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ABSTRACT. Functional differential equations of advanced type with piecewise constant
argument deviations are studied. They are closely related to impulse, loaded and,
especially, to difference equations, and have the structure of continuous dynamical

systems within intervals of unit length.
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1. INTRODUCTION.

In [1] and [2] analytic solutions to differential equations with linear trans-
formations of the argument are studied. The initial values are given at the fixed
point of the argument deviation. Integral transformations establish close connec-
tions between entire and distributional solutions of such equations. Profound links
exist also between functional and functional differential equations. Thus, the study
of the first often enables one to predict properties of differential equations of
neutral type. On the other hand, some methods for the latter in the special case

when the deviation of the argument vanishes at individual points has been used to

investigate functional equations [3]. Functional equations are directly related to

difference equations of a discrete (for example, integer-valued) argument, the theory
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of which has been very intensively developed in the book [4] and in numerous subse-
quent papers. Bordering on difference equations are also impulse functional differ-
ential equations with impacts and switching, loaded equations (that is, those inclu-
ding values of the unknown solution for given constant values of the argument),
equations
x'(t) = £(t, x(t), x(h(t)))

with arguments of the form [t], that is, having intervals of constancy, etc. A sub-
stantial theory of such equations is virtually undeveloped [5].

In this article we study differential equations with arguments h(t) = [t] and
h(t) = [t+n], where [t] denotes the greatest-integer function. Connections are
established between differential equations with piecewise constant deviations and
difference equations of an integer-valued argument. Impulse and loaded equations
may be included in our scheme too. Indeed, consider the equation

x'(t) = ax(t) + aox([t]) + alx([t+1]) (1.1)

and write it as

)

x"(t) = ax(t) + £ (a

i=—

Ox(i) + alx(i+1))(H(t-i) - H(t-i-1)),

where H(t) = 1 for t > 0 and H(t) = 0 for t < 0. If we admit distributional deriva-

tives, then differentiating the latter relation gives

0
x"(t) = ax'(t) + ‘Z (aox(i) + alx(i+1))(6(t—i) - §(t-i-1)),
i=—co

where § is the delta functional. This impulse equation contains the values of the
unknown solution for the integral values of t. In the second section Eq. (1.1) is
considered. The initial-value problem is posed at t = 0, and the solution is sought
for t > 0. The existence and uniqueness of solution and of its backward continuation
on (-, 0] is proved. Furthermore, an important fact is established that the initial

condition may be posed at any point, not necessarily integral. Necessary and suffi-

cient conditions of stability and asymptotic stability of the trivial solution are

determined explicitly via coefficients of the given equation, and oscillatory proper-
ties of solutions to (1.1) are studied.

In the third part the foregoing results are generalized for equations with many
deviations and systems of equations. We show that these equations are intrinsically

closer to difference rather than to differential equations. 1In fact, the equations
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considered in this paper have the structure of continuous dynamical systems within
intervals of unit length. Continuity of a solution at a point joining any two con-
secutive intervals then implies recursion relations for the solution at such points.
The equations are thus similar in structure to those found in certain ''sequential-
continuous' models of disease dynamics as treated in [6]. We also investigate a
class of systems that depending on their coefficients combine either equations of
retarded, neutral or advanced type.

In the last section linear equations with variable coefficients are studied.
First, the existence and uniqueness of solution on [0, ®) is proved for systems with
continuous coefficients. A simple algorithm of computing the solution by means of
continued fractions is indicated for a class of scalar equations. Then, a general
estimate of the solutions growth as t > + » is found. Special consideration is given
to the problem of stability, and for this purpose we employ a method developed
earlier in the theory of distributional and entire solutions to functional differen-
tial equations. An existence criterion of periodic solutions to linear equations
with periodic coefficients is established. Some nonlinear equations are also
tackled.

Consider the nth order differential equation with N argument delays
xM0) (6) = £(t, x(0), ..., x0TV (), x(e-T(0)), ..ry x D (eoTy(0)), .

ooy x(ET(E)), eeny xW (e-Tg(6))), (1.2)
where all T;(t) > 0 and n = max my, 0 < i < N. Here x(k)(t—Ti(t)) is the kth deriva-
tive of the function x(z) taken at the point z = t-Ti(t). Often equations that can
be reduced to the form (1.2) by a change of the independent variable are also dis-

cussed. A natural classification of functional differential equations has been

suggested in [7]. In Eq. (1.2) let u =max my, 1 < i <N, and A = mg - u. If A >0,
then (1.2) is called an equation with retarded (lagging, delayed) argument. In the

case A = 0, Eq. (1.2) is of neutral type. For A < 0, (1.2) is an equation of
advanced type. Retarded differential equations with piecewise constant delays (EPCD)
have been studied in [8, 9, 10]. Some results on neutral EPCD were announced in [9]
and [10]. Together with the present paper, these works enable us to conclude that
all three types of EPCD share similar characteristics. First of all, it is natural

to pose the initial-value problem for such equations not on an interval but at a
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number of individual points. Secondly, in ordinary differential equations with a
continuous vector field the solution exists to the right and left of the initial
t-value. For retarded functional differential equations, this is not necessarily the
case [11]. Furthermore, it appears that advanced equations, in general, lose their
margin of smoothness, and the method of successive integration shows that after seve-
ral steps to the right from the initial interval the solution may even not exist.
However, two-sided solutions do exist for all types of EPCD. Finally, the striking
dissimilarities between the solutions growth of algebraic differential and difference
equations are well-known [12, 13]. Since EPCD combine the features of both differen-
tial and difference equations, their asymptotic behavior as t - « resembles in some
cases the solutions growth of differential equations, while in others it inherits the
properties of difference equations. In conclusion, we note that the separate study
of Eq. (1.1) and more general equations with many argument deviations is motivated
not only by instructive purposes and the possibility of obtaining some deeper results
in this special case but, mainly, by the fact that (1.1) possesses properties of both

advanced and neutral equations.

2. EQUATIONS WITH CONSTANT COEFFICIENTS.

Consider the scalar initial-value problem
x"(t) = ax(t) + aox([t]) + a;x([t+1]), x(0) = g (2.1)
with constant coefficients. Here [t] designates the greatest-integer function. We
introduce the following
DEFINITION 2.1. A solution of Eq. (2.1) on [0, ©) is a function x(t) that

satisfies the conditions:
(i) x(t) is continuous on [0,®).

(ii)  The derivative x'(t) exists at each point t ¢ [0, ©), with the possible
exception of the points [t] € [0, ) where one-sided derivatives exist.

(iii) Eq. (2.1) is satisfied on each interval [n, n+1) [0, ») with integral
ends.

