to an arbitrary n (K 2)

dimensional manifold M. Objects which we discuss are not limited to the Ricci tensor
i

Sik of U. Besides Sik, we discuss curvature tensor Skzm and scalar curvature S.

Then, for general n ( 2), we give some invariant theorems on curvature tensor
i

Skzm, Ricci tensor Sik and scalar curvature S of U. For this, first we generalize

Einstein’s transformation. Finally, we give converse theorems of theorems for arbitrary

n (>_ 2). These are the main results of this paper. In the special case n=4, we

answer the problem abovementioned; that is, a converse to Einstein’s theorem.

2. DEFINITION AND MAIN RESULTS.
i

and Ricci tensor Sik of U, firstTo give the definitions for curvature tensor Skzm
i

andRicci tensor Rik oflet us give reasonable definitions for curvature tensor Rkm
connection D (F

z
ik

(order of lower coordinates is very important; what we give here

differs by a minus sign from what is sometimes used, for example, in Pauli’s relativism).

i i i Fi Fs F
i s

Rkzm - Fk,m Fkm,- s km
+ F

sm kZ

(F Fi rm) i F i F)Z,m s (Fkm,Z sm
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iIn (2.1), let i=m. Adding from 1 to n the curvature tensor Rkm is contracted

to obtain the Ricci tensor

Rk Rs s Ts s t s t {2 2)ks rk,s ks, trks + TtsTk
To establish expressions for the curvature tensor Sikm’ Ricci tensor Sik and

scalar curvature S of U for arbitrary n ( 2), it is necessary to give transformation

between U and r for arbitrary n (>_ 2).

In (1.1), let =k, add from 1 to n obtaining

t
F
t

Uit it- nFt
t

(n-l) Fit. (2.3)

Substituting (2.5) into (1.1), we can solve

g g 1 tF
ik Uik- n--- k Uit (i, k, i n) (2.4)

From (2.1) (2.3), and definitions we obtain immediately
iPROPOSITION 1. Curvature tensor Skim, Ricci tensor Sik and scalar curvature S

of U are respectively

(1) i i 1 i t
Rkm Uk,m n----i- 6 Ukt,m

i s 1 i
U
t UsUsUkm + n- 6 st km

1 Ut Ui 1 iut Us Ui +
1 6i t

+ Ui Us+
kt m (n-l) 2 mt ks km, n- m Ukt,t sm k

1 t
Us i Si

1 i Ut s t
Ui + (U) ------ (2 S)-n---[ 6m st Uk n 1 Ukt m 2 Ut ks Skim km(n-l)

s s Ut n- Us t(2) Rik Uik,s Uit sk
+

is Utk Sik (U) Sik" (2.6)

ik is ikus U
t 1 is t(5) S - g Rik g

ik,s
g

it sk
+ g

is Utk S(U) (2.7)

When n>_ 2, it is not difficult to verify that Ricci tensor S
ik

and scalar

curvature S of U are transposition invariant.

THEOREM i. Curvature tensor Sikm, Ricci tensor Sik and scalar curvature S of U

are all invariant under the following transformation

z .-.z z z
(2 8)Uik Uik Uik + i Ak 8k Ai’

whexe A A.d is a closed 1-differential form on a manifold M; i.e., d A 0.

REMARK. The transformation (2.8) is a generalization of Einstein’s transformation

(1.4). In fact, as is a closed 1-differential form on a manifold M (d, 0), then

by the Poincare Lemma, there exists a coordinate neighborhood MI=M and a different---- (k=l n) Therefore in a localiable function X such thatA k xk k
neighborhood, for example M1, the transformation (2.8) conforms with Einstein’s trans-

formation (1.4)
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2
Because an exact differential form dX is a closed differential form (d 0),

Tx is a transformation which makes Skzm,i Sik and S invariant. When n=4, Einstein’s

theorem is a special case of the above theorem I.

PROOF. In local coordinates {xi}, let A. X., then

--i i ()Skzm Skm
6 km) (Uk

+ 6 X(Uk,m k
X m ZX n-1 6 t,m tm t km

(Us k
Z Z (Ukm + sX

k,m m

1 i
(U

t tx 6t s s+6 X +X X+
st s ,t t ,s (Ukm ,m m ,k

X ix+ n--iT (Ukt + 6kX t t k (U m)

(Uks s s(n-l) 2 (Umt + X,t X + X, SX,k)
i t _st(Uikm + i X + + X, k

x m k m (Ukt Z t t k

(U
i

’s
s s

X k)+ + X ix (U kXsm s ,m m +
i i (U

t t t s)(Uz k)n-i m st
+ Xs ,t Xt + ,Z ,

1 (Ut tx (ui i i+ x)n-1
+ 6 k

t t k m ,m

+ tx ) Us

(n_l2 m (Ut + ,t + 6 x,s
Skim(U) Uk ,m X U X

i
X

i ,sUS + iX,kk,m_ 6ix+ g X,X,k + 6X km ,m ,k

6SX,k)s

n ig 1 i U
t 1 ix t+ n_-X X + X

,m ,k ,g kt n-i 6g ,m Ukt
i

Ui i i ,k
1+ + 6n-I ,k mg n-i n-I k ,m

1 ix U
t n

Ut 1 uS2 + 6k 6X
(n-l) ,k mt (n_l)2 ,k mt (n-l ,m ks

n
k

n i
k

1 i
mk, k

+ k,mI + Usf(n-l) 26 (n-l)2 (n-i
,m ks

2n i n i i+ 6k
m
x

2 6X
m
x [m,Z](n-l ,k

(n-l) ,k Skim

where i n2 k[m, ]--- -X, Ukm +

(n_l)
2 ,\,k

1 ix X n X Us n i
x,kxn---- 6Z ,m ,k n-1 ,s km n-1 g ,m

1 ix U
t 1

Ut 1 i Us
1 i+

,m kt n-1
6 X + k + 6 X,kX,k mt "n-- 6 ,s km n---Ui- ,m
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Consider the transformation

U Z
T Uik ik ik

/ igk i (2.9)

where is a 1-differential form, in local coordinates {xi}, .dx j.
Having the above result for theorem I, we ask naturally if the transformation

i
which makes curvature tensor SkZm (or Ricci tensor Sik invariant is the transfor-

mation T? For this, although we cannot give the complete answer it is a very

difficult problem we have the following results.
i

THEOREM 2. The transformation that makes curvature tensor Skzm
Sik) of some U invariant

T U 6iik ik Uik + gk

must be where =.ck is a 1-differential form.

--i S iPROOF. Similar to the proof of theorem I, we obtain Skm km(U)

(or Ricci tensor

i i i i t
+ 6 k,m] + t2(Uk,m k,m n-i (Ukt,m t,m t k,m

(U
i in+s s 4

i s
+ 6s-6Zs) (Ukm k m

i(ut 5 s (UL + kO.mn-I 6 st
+ 6 fit

n---(Ukt + t tgk (Um + 6 m)

1 i t
m
t t s

+ 6.qs s [m, L6 (Umt + t t m (Uks sk
(n-l)

S i (U)+ ( 8i 1 i 6ttk m]km ,m k,m (6 gt,m-

n mk +
1 3iut 1 i t 1 _i+ n- m kt n- Uktm + kUm

1 1 i n i n+ . 6n-i m k n---iT km n---iT kUmz n-i 6mk
n 6i 1 i t

+ n i t 8imUs
+ km (n-l Umtk

(n-l)
2 Umtk (n-l

1 6m + n
8im9k

n i s n i
(n_ i)2 k

(n-l)2 (n-lf 6kUksa ++
m (n-l ;mk

2
n i [ ] i

+ i([ qSkzm 6k k,m m,g(n- I 2 mgk m
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Therefore m i
Skm

m, i e 40Z,m Z

if and only if

Frm SXK i i i
Ski+ 6k(,i i, Sk + (,k- k, it follows that

Sk Sk if and only if

fig ilk,,k

i.e., d O.