Denote

t -1 at

bo(t) = 2t 4+ a ao(e 1 at

- D, by(0) =aa e - 1), (2.2)

A= (L/ - b (1)).
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THEOREM 2.1. Problem (2.1) has on [0, ®) a unique solution
x(t) = (bg({t}h + )\bl({t})))\[c]co, (2.3)

where {t} is the fractional part of t, if
bl(l) # 1. (2.4)
PROOF. Assuming that xn(t) and xn+1(t) are solutions of Eq. (2.1) on the inter-
vals [n, n+l) and [n+l, n+2), respectively, satisfying the conditions xn(n) =c, and

xn+l(n+l) =c 0 Ve have

' =
xn(t) axn(t) + age + a1¢ 410 (2.5)

since xn(n+1) = xn+1(n+1). The general solution of this equation on the given inter-

val is

_ a(t-n) -1
xn(t) = e c a (aocn + alcn+1),

with an arbitrary constant c. Putting here t = n gives

_ -1 -1
c=(1+a ao)cn + a aje

and
xn(t) = bo(t—n)cn + bl(t-n)cn+1 (2.6)
For t = ntl we have

n>0

¢ n+l’ =

T bo(l)cn + bl(l)c

and inequality (2.4) implies
c = —Egiil——~ c
ntl 1 - bl(l) n ’
With the notations (2.2), this is written as

c =ic_, n>0.
n

n+l
Hence,

n
c, = A o
This result together with (2.6) yields (2.3). Formula (2.3) was obtained with the

implicit assumption a # 0. If a = 0, then

x(t) = (1 +

a, + a; 1+ a, [t
2 {(th G ) o

1 - - al

which is the limiting case of (2.3) as a > 0. The uniqueness of solution (2.3) on
[0, ) follows from its continuity and from the uniqueness of the problem xn(n) =c/
for (2.5) on each interval [n, n+l]. It remains to observe that hypothesis (2.4) is

equivalent to
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a; # a/(e? - 1).
In the particular case bo(l) = 0 we have A = 0, and formula (2.3) holds true assuming
0" = 1.
REMARK. If bl(l) = 1, two possibilities may occur: the case bo(l) # 0 implies
x(t) = 0, and for bo(l) = 0 problem (2.1) has infinitely many solutions.
COROLLARY. The solution of (2.1) cannot grow to infinity faster than exponen-
tially as t > + o,
PROOF. The values bo({t}) and bl({t}) in (2.3) are bounded. Therefore,
[x(t)| < m|A|[t], with some constant m.
THEOREM 2.2. The solution of (2.1) has a unique backward continuation on
(-~, 0] given by formula (2.3) if
bo(l) # 0. (2.7)
PROOF. If x_n(t) and x_n+1(t) denote the solutions of Eq. (2.1) on the inter-
vals [-n, -n+l1l) and [-n+1, -n+2), respectively, satisfying x_n(—n) =c_, and
x_n+l(—n+l) =c_ 41 then by virtue of the condition x_n(—n+1) = x_n+1(-n+1), it

follows from the equation

' =

x_n(t) ax_n(t) + age_ + ajc

that
_a(t+n) -1

X_ (t) = e c a (aoc.n + alc~n+l)’
where -1 1

c=(1+a aO)c_n + a ajc_ 4
Therefore,

_ a(t+n) a(t+n) -1 -1 a(t+n)
x-n(t) = (e + (e Da ao)c_n + a al(e - 1)c_n+1.

With the notations (2.2), we have

x_n(t) = bO(t+n)c_n + bl(t+n)c_n+l (2.8)
Putting t = -n+l gives

St T DpPey F by ey
and

1 - bl(l)

Cn ” bO(l) Contl”
Finally, we write

c = A—l n>1

-n Con+l’
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and
_,n
c A o
which together with (2.8) proves (2.3) for t < O.
The initial-value problem for Eq. (2.1) may be posed at any point, not necessa-
rily integral.
THEOREM 2.3. 1If conditions (2.4) and (2.7) hold, and
by({egh + Abl({to}) # 0,

then the problem x(to) = x, for Eq. (2.1) has a unique solution on (-, ®).

0

PROOF. By virtue of (2.4) and (2.7), the problem x(0) = o for (2.1) has a

unique solution on (-», ®) given by (2.3). Hence,

- [t,]
x(to) = (bo({to}) + Abl({to}))k 0 S
and
_ -1,-[t ]
cg = (e, +ab, ({e 1) "X “0'x,.
It remains to substitute this result in (2.3), to obtain
= -1, [e]-[t,]
x(t) = (by({th + xbl({t}))(bo{Fo} + b, ({eg 1) 77 A 0" xg-

THEOREM 2.4. The solution x = 0 of Eq. (2.1) is stable (respectively, asympto-
tically stable) as t >~ + «, if and only if IAI < 1 (respectively, [A] < 1).

Proof follows directly from (2.3).

THEOREM 2.5. The solution x = 0 of Eq. (2.1) is stable (respectively, asympto-

tically stable) as t > + «, if and only if
a
_a(e + 1))> 0

(a + a, + al)(a1 - a, P (2.9)
e -1
(respectively, > 0).
PROOF. The inequality |A| < 1 can be written as
b, (1)
-1 Sm < 1.
1
If 1 - bl(l) > 0, then
b (1) -1 <by(1) <1-b,(1)
and
bl(l) + bo(l) <1, bl(l) - bo(l) < 1. (2.10)

Since (2.10) implies bl(l) < 1, we analyze only (2.10). Taking into account (2.2)

gives
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-1
a

In
[y
M

al(ea - 1) + e + a-lao(ea -1

a_la (ea -1 - e? - a-la (ea -1) <1.
1 0
From here, we have
-1 a a
a (ao"’al)(e'l)il"e,
that is,
a + a, + a; <o, (2.11)

and

1 a a
a (a1 - ao)(e -1 <e +1

which is equivalent to

a
a. - a. - J——” ea +1 < 0. (2.12)

If 1 - bl(l) < 0, then
bl(l) + bo(l) >1, bl(l) - bo(l) > 1.
These inequalities imply bl(l) > 1. Therefore, we consider only

a_lal(ea -1) + e + a—lao(ea -1)>1,

-1
a 2

al(ea -1) - e? - a_lao(ea -1) >1.

These relations yield inequalities opposite to (2.11) and (2.12) and prove the theorem
COROLLARY. The solution x = 0 of the equation

x'(t) = ax(t) + aox([t]) (2.13)
is stable (asymptotically stable) iff the inequalities
—a(ea + 1)/(ea - 1) j_ao <-a
(strict inequalities) take place.

THEOREM 2.6. 1In each interval (n, n+l) with integral ends the solution of Eq.

(2.1) with the condition x(0) = o # 0 has precisely one zero

a + ae?
ty T nt g I e
n ag 1
if
ae? a
(a, + )(a, - ) > 0. (2.14)
0 ea -1 1 e -1

If (2.14) is not satisfied and a, # —aea/(ea - 1)), <o # 0, then solution (2.3) has no

zeros in [0, ).
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PROOF. For A # O, ) # 0, the equation x(t) = 0 is equivalent to

bo({t}) + Abl({t}) = 0.

Hence,
bo({e}) /b, ({th) = by(1)/ (b, (1) - 1)
and
ea{t} + a-lao(ea{t} -1 N a'lao(ea -1
a-lal(ea{t} -1) ) a'lal(ea -1) -1

It follows from here that

ea{t}

= (ay + alea)/(a +ag+a).

0
If a > 0, then

a

1< (a0 + alea)/(a +a_ + al) <e

0
and, by virtue of (2.4), the equality sign on the left must be omitted. The case

a + a, + a; >0 (2.15)

leads to

a. > - aea/(ea -1, a, > a/(ea -1). (2.16)

0 1

By adding inequalities (2.16) it is easy to see that (2.15) is a consequence of
(2.16). 1If

a>0,a+a,+a, <0,

0 1
then
a a
(a + a, + al)e < a, + aje <a+ a, + ay
and
ay < - ae®/(e® - 1), a; < a/(e? - 1). (2.17)
Again, the inequality a + a, + a, < 0 follows from (2.17). The case a < 0, together

0 1
with (2.4), gives

a

e < (a0 + alea)/(a + a, + al) <1,

0

and assumption (2.15) yields (2.16). And if a + a, + a; < 0, then we obtain (2.17).

Hypothesis (2.14) can also be written as bO(l)(bl(l) - 1) > 0 which is equivalent to
A < 0.

COROLLARY. In each interval (n, n+l) the solution

. a a a a
x(e) = a2y - Cyera+ 2y - 2 (2.18)

of (2.13) satisfying the condition x(0) = S # 0 has precisely one zero
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if

a, < - aea/(ea -1). (2.19)
If (2.19) is not satisfied, solution (2.18) has no zeros in [0, «).

From the last two theorems we obtain the following decomposition of the space
(a, ay, a)).
1. If

a
(ap + 22— )(a; - a, - fiszi;ll )y > 0, (2.20)
1

e -1 e -
solution (2.3) with o # 0 has precisely one zero in each interval (n, n+l) and
lim x(t) = 0 as t > + o,
In fact, the solution possesses the required properties iff -1 < A < 0, that is
A(A + 1) < 0. With the notations (2.2), we have bo(l)(bo(l) - bl(l) + 1) < 0 which
yields (2.20).

2. 1If

aed
(a + a, + al)(a0 + A ) <0, (2.21)
e -1
solution (2.3) with o # 0 has no zeros in (0, ®) and 1lim x(t) = 0 as t + + o,

The properties take place iff 0 < A < 1. Hence, we consider the inequality

A(A - 1) < 0 leading to (2.21).

3. If
a a(ea + 1)
(a1 . )(a1 B R E— ) <O, (2.22)
e -1 e -1

solution (2.3) with < # 0 has precisely one zero in each interval (n, nt+l) and is
unbounded on [0, ®).

The proof follows from the inequality A < - 1 which is equivalent to (bl(l) - 1)
-(bl(l) - bo(l) - 1) <0 and gives (2.22).

4, If

(a+ay+a)(a - aa ) <0, (2.23)
e -1

solution (2.3) with o # 0 has no zeros in (0, ®) and is unbounded.
Relation (2.23) results from A > 1 which can be written as (bl(l) - 1)(b0(1) +

bl(l) - 1) < 0.
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a(ea + 1) ae?
= =0, a, t # 0, solution (2.3) with <, #0

5. If a, - a, -
L 0 e -1 e -1

has precisely one zero in each interval (n, n+l) and is bounded on [0, ®) (but does

not vanish as t + ®) since, in this case, X = -1.
a a
6. If a, - a, - ale? +1) _ 0, a, + -ae - 0, then a, = a/(ea - 1), and
1 0 1 0 2 1 1

problem (2.1) has infinitely many solutions.

7. If a+ a, + a; = 0, a; # a/(e? - 1), then x(t) = ¢ Indeed, here we have

0 0’
A =1 and
x(6) = (b, (1) + b ({eDey = a e @+ a) +ap - a - ape,.
0 1 0 0 1 0 1’70
ae? a
8. Finally, if a, + ;;—:—I =0, a; - ;z—:~1- # 0, then x(t) = bo(t)co, for

0<t<1, and x(t) =0, for t > 1.

For Eq. (2.13) we have the following decomposition of the plane (a, ao).

1. If -a(ea + l)/(ea -1) < a, < —aea/(ea - 1), solution (2.18) with <, # 0 has

precisely one zero in each interval (n, n+l) and lim x(t) = 0 as t - o,

2. If —aea/(ea - 1) < a, < -a, then x(t) has no zeros in (0, ®) and lim x(t) =

0

0 as t > o,
3. For a, < -a(ea + 1)/(ea - 1) the solution has precisely one zero in each
interval (n, n+l) and is unbounded on [0, «).

4. For a, > -a the solution has no zeros in (0, «) and is unbounded.

_ . _ _ _..a,..a _ _
The case a, = -a yields x(t) e If a, ae /(e 1), then x(t) bo(t)c0

on [0, 1), and x(t) = 0 on [1, ©). For ag = —a(ea + l)/(ea - 1) the solution x(t)

if bounded and oscillatory.

3. SOME GENERALIZATIONS.

For the problem

x'(t) = Ax(t) + on([t]) + Alx([t+1]), x(0) = ¢ (3.1)

0

in which A, A, A1 are r X r - matrices and x is an r-vector, let

At At At
e

B (1) = e+ (eAF - Da A, B (1) = (AF - DA 1A

1
THEOREM 3.1. If the matrices A and I - Bl(l) are nonsingular, then problem

(3.1) has on [0, ©®) a unique solution
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x(e) = (By({e}) + B ({eD 1 - B, B - 3,0 Mp e

and this solution cannot grow to infinity faster than exponentially.
Consider the equation
x'(t) = ax(t) + aOX([t]) + aIX([t+1]) + aZX([t+2]), a, #0 (3.2)

with the initial conditions

x(0) = s x(1) = - (3.3)
Let Al and Az be the roots of the equation
2 -
by (DA™ + (b, (1) - DA+ by(D) =0, (3.4)
where bo(t) and bl(t) are given in (2.2) and
by(t) = a ta (e - 1).
THEOREM 3.2. Problem (3.2) - (3.3) has on [0, ®) a unique solution
x(t) = bo({t})c[t] + bl({t})c[t+1] + bz({t})c[t+2], (3.5)
where
e =T ae e+ (e - ety ol - (3.6)
[t] 1 270 1 1 17072 2 17 :

and this solution cannot grow to infinity faster than exponentially.
PROOF. For n < t < nt+l, Eq. (3.2) takes the form
x'(t) = ax(t) + aox(n) + alx(n+1) + azx(n+2)

with the general solution

x(t) = ea(t_n)c - a_l(aox(n) + alx(n+1) + azx(n+2)),

where ¢ is an arbitrary constant. Hence, a solution xn(t) of Eq. (3.2) on the given
interval satisfying the conditions

x(n) =c , x(ntl) =c x(n+2) = ¢

n+l’ n+2
is

a(t-n) -1
c-a (ape, +ac ,tac,

To determine the value of c, put t = n; then

xn(t) =e

).

= -1 -1 -1
c=(1+a ao)cn + a alcn+1 + a 8yC o0

and

xn(t) = bo(t—n)cn + bl(t—n)cn+1 + b2(t-n)c (3.7)

n+2’
By virtue of the relation

xn(n+l) = (ntl) =

X+l Cn+1?

we have
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Cat1 = Po(Dey + by (e ) +b,(De

whence
bz(l)cn+2 + (bl(l) - l)cn+1 + bo(l)cn =0, n>O0. (3.8)

We look for a nontrivial solution of this difference equation in the form ¢ = \"
n

Then

n+2 n+l

b, (AT + b (1) - AT 4 bo(l)An =0,

and A satisfies (3.4). If the roots Al and Az of (3.4) are different, the general

solution of (3.8) is

_ n n
ch = klkl + kzlz .

with arbitrary constants kl and k2’ In fact, it satisfies (3.8) for all integral n.