THEOREM 3. A necessary and sufficient condition that transformation T makes
scalar curvature S of some U invariant is

ik ikig
k,i g

,k 0.

where
k

k,i ax

ik
S gikPROOF. From S glkik g
ik

+ (k,i
it follows that S if and only if

ik ikn 0g nk, i g
i,k

i,k S + (gikk,i-giki,k)

ikREMARK. If g are symmetric then-ik ik ikg k,i g
ik O. If g are not

g12 g21symmetric, for example let

x k i,

k L0, k 2 n,
then ik ik_ 21 12g k,i g i,k g g # 0.

(2.10)

Now we give the converse of theorem i. For this, what we must emphasize is that

because of theorem i, the transformation T
A

makes curvature tensor Sikm and Ricci

tensor Sik of every U invariant.

The following theorems, 4 and 5 respectively, are the converses f theorem 1 on
i

curvature tensor Skm and Ricci tensor Sik.
THEOREM 4. Let V be a second order differentiable covariant tensor field with

vector value and its components be V
ik

in local coordinates {xi }. If the transfor-

mation

T U
"% O 9,, , Z

E U + V (i k, i n)v ik ik ik ik
i

of every U invariant then it impliesmakes curvature tensor Skm
Vik i k i

whereA----A.dx is a closed 1-differential form; i.e. T must be TA.v

PROOF. By (2.10),

--i
S

kern
i i i 1 i t t

+ + m/.,Skm() (Uk,m Vk,m n- (Ukt,m Vkt,
i

+ + + n- + (Ukm + Vkm)Vi s s i t t s s
(Us s (Ukm Vkm) 6 (Ust Vst)



INVARIANT THEOREMS ON GEOMETRY 733

1 t t i
+

i
+ n---- (Ukt + Vkt) (Um Vm)

1 i t t s
+ Vs6 (Umt + Vmt) (Uks ks

(n-l)2

m ] i i 1 t i i s Ui VsSkim + Vk,m n-i Vkt,m 6Z VsUkm sZ km

i s
+

1 i_t .s 1 i s t 1 st s 1 ut viVsVkm + + 6 +VstUkm VkmUst t Vkm kt m
1

V
t
Ui

1
Vi Vt+

kt m + m kt
1 i _t

Vs 1 6i. s .t i i t s

n_i)26 Umt ks (n-l)2
UksVmt (n-lf 6VmtVks

m ] i i
Skm + Fkm.

F iSince-iSkm Skmi (for every U) now km(U) 0 (i, k, , m I, n and

for every U). Therefore,
i

1 it B
0

Fkm _Vi 6a68 V
a 6i B + 6

UY y k m km y6 6Vyt6k m

1 6i t a 8
+

(n_l)2 m Vt 6k 6y.

In the above formula, let i . Adding from 1 to n we obtain

F
0 km --_V 68 68 V + n Vt k’a 6 +

n a

Uy y 6k m y km yt m Vkm

vt $mt1
V 668 i n

2 VSksm 68 n
+ m k y

+ n---i-V t
6
y m (n-l) (n-l)

2

+ VSm6 + 68 V
a 1 vt a 8 nl__ 8 1 a 68

m ky yt6k 6
m Vkm y n-I Vm6k y

1
V
t 8! Vs

6
a

6 8 +
n-I kt m (n-l) ks m y (n-l) Y

aV8 + 6BVa6k ym m ky
1 c B 1 t 6s 68n-I V 6m 6k y Vkt y m

Let k. Adding from 1 to n we obtain

0 nV 8 + 68 V
a n V 68 V

t 68
ym m y n-I m y n-I yt m"

In (2.11) let 8 Y again. Adding from 1 to n we obtain

(2.11)
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nV + V
a n2 V i

V
t

V vt
Bm mt O,

m am n- 1 m n- 1 mt n- 1 n-

-Vmt tm
V ).m

Substituting the above formula into (2.11) to obtain

This proves that the transformation T must be then according to theoremv T
2 jdx must be a closed differential form; i.e., .

The analogous result for Sik is stronger.