In particular, for n = 0 and n = 1 this formula gives

kl + k2 = co» Alkl + Azkz =<y

and
ky = (Azc0 - cl)/(k2 - )‘1)’ k, = (e = >\1<:0)/(>\2 - 2.

These results, together with (3.7), establish (3.5) and (3.6).

1

If Al = A, = A, then

2
_ A[t-l]

©le] (cyle] - Acyle-1D),
which is the limiting case of (3.6) as AZ > Al. Formula (3.5) was obtained with the
implicit assumption a # 0. If a = 0, then

x(®) = ey * (Bpere) ¥ A0 ) 20 e IED
which is the limiting case of (3.5) as a + 0. The uniqueness of solution (3.5) on
[0, ©) follows from its continuity and from the uniqueness of the coefficients <,
for each n > 0. The conclusion about the solution growth is an implication of the
estimates for expressions (3.6).

THEOREM 3.3. If bo(l) # 0, the solution of (3.2) - (3.3) has a unique backward
continuation on (-, 0] given by (3.5) - (3.6).

Theorem 2.3 establishes an important fact that the initial-value problem for Eq.
(2.1) may be posed at any point, not necessarily integral. A similar proposition is
true also for Eq. (3.2).

THEOREM 3.4. If bo(l) # 0 and

2 2
Bo + (1= by (1)BB; + ((1 - b (1) - b (1)IBB, +

2 2 2
+ by (1)B] + b (1 (1 - b (1))B;B, + by(1)8) # 0, (3.9
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where

BO = bo({to}), Bl = bl({to}), 82 = bz({to}),
then the initial-value problem x(to) =X x(t0 +1) = X for (3.2) has a unique
solution on (-®, ®),

PROOF. With the notation

NSNS )
u(t) = (Xz Al )/O\2 Al)’

we obtain from (3.6) the equations
C[t0+i] = —bo(l)u(t0-1+i)c0 + u(t0+i)c1, i=20,1, 2, 3.

Substituting these values in (3.5)for t = t,. and t =

0 tO + 1 and taking into account

{to + 1} = {to} gives the system

+

(-by (1) (u(ty = 1By + ule)B + ulty + 1DB,)eg

I
»

+ (u(to)B0 + u(t0 + 18, + u(t:0 + 2)82)c1 = X4

(-bo (1) (u(EIBy + ulty + 1B + uley + 2)B))cy + (3.10)

+ (u(to + 1)50 + u(to + 2)(31 + p(to + 3)132)1:1 =x
for the unknowns S and - Computations show that

uty +m uey +0) y [Eg]+atp-m

- m-p _
= -(bo(l) (Az

uey + p) u(ty +n +p - m
R T L VIOV LR

for any integers m, n, p. This result leads to the conclusion that the determinant
of (3.10) coincides with the left-hand side of (3.9). Hence, we can express the
coefficients < and ¢ via the initial values X, and X and substitute in (3.5) and
(3.6), to find the solution x(t).

THEOREM 3.5. The solution x = 0 of Eq. (3.2) is stable (respectively, asympto-
tically stable) as t + + o, if and only if IA’ < 1 (respectively, |A] < 1), i = 1,2.

Proof follows from (3.6) and from the boundedness of the values bj({t}).

THEOREM 3.6. The solution x = 0 of Eq. (3.2) is asymptotically stable if

a
(aO + _EE___ )32 <0 (3.11)
e -1

and either of the following hypotheses is satisfied:
a
<o,

(i) (a + a; + a; + az)(a1 -
e -1
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a

a(e” + 1)

(i) (a, - —2—)(-a, +a, - a, - ————=) <0,
17 a_ 0o 1 %2 2 -1

where the first factors in (i) and (ii) retain the sign of a,-

PROOF. With the notations bj = bj(l), it follows from (3.11) that
2 2
D" = (1 - bl) - 4b0b2 >0,

hence the roots

A =(1-b

1, 2 + D)/Zb2

1

of (3.4) are real. If a, > 0, the inequalities lki| < 1 are equivalent to
1 - b1 + D < 2b2

and

- - > - .
1 b1 D sz

From (3.12) we obtain

by +2b, >1, by +b +b, >1,

and (3.13) yields

bl - 2b2 <1, - bo + b1 - b2 <1.

685

(3.12)

(3.13)

The inequalities b, + 2b_, <b_  +b. +b_ and - b_  + b, - b, < b, - 2b, contradict to

1 2 0 1 2 0 1 2 1 2

b, < 0 and b, > 0 which are consequences of (3.11) and a, > 0. Therefore, it remains

0 2

to consider only

2

by *+ by +by >1, -by+b -b, <1,

that is,

b2 >1 - bO - bl’ b2 > -1 - b0 + bl'

If 1 - b0 -b, >-1-b, +b,, then b, < 1. In this case, a sufficient condition of

1 0 1’ 1
asymptotic stability is

by + by +by >1, b <1

which, in terms of the coefficients aj, coincides with hypothesis (i). If 1 - b -

b1 <-1- bO + bl’ then b1 > 1, and (ii) follows from the inequalities

by > 1, -by+by -b, <1

The case b, > 0, b, < 0 is treated similarly.

0 2

Let xn(t) be a solution of the equation

N
x"(t) = ax(t) + I a

x([t+i]), #0, N>2
i=0 N

i

0

(3.14)
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with constant coefficients on the interval [n, n + 1). If the initial conditions for

(3.14) are

x(n + i) = Coti? 0<i<N
then we have the equation

N
1 =
xn(t) = axn(t) + .E ajc 4
i=0
the general solution of which is
_ a(t-n) -1
xn(t) = e c I a ajc i 3@ #0
i=0
For t=n this gives
N

c =c- I a aC i

n =0
and

x (t) = ea(t—n) + (ea(t—n) -1) g a la c (3.15)
n €n i nti :
i=0

Taking into account that xn(n+1) = xn+1(n+1) =c we obtain

c = + @ (e? - l)a-la c .

n+l n i nti

i=0
With the notations
_ a -1 a _ -1 a _
bo =e" + a ao(e 1), bi =a ai(e ), 1i>1

this equation takes the form

chn+N + bN—lcn+N—1 oo + b2c + (b l)c + b.c = 0. (3.16)

Its particular solution is sought as ¢, = An; then
N-1

N o2 -
bd + by AT T+ s+ BT+ (bymD)A + by = 0. (3.17)

If all roots Al’ Xz, ey XN of (3.17) are simple, the general solution of (3.16) is
given by

ch = k X + k X + .00+ kNAN’ (3.18)

with arbitrary constant coefficients. The initial-value problem for (3.14) may be
posed at any N consecutive points. Thus we consider the existence and uniqueness of
the solution to (3.14) for t > 0 satisfying the conditions

x(i) = o i=0,1, ..., N-1. (3.19)
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Then letting n =0, 1, ..., N -1 and ey = x(n) in (3.18) we get a system of equa-
tions with Vandermond's determinant det (A?) which is different from zero. Hence,

the unknowns kj are uniquely determined by (3.19). If some roots of (3.17) are

multiple, the general solution of (3.16) contains products of exponential functions
by polynomials of certain degree. The limiting case of (3.15) as a + 0 gives the
solution of (3.14) when a = 0. We proved

THEOREM 3.7. Problem (3.14) - (3.19) has a unique solution on [0, «). This
solution cannot grow to infinity faster than exponentially.

REMARK. If (3.17) has a zero root of multiplicity j, then (3.16) contains only

the terms with c ceey C The substitution of n for n + j reduces the order of

n+j’ nN’

the difference equation (3.16) to N - j. In this case, the solution x(t) for t > j
depends only on the initial values x(j), x(j+1), ..., x(N-1).

Consider the initial-value problem

YW
x'(t) = Ax(t) + I Aix ([t]), =x() = o (3.20)
i=0

with constant r x r - matrices A and Ai ahd r-vector x. If A1 =0, for all i > 1,

then (3.20) is a retarded equation. For A # 0 and Ai = 0(i > 2), it is of neutral

type. And if Ai # 0, for some i > 2, (3.20) is an advanced equation.

N
THEOREM 3.8. If the matrices Aand B=1-3j3 A Al-1 are nonsingular, then

i=1 i

problem (3.20)on [0, ©) has a unique solution

x(t)

E({eHElt] (e, (3.21)
where

E(t)

I+ (- ns
and
s=ats1la+ A).
PROOF. Assuming that xn(t) is a solution of Eq. (3.20) on the interval n < t <
n + 1 with the initial conditions

x(i)(n+) =c i=0, ..., N

ni’
we have
N

xt'](t) =Ax (1) + I Ac

. (3.22)
i=0 ini
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Since the general solution eA(t-n)

c of the homogeneous equation corresponding to
(3.22) is analytic, we may differentiate (3.22) and put t = n. This gives
N

c =Ac .+ I A,c .,
nl n0 120 ini

c . = Ac i=2, ..., N.

ni n, i-1 "’

From the latter relation, cni = Ai'lcnl, and from the first it follows that

N

~ i-1
ch = (A + AO)cnO + ‘Z AiA e
i=1
Hence,
_di-1-1 )
cy=A B (A+A)e o, i1
The general solution of (3.22) is
N
x (t) = eA(t_n)c - I A_lA.c s
n 1=0 ini

with an arbitrary vector c. For t = n we get ¢c = Scno and

Xn(t) = E(t - n)cno. (3.23)
Thus, on [n, nt+l) there exists a unique solution of Eq. (3.20) with the initial con-
dition x(n) = €h0 given by (3.23). For the solution of (3.20) on [n-1, n) satisfying
x(n-1) = cn—l, o ve have

xn_l(t) = E(t - n+ l)cn-l, 0

The requirement xn_l(n) = xn(n) implies o = E(l)cn—l, 0 from which

CnO

E"(1e,e
Together with (3.23) this result proves the theorem. The uniqueness of solution
(3.21) on [0, ») follows from its continuity and from the uniqueness of the problem
x(n) = €ho for (3.20) on each interval [n, ntl). It is easy to see that the res-
triction det A # 0 is required not in the proof of existence and uniqueness but only
in deriving formula (3.21).

THEOREM 3.9. If the matrix B is nonsingular, problem (3.20) on [0, «) has a

unique solution

x(t) = Vo(they, 0<t <1

1
Ve () [V, ; e, t2>1
R N 0

x(t)

where
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t
Vk(t) = eA(t_k) + J eA(t_s)Cds

k
and
-1
C=B (A + AO) - A.
COROLLARY. The solution of (3.20) cannot grow to infinity faster than exponen-
tially.
PROOF. Since ||Vk_1(k)|| < m and llv[t](t)ll < m, where m = (1 + ||C||)e|lA|‘,
we have

t+1

x| < a5 e

REMARK. It is well known that if the spectrum of the matrix A lies in the open
left halfplane, then for any function f(t) bounded on [0, ®) all solutions of the
nonhomogeneous equation

x'(t) = Ax(t) + f(t)
are bounded on [0, ®). In general, this is not true for (3.20) which is a nonhomo-

geneous equation with a constant free term on each interval [n, n+l). For instance,

the solution

{t} 1, ., [t]

x(t) = (L+ (@ -e ""DNHA+ (1 -e N)S)
of the scalar problem
x"(t) = =x(t) + (1 + &)x([t]), x(0) =1, §>0
is unbounded on [0, ®) since
k]2 a+a-het,
The reason for this is the change of the free term as t passes through integral
values.

THEOREM 3.10. If, in addition to the hypotheses of Theorem 3.8, the matrix E(1)
is nonsingular, then the solution of (3.20) has a unique backward continuation on
(-», 0] given by formula (3.21).

PROOF. If x_n(t) denotes the solution of (3.20) on [-n, -n+l) with the initial
condition x_n(-n) =c_o° then

x_n(t) = E(t + n)c~n0’
and changing n to n-1 gives

(t) = E(t +n - 1)

Xl C_n+l, 0°

Since

(-n+1) =c¢

- + =
Xt D =x g -n+l, 0
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we get the relation

o = E_l(l)c

-n+l, O
which proves the theorem.
THEOREM 3.11. If the matrices A, B, E(1) and E({to}) are nonsingular, then

Eq. (3.20) with the condition x(to) = %, has on (-», ®) a unique solution
x(t) = 5CehE! o) (e (e x,.
PROOF. From (3.21) we have ¢, = E—[tO](l)x([t 1) and
0 0

x(t) = ECehE ) (yxcre D).
Furthermore, from (3.23) it follows that
-1
x([tO]) = E ({to})xo.

It remains to substitute this result in the previous relation.

4. EQUATIONS WITH VARIABLE COEFFICIENTS

Along with the equation
N

x'(t) = A(t)x(t) + I
i=0

A (e)x([e+i]), N2 2, (0 <t <) (4.1)
x(1) = s i=0, ..., N=-1

the coefficients of which are r x r - matrices and x is an r-vector, we also consider
x"(t) = A(t)x(t). (4.2)

If A(t) is continuous, the problem x(0) = c, for (4.2) has a unique solution x(t) =

0
U(t)co, where U(t) is the solution of the matrix equation
U'(t) = A(t)U(t), U(O0) = I. (4.3)

The solution of the problem x(s) = cp» S E [0, ©) for (4.2) is represented in the

form
x(t) = U(t)U-l(s)co.
Let
-1 t -1
Bpn (8) = U(E) (U " (n) + J U (S)AO(S)ds),
n
o
Bin(t) = U(t) j U (S)Ai(s)ds, i=1, ..., N. (4.4)
n
THEOREM 4.1.

Problem (4.1) has a unique solution on 0 < t < oo if A(t) and A, (t)
- i

e C[0, »), and the matrices BNn(n+1) are nomsingular for n = 0, 1,
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PROOF. On the interval n <t < n + 1 we have the equation

N
x'(t) = A(t)x(t) + I Ai(t)cn_'_i, c = x(n+i)

1=0 n+i

Its solution xn(t) satisfying the condition x(n) = < is given by the expression

t N
_ -1 -1
x (£) = V() (U "(n)c + J U(s) I A(s)e  .ds). (4.5)
n i=0
Hence, the relation xn(n+1) = xn+1(n+1) =cn implies
-1 n+l 1 N
41 = U(n+1) (U (n)cn + Jn U (s)iii0 Ai(s)cn+ids).