THEOREM 5. The transformation Tv that makes the Ricci tensor Sik
U invariant must be the transformation TA.

of arbitrary

PROOF. In fact,

ik Sik() ik,- s it + l_j__ S it
it sk n-1 is tk

(U k,s ik,s t it (Uk +
sk

+ (U
s

+ s) (Utk + Vtk

Vs U
t

Vs V t s V
t

it sk it sk
+ U

n- is tk

Sik + Fik,
where, s U s

V
t

Fik Vik,s it sk

1 Vs U t 1 s
V
t

+
is tk n---i" Vis tk"

S
ik’

and we obtain FikAccording to the condition of the theorem, ik
(for arbitrary U). Therefore,

cs. vtn--ZT x xs tk
Fik s6. B t t

Vs0 -6 V a6 +
UY y t sk y s k it

0

+
__.t IB V

s 6. V B SB V?n-1 y t6k is yk k
i B t

n--iT tk n-i y k

In the above formula, let . Adding from i to n we obtain

Vt I g t n__ k
B+ 5 + 6 V

s
O,-Vik 5k it n- i Vtk is

B t IS V
t-V B + V + O,ik n- i tk n- 6k it

V B 6B t B
ik i n--TT Vtk + k n---fT vit)" (2.12)

In the above formula, let B i; again, adding from I to n we obtain
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t n t t n t
Vk Vtk n----i- Vtk + Vkt n-I Vk Vkt

Vk _V
t t
kt Vtk"

Substituting the above formula into (2.12) we obtain (note Zk-- n-1 Vk)

Vik 5"q
ik i"

From theorem 2, it follows that ,q .dx is a closed differential form" namely

T must be T..v
Moreover, we have the following

ik
STHEOREM 6 The transformation T that makes scalar curvature S g of

v
arbitrary U invariant must satisfy the following system of equations

g (V k n-] y Vk) + glS(vy + n- 6 Vi) 0, (2.1Z)

where V
k

V
t

V
t

tk kt"

PROOF. From (2.7), we have

i< -t
s tkS g Sik g ik,s

g i k
+

s t tik s
+ vs gik s

+ +g (Uik,s ik,s (Uit Vit) (Usk Vsk)

1 ik s s t t
+ n_- g (U + V s) + S + F

is i (Utk Vtk)
where,

F gikvs i%s V
t ik.s U

t ikvs V
t

ik,s
g

it sk- g vit sk- g
it sk

1 ikus t 1 ikvs U
t 1 ik

V
s V

t
+ n---l-f g

is
V
tk

+ n--2T g
is tk

+ n--TT g
is tk"

From the condition of the theorem, . S, it follows that F 0 (for arbitrary

U). Therefore,

i
k

1 ik{8 6 V
tF ik6 V B 6 + g0 .... g -g n- i tkuy i yk iy Y

1 gkB t 1 il i vs kv i V? + + (
+ n---i-T g s y k

g
Y

g
Y n---Z’T Y Vtk 14)

Multiply the above formula by g8, adding from 1 to n for and B to obtain

1 ak V
t 1 igv.S 6ak V B ig

V. + g + gcBg 0
-g g yk gab g

Iy gab tk is

1
V
t 1 Vs

_V
k V

c
+ + 0.

yk c-( t n--ZY s
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From this we obtain,

Vy V
t
-V

t
ty yt

Substituting the above formula into (2.14), we have

mk 1 6B (V.a +
1 6m Vi 0g (Vk. n---T y Vk) + giS Iy --f y

REMARK. Let fl fljdx be a 1-differential fo. It is easy to prove that

Vik i k i is a second order differeniable covariant tensor feld with

vector value. By the following computation, e know it satisfies (2.13).

V
1 k ( k y 1 (t flk

t
t)yk- n- y t k

y y n-i y y k y’

V. 1 am+ V (6 a
iy y i y

1 aa t 6ta a + a at)y i n- y at i i

g (V k n--- y Vk + (V.y +
Y Vi

mk
k
B gig am _gmB + gab O.g (-a ay +

i my) Y Y

From the remark of theorem 3, it follows that although T satisfies (2.13),

perhaps it does not make scalar curvature S invariant. Therefore, (2.13) is only a

necessary condition under which the transformation T makes scalar curvature S
v

invariant.
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