With the notations (4.4), this difference equation takes the form
BNn(n+1)cn+N + ...+ an(n-l-l)cn+2 + (Bln(n+l)—I)cn+1+ Bon(n+1)cn = 0.

Since the matrices BNn(n+1) are nonsingular for all n > 0, there exists a unique
solution cn(n > N) provided that the values Cps +++» Cy_q 2Te prescribed. Substitu-
ting the vectors <, in (4.5) yields the solution of (4.1).

For the scalar problem

x'(t) = a(t)x(t) + ao(t)x([t]) + al(t)x([t+1]) + az(t)x([t+2]),

x(0) = ¢ x(1) = ¢

0’ 1
with coefficients continuous on [0, ®) we can indicate a simple algorithm of compu-
ting the solution. According to (4.4) and (4.5), we have

xn(t) = BOn(t)cn + Bln(t)cn+1 + BZn(t)cn+2’ (4.6)
with

t
u(t) = exp(J a(s)ds).
0
The coefficients <, satisfy the equation

an(n+1)cn+2 + (Bln(n+l) - l)cn+1 + Bon(n+1)cn =0, n >0.

Denote

dO(n+1) = -—Bon(n+1)/an(n+1), dl(n+1) = (1 - Bln(n+1))/B2n(n+l),

r = .
n cn+1/cn

Then from the relation
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2]
i

n42 dl(n+1)cn+1 + do(n+1)cn

it follows that
do(n+1)
dl (n+1) + —T,

rn+1

which yields
r, = dl(l) + d0(1)/r0,

d,(2)

d (1)

4 (1) + Or

r, = d,(2) +dy(2)/r; = d,(2) +

0
and continuing this procedure leads to the continued-fraction expansion

do(n) do(n-l) d0(2) do(l)
dl(n—1)+ dl(n-2)+ e d1(1)+ cl/c0

r, = dl(n) +

and to the formula

Cn = rlrz coe In_lco

for the coefficients of solution (4.6).
THEOREM 4.2. Assume that the matrices A(t), Ao(t), Al(t) are continuous on
0 <t <o and let

w(t) = max||a(s)]], w, (£) = max]|Ai(s)||, 0<s<t, i=0, 1.

If for all t e [0, =),

w(t) <

wl(t)e q<1, 4.7)

then the solution of the problem

x'(t) = A(t)x(t) + Ao(t)x([t]) + Al(t)x([t+1]), x(0) = <o (4.8)
satisfies the estimate
Hx(®) ] < -9 7wy (e+1) + 1D ) 0 <k < o (4.9)

PROOF. According to (4.5), the solution xn(t) of Eq. (4.8) onn <t <n+1

with the condition x(n) = < is given by

= . 4.10
xn(t) BOn(t)cn + B1n(t)cn+1 ( )
Since xn(n+1) = xn+1(n+1) = Coy10 Ve have
Chsl = Bon(n+1)cn + Bln(n+l)cn+1’

(1 - Bln(n+1))cn+l = BOn(n+1)cn. (4.11)
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The matrix U(t, s) = U(t)U_l(s) is the solution of Eq. (4.3) satisfying U(s, s) = I.
Therefore, it is the sum of the absolutely convergent series

rt
U(t, s) =1+ J

t s
1
A(sl)ds1 + Js A(sl)ds1 J A(sz)ds2 + ...

S S

whence
HU(t, S)Il < e(t-s)w(t)
and turning to (4.4) we find that for n <t <n + 1,

w(t) w(t)

By, () 1] 2 (wy(e) + D™, B (O)]] < w (e (4.12)
By virtue of (4.7) and the latter inequality, the matrices I - Bln(n+l) have
inverses for all n > 0 and

[[a - Bln(n+1))’1|| <1+ | (D) || + ||Bln(n+1)f|2 +...<@ -t

From the relation

_ -1
Coel = (1 Bln(n+1)) BOn(n+1)cn

it follows that

‘lcn+1|i < Q- q)_l(wo(n+1) + l)em(n+l)]|cn]|,

and

He Il < @ - @@y + D™ @ | 1]
The application of this result together with (4.12) to (4.10) yields

w(t)

I, @11 < @ ) + DA - 9w, + pRene(m

n+1e(n+1)w(n+1)

+q0 - @ (i) + 1) ) legll-

This inequality implies (4.9) since the functions w(t), wo(t) and (1 - q)_t are
increasing.
THEOREM 4.3. The solution of

x'(t) = ax(t) + ao(t)x([t]) + al(t)x([t+1]), x(0) = ¢ (4.13)

0

tends to zero as t » + « if the following hypotheses are satisfied: (i) a is con-
stant, ao(t), al(t) e C[0, ©); (ii) suplal(t)l =q < 1 on [0, ®») and, starting with

some tO >0,
a(ea +1 - ql) aq1
-—_ = < <M <-a-
e -1 "= "o e -1

(4.14)
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where m, = inf ao(t), MO = sup ao(t), t 2>t

Proof. The solution of Eq. (4.13) is given by (4.10), with

t t
B (t) = Qalt-n) +J ea(t_s)ao(s)ds, Bln(t) _ J ea(t:-s)

on al(s)ds
n n

and n <t <n + 1. Since the functions BOn(t) and Bln(t) are bounded on [0, »), it

remains to show that lim ¢, = 0 as n > ©», The condition xn(n+1) = c

L implies

(4.11), from which c /e , =By a1 ™/ - By, a1 (™) and

C = TI.r, oo

n f1%2 n-1%0°

where

i i
r, = (e + J 219, (g)as)/a1 - I e2(1-9)

a, (s)ds).
i i-1 1

i-1

By virtue of (i) and the first part of (ii),

L ai-e) 1

1 - e a (s)ds| > 1 - la,(s)|ds > 1 - q,.

1 1 1
i-1 i-1

Therefore, 1 - Bl i_l(i) # 0 for all 1 > 1. Let j be a natural number such that
’
i > to, then due to (4.14) we have
a i a(i-s) a a
B (i) = e° + e a.(s)ds < e + M. (e” - 1)/a,
0, 1-1 0 0
i-1
a a
Bo’ jL_1(1) >e" + mo(e -1)/a, i >]
and
a a a a -1 -
BO, i__1(1) < e - a(e” - 1)/a - aql(e - 1)/a(e”™ - 1) =1 9
a a a a
BO, 4o (D > e - a(e” +1 - q)(e” - D/ate” - 1) = - (1-gq,).
Hence,
lBO, oD 2£a@ - qp), 1 - By, 1_l(i.)l 21-4q,02q<1
and

lryl < a, 123,
On the other hand, for 1 < j we use the inequalities

By, ;. (D] < e +Me® - 1)/a = p), ¥ = suplay(®)], £ e [0, =

and

lril <p, /(1 -q) =p-
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The boundedness of the function |ao(t)] on [0, ©) is a result of its continuity and

of (4.14). To finish the proof, we write

-1 n-1
-1 n-
|°n| = |C0| 1_1 |ri| 1—1 |r1| g_pj ¢ 3 |c0|, n>j+1

and here the second factor vanishes as n + ®, The method of proof suggests also the
following

THEOREM 4.4. The solution of (4.13) tends to zero as t ~ + « if the coefficient
a is constant, the functions ao(t), al(t) e c[0, =), al(t) <0 for all t € [0, =)

and, starting with some t. > O,

0

ca(e@ +1)/(e? -1) <m <M <-a.

0 0
THEOREM 4.5. The solution of the scalar problem

N
x'(t) = ax(t) + I a,(t)x([t+i]), N> 2 (4.15)
=0 1

Doy = cpp 10, e, N -1
tends to zero as t > + @ if the following hypotheses are satisfied.
(i) The coefficient a is constant, the functions ai(t) e Clo, »).
(ii) The functions ai(t)(i =0,1, ..., N - 1) are bounded on [0, «).
(1ii) The function aN(t) is positive, monotonically increasing, and
lim aN(t) = ® ag t + o,
Proof. The solution of Eq. (4.15) on the interval n < t< n+l is given by the

formula

N
xn(t) = 150 Bin(t)cn+i’ xn(n) %

where

_ t _ t
By () = 270y Jn (59, (s)as, B,_(0) = Jnea(t-S)ai(s)ds’

(1=1, ..., N).

Since the functions B ](t) are bounded on [0, ©), it remains to prove that

i, [t

e, 0 as n +~ ., The continuity of the solution to (4.15) implies x (n+l) = ¢ +1
n n

and leads to the equation
N-1

= I d,(n+l)c
i=0 i n+

c (4.16)

n+N i’
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with

dl(n+l) = (1 - Bln(n+1))/BNn(n+1), di(n+l) = -Bin(n+1)/BNn(n+1)

(1=0,2, ..., N=1).

We have

a
aN(s)ds = S—;:—l aN(En), n < gn <n+1,

m+1

_ a(n+l-s)
By (WD) = J e

n
hence, by virtue of (iii), BNn(n+1) >0 for all n > 0 and lim BNn(n+l) = ®© as

n > ©. On the other hand, due to (ii), the values

Bin(n+1) =

n+1
J ea(n+1-s)ai(s)ds, i=0, ..., N -1
n

are uniformly bounded for all n > 0 since

la|

|Bin(n+1)l <e suplai(t)l, t e [0, .

Therefore,

|d; (041> | < M/ay (€,
with some constant M > 0. The positive variable

6y = Way(g)
is monotonically decreasing to zero as n - ©, From (4.16) it follows that

N-1

lepn! <6, iEO le gl (4.17)
To evaluate the coefficients c,s ve employ the method developed in [14] for the
study of distributional solutions to functional differential equations. Denote

Mn = max |cj|, 0<j<n.

Then

Icn+NI S'dn NMn+N—1'

Starting with some natural k,

M

an <1, lcn+-Nl < n4N-12

and

n#N  n+N-1°

Hence,

Mo = Mgy m 2Kk (4.18)
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The application of (4.18) to (4.17) successively yields

leramen | < 8™ Toman | < 8™l -

SN LSS RSN L e

Since the sequence {Gn} is decreasing it follows that

lck+N+i+l lidk'l-lNMk-l-N’ is= 0, ceey N -1,

Now we put n = k+N+1, k+N+2, «eey k#2N in (4.17) and use the latter inequalities to

obtain
2 2
lepiomn | < G Mo EUPIPE I G S

2
cees 'ck+3N! s.(6k+1N) LA
that is,
2
lerromanas | < Guaa™ My 120, ooy N - 1.

Continuation of the iteration process shows that

]
legaimeres! < Crea™” Mgy
for all natural j and i = 0, ..., N - 1, and the inequality 6k+1N < 1 implies

CrajNer4s T 0 @S T

THEOREM 4.6. Assume that the coefficients in (4.1) are continuous periodic
matrices of period 1. If there exists a periodic solution x(t) of period 1 to Eq.
(4.1), then A = 1 is an eigenvalue of the matrix

N
S = 150 Bio(l)’
where Bio(t) are given in (4.4), and x(0) is a corresponding eigenvector. Conversely,
if A = 1 is an eigenvalue of S and o is a corresponding eigenvector and if the
matrices BNo(l) and Boo(l) are nonsingular, then Eq. (4.1) with the conditions

x(i) = cor 1= 0, ..., N-1 (4.19)

has a unique solution on -® < t < ®, and it is l-periodic.
PROOF. Suppose that x(t) is a solution of period 1 to Eq. (4.1) and let x(0) =
< # 0. Since x(n) = x(0), for all integral n, we have e, =< and, according to

(4.5), the assumption ¢ = 0 would mean x(t) = 0. Putting t = n+l in (4.5) gives
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-1 N (n+l -1
¢ = Um+1)(U "(n) + I J U (s)Ai(s)ds)co.
i=0 ‘n

From the relation A(t+n) = A(t) it follows that U(t+n) is a solution of Eq. (4.3).
Hence, U(t+n) = U(t)Cn, and to determine the matrix Cn we put here t = 0 which

yields U(n) = U(O)Cn, that is Cn = U(n). Now we can write

U(t+n) = UCE)UG), U+)U L) = u@), U l(edn) = UL (m)u~ L)
and since Ai(t+n) = Ai(t) we observe that
o L -1 L 4
In U (s)A,(s)ds = J U “(s+n)A.(s)ds = U (n) J U (s)Ai(s)ds,
n i 0 i 0

Therefore,

N 1o,
W@ + U J U (s)A, (s)ds - ey = 0
1=0 0

and, taking into account (4.4), we conclude that
N

 z

B, (1) - I)c0 = 0. (4.20)
1=0

i0

This proves the first part of the theorem.

According to (4.5), the solution of problem (4.1) for t > 0 is

t o
J U (s)Ai(s)ds)c (4.21)

N
_ -1
x(t) = U@ (U “([eDep + I ( [t] [e+1)

i=0
and if the coefficients of (4.1) are l-periodic, it has a unique backward continua-
tion on (-», 0] given by the same formula (4.21). Indeed, on the interval [-n, -n+1)

Eq. (4.1) becomes

N
x(8) = A(E)x_(6) + I A (t)e

1=0 -n+i’
where C i = x_n(—n+i), and its solution
1 Nore
x (t) =)W “(-n)e + I (J U “(s)A,(s)ds)c ) (4.22)
~n -n 1=0 _n i -n+i

can be written in the form (4.21). It remains to show that the coefficients c

[t]

satisfy the same difference equation for both positive and negative values of t.

From the derivation of (4.20) we note that
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N
= 4.2
iEo Bio(l)cn+i’ n > 0. (4.23)

“n+1

For t = -n+l formula (4.22) gives

= U(-nt1) (U (-n)c _+ I (

-n+1 -n

N -n+l
: ]

U_l(s)Ai(s)ds)c_n+i)

i=0 -n

Since A(t-n) = A(t) and Ai(t—n) = Ai(t), we have

U(t-n) = U(t)U(-n), U(-a+1) 0 (-n) = u(1), v (t-n) = U_l(-n)U-l(t)

and
-+l - -1 1
I U (s)A,(s)ds = I U “(s-n)A,(s)ds) = U “(-n) I 1) (S)Ai(S)dS
-n i 0 i 0
The equation
N
C 41 = U(l)(c_n + iEO(JOU (s)Ai(s)ds)c_n+1 (4.24)

for the coefficients c coincides with Eq. (4.23) for ¢y The representation of
(4.24) as

N

ZB(Me . (4.25)

B .. ()c =
00 -n i=1

Contl ~

shows that since the matrix Boo(l) is nonsingular, conditions (4.19) uniquely deter-
mine the values c for all n > 1. This proves the existence and uniqueness of solu-
tion to Eq. (4.1) satisfying (4.19). To establish its periodicity, we put n = 0 in
(4.23) and invoking (4.19) obtain

N-1

(L Bo(D) - Dey + Byg(Dey = 0.

I B
i=0
Subtracting this relation from (4.20) gives BNO(l)(c0 - CN) = 0, and cy = ¢+ For

n =1, it follows from (4.23) that

N-1
(I

I B - Deg + ByyDeyy = 0,

and combining this result with (4.20) yields c c Continuing this procedure

N-1 - o°

confirms that c, = for all n > 0. To prove that e, = for n > -1, we consider

) o
(4.25) together with (4.20). Finally, on each interval [n, n+l) problem (4.1) -

(4.19) is reduced to the same equation
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N
x"(t) = A(D)x(t) + (T A,(E))c,, x(n) = ¢
i 0 0
i=0
which concludes the proof.

The initial-value problem

N (1
x'"(t) = A(t)x(t) + T Ai(t)x (), x0) = ¢ (4.26)

i=0 0
with r x r - matrices A(t) and Ai(t) € CN_l[O, ©) and r-vector x(t), can be treated
similarly to (3.20). Assuming that xn(t) is a solution of Eq. (4.26) forn <t < n +
1 satisfying the conditions

(1)
x 7 (n) = chyr 1=0, oo, N

we have

N
xr'l(t) = A(t)xn(t) + ZOAi(t)cni (4.27)
i=

Since the general solution of the homogeneous equation corresponding to (4.27) is N
times differentiable, we may differentiate (4.27) i - 1 times and put t = n. This

gives

i-1 N
~ i-1,,(i-1-3) (i-1) -
¢y = on( el O, + kEOAk @c,, 1=1, ..., N. (4.28)

The formula for xn(t) is

N Noe
xn(t) = U(t) (U (n)cnO + I J U (s)Ai(s)cnids),

i=0 ‘n
where U(t) is the solution of (4.3), and xn(n+1) = cn+l’ o implies
-1 N n+l -1
a4l 0 " Un+1) (U “(n)c o + 150 Jn U “(s)A,(s)c . ds). (4.29)

Now we solve the system (4.28) for the unknowns i (i=1, ..., N) and substitute

these values in (4.29), to obtain a recursion relation between c and c¢_,. Since
n+l, O n0

S0 = %o is given we can find .0 (and Cni) for all n > 1. Thus, we proved

00
THEOREM 4.6. Problem (4.26) has a unique solution on [0, «) if the matrices
A(t) and Ai(t) € CN—l[O, ©) and system (4.28) has a unique solution with respect to

the vectors c_,.
ni
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THEOREM 4.7. Suppose the equation
x'(t) = A(t)x(t) + B(t)x([t+N]) + £(t, x([t]), x([t+1]), ..., x([t+N-1])),(4.30)
N > 2)
satisfies the following hypotheses.
(i) The matrices A(t), B(t) € C[0, ©), and f is a continuous function in the

space of its variables.

+1
(ii) The matricesjn U-l(t)B(t)dt are nonsingular for all n > 0, where U(t) is
n

the solution of (4.3).

Then (4.30) with the initial conditions (4.1) has a unique solution on [0, «).

PROOF. Onn <t <n + 1 Eq. (4.30) takes the form

Al -
X (8) = A(D)x (6) + B(E)e o+ £(t, ey ¢ 1y ey c ),

Cj =x(j), j =n, ntl, ..., n+N.
Hence,

t
xn(t) _ U(t)(U—l(n)cn + Jn U°1(s)B(s)cn+Nds +

s C

ntl’ **' Cpan-1)98) -

t 1
+ J U “(s)f(s, ¢
n n

For t = n + 1 we have

n+1

- u(n+1)(u'1(n)cn +( Jn u‘l(s)s(s)ds)cn+N + (4.31)

C

cees C

n+l’

n+l -1
+ Jn U () f(s, % € n+N-1)ds) .

Hypothesis (ii) allows to solve (4.31) for LN and to find all coefficients <

successively by employing conditions (4.1).

In conclusion, we consider the scalar equation

x'(t) = £(x(t), x([t]), x([t+1])), x(0) = o> (0 <t <, (4.32)
If in the ordinary differential equation with parameters

LI

X' = £(x, A, W, £(x, A\, W e C®) (4.33)
f(x, A, W) # 0 everywhere, then there exists a general integral

F(x, A, W) =t + g(}, v,
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with an arbitrary function g(X, w). If x(t) can be extended over all t > 0, then for
the solution xn(t) of (4.32) onn <t <n + 1 we have the equation
A

xn = f(xn: cn» cn+1)9 xn(n) = Cn- (4.34)

Hence, if A = S M= g then

F(xﬂ’ cn: cn+1) =t + g(cn, Cn+1)-
For t = n this gives
F(cn’ n? cn+1) =n+ g(Cn’ cn+1)’
and
F(xn, e cn+1) =t + F(cn, s Cn+1) - n. (4.35)
Now we take the solution of (4.32) on [n+1, n+2) that satisfies x(n+l) = Coel® Since
xn(n+1) = xn+1(n+1) we put t = n+l in (4.35) and get
F(Cn+1’ n’ cn+1) - F(Cn’ n’ cn+1) = 1.
This equation can be written as
c
Jn+1'de—x'——c—3‘ = l,l (4.36)
n * e Can

which also follows directly by integrating (4.34) from t = n to t = ntl. After this,
we relax the condition that f(x, A, u) # 0 everywhere. It is easy to see that we may

)

always suppose f(x, c s cn+1) #0, x¢ (cn, cn+1) since the assumption f(c, S0 Snal

0 for some c € (cn, cn+1) leads to the conclusion that the constant function xn(t)

= ¢ is a solution of Eq. (4.34) on the interval n <t < n + 1. However, this solu-
tion does not satisfy the condition xn(n) =c, because c # cy- On the other hand, if

f(cn, c, c

n n+1) = 0, then xn(t) =c is a solution of problem (4.34) on [n, n+l). By

]

virtue of the condition xn(n+1) xn+1(n+l) = , we have ¢, =¢ and f(cn, .

“n+1 n+l
cn) = 0. Thus, we proved
THEOREM 4.8. Assume the following hypotheses:
(1) £(x, A, W € C(R) and £(x, x, x) # 0 for all real x.
(ii) The solutions of Eq. (4.33) can be extended over [0, =).

.

(iii) Eq. (4.36) has a unique solution with respect to €yl

Then problem (4.32) has a unique solution on [0, ») given by formula (4.35) for



DIFFERENTIAL EQUATIONS WITH PIECEWISE CONSTANT ARGUMENT DEVIATIONS 703

t € [n, n+l], where

F(X, Aa U) = ITxd“;:_u—)‘ .

If f(cn, s cn) = 0, then x(t) = < is a solution on [n, ©) of Eq. (4.32) with

the condition x(n) = .

10.

11.

12.

13.

14.
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