internat. J. Math. & Math. Sci. 713
Vol. 7 No. 4 (1984) 713-718

SOME RADIUS OF CONVEXITY PROBLEMS
FOR CERTAIN CLASSES OF ANALYTIC FUNCTIONS

KHALIDA I. NOOR AND HAILAH AL-MADIFER

ilatnematics Department
Science Coliege of Zducation for Girls
Sitten Rozd, Fiyadn, Saudi Arabia

(Received April 21, 1983)

ABSTRACT. In thic paper we consider some radius of convexity problems for
certain classes of analytic functions. Tnese classes, in general, are

related witn functions of bounded boundary rotation.
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1. INTRODUCTIOI.
Let V, be tne class of functions of bounded boundary rotation. Paatero
In

[1] showed tnat a function f, analytic in E = {z:|z|<1},£(0) = 0, f£'(2)=1,

f£'(z) 0; is in vV, if and only if, for z = rele,

K
2m

> (z£'(z))" .
J |Re Tz |9 < kn
0

It is geometrically oovious that k22 and V_=C, tne class of univalent

2

convex function.

A class Tk of analytic functions related with the class Vk nas been
introduced and discussed in [2]. Let f with f£(0) =0, £'(0) =1 be

analytic in E. Tnen feTk, k22,if there exists a function geV,_ such tnat,

k
for zekL,

£'(z)

R
€ e (z)

>0

It is clear t T, ZK i
hat T =K, the class of close-to-convex functions introauced

by Kaplan [3].
Let P
a,n

aenote the class of functions p(z) in z riven cy

- n +1
p(z) =1 +c 2"+ ¢ 2" . 1 ] i
..... » D21, wuicn satisfy tio inequuality
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1, 1
) - = _ < 1.
Ip(z) 2a <23 » Ofa<l

The class Pa n has been introduced in [L]. If a=0, tne class
bl
reduces tc the classical class of functions with positive real part.

We shall need the following results in the next section.

Lemma 1.1(k). Let peP ., tnen for 2eE, |z| = r<1
’
n n
. 1l -r . / / 1+
(1) =7 < rcplz) < [plz)] < -
1 +cr I-cr’

s p' (=
TPy

where c¢ = 1-2q.

Lemma 1.2 [5]. If Il and D are analytic in E and N(O) = D(0) = 0, and if D

maps E onto many-csneeted region, which is starlike with respect to the

- .
origin, then ke = > 0=>Fke %->O, zgE.

L
D

Z

N |

Then G(z) =

2. MAIN RESULTS

In all of tne theorems, £ and g will be analytic in E, £'(0)

£(0) = 0. The univalence will not be assumed unless explicitly
THEOREM 2.1. Let geV, and let z%iéls ? . Then f maps |z|< r
k g'(z) " "a,l
a convex domain, where r 1is the least positive root of
2 2
ex” - x“(ck+c) - x(k+1) + 1 =0 .
PROOF: Le: ez - p(z), p(z)e T,
Then
(2£'(z))" _ (ze'(=))' | zp'(z)
£'(z) c'(z) p(z)
Hence
(z£'(z))" (zg'(z))! zp'(2)
R : 2 R - .
€ T () € Te(2) 1 p(z) |
Now, it is known [7] that if V), then
Re (zn:(z?)' s I - kr+1
s'(z) . r2

Using (2.3) and Lemma 1.1(ii) for n=l, (2.2) becomes

J g(t)dt is convex in the disc
0

stated.

onto

(2.1)

(2.2)

(2.3)
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P
(zf'(2))" Cor” = {g+l)er® - (k+l)r +1

\1-r°)(1+cr)

Thus i convex if tue right aand side of (2.1) is positive.

£1(z

Corollary 2.1i. Let =0 (c=1) wzic:u means Re ;,E;;> 0. Then f maps
- _ g

(er2) - &G+
|z] <r = 2= > onto a convex domain. Tnis result was obtained
in [2].

- 5 1 A .
Corc lary 2.2. For a = 3, we nave ;‘,E:; - 1| <1. Tnen f is convex for

N _ i i . 1
For k=h, Vh concizts of univalent functions and r = g.
Thic result is known [4].

Corollzr; Z.5. 1 =0, e&ad k=2, tnen [ maps |z|{<r = 2-/3 onto a
convex domain. Tuis result is weil-znown [8].

REMARKS 2.1. Let 0o=0 and k=L. Tnen we obtain the known result r=3-2/2

of Ratti [9].

cmp o . - . ' (z) i
THEORZY 2.2. Let geT, anl let 5 02) EPa,l' Then f maps |z]<r onto a

convex dcmaln wnere r is the least positive root of the equation

2 o)
ex” - (k+3c)z” - (k+3)x+l = 0 .
£1(z2)
P . = )
PROOF: Let o (2) p(z), where p(z)e Py BE Ty -
Then
o (zf'(2))' (zz'(z))" zn'(z)
R > -
e o e ey Py
For ge T, it is known (2] tnat
(2¢'(2))" | ro=(k+2)r
Re S2E {2’ . (2.1)
g'(z) 1 -2

Using (2.4) and Lemma 1.1(ii), we obtain the result.

Corollary 2.4. Let a = %-(c=0) and in this case f maps |z|<r = E%g onto

a convex domain. The special case for k=2 is known [4].

Corollary 2.5. rfor o=0 and k=2, T2E K consists of close-to-convex

univalent functions. Tnen the radius of convexity is r=3-2/2. This
result is kxnown [9].

. . £'(z) ; 5'(z)
THEOREIL 2.3. Let Re = (z) >0 and Re §TTZT > 0, where S belongs to the
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*
class S of starlike functions. Tnen f maps lz|< r=1.4-v15 onto a

convex domain.

ROOF: wWe have

£'(z) = S'(z)hl(z)hz(z), where Re hl(z)>0, Re hz(z)>0, 2€E.

That is
v (o)) (2ot (o zn!(z) zhé(z)
“_:n\‘— = -~ :. + -’., +
' (z) =z &, (2) r,(z)
nence
L
[ T} ' Q) zn (Z) Zﬂ'(Z)
Re ‘“;,(Z)) 3 Re (‘i ) i L 2 . (2.5)
£ (z) Nz n.(z) h,.{z)
*
wow it is w2ll rnown [8] taat for 3eS ,
R J 2
oo (222, l=brsr
- (
Re =g 2T (2.6)
1 -r
Also, if Re n{z)>0, then it is known [1U] that
o' (z) or
| = <« = - (2.7)

L(z)

Using (2.6) and (2.7), (2.9) yielu:

(2£'(2))" l—8r+r2

rlz) 72

Re

Hence f 1is convex for |z|<r =4 - /15 .

z) g'(z) 5o
) >0 and Re S7(z) >0 where berk.

_ (k+6) - Nurs)®-l
2

1
THEOREM 2.L. Let Re ;,

Then f maps |z|<r onto a convex domain.

The proof follows on the same lines of Theorem 2.3, by using (2.4).

Corollary 2.6. [f k=2, then SeT,3K. 1In this case f maps |z|<r=4-/15

onto a convex domain.

THEOREM 2.5. Let feV

2z
= ' > C
o and fa(z) fo(f (t))*dt, Ocucl. Then f, maps

|z|<r onto a convex domain, where r is the least positive root of
2
(20-1) x° - ukx + 1 =0 -« (2.8)

PROOF: We have f' (z) =(f'(2z))%, Ocacl.

Thus

(zf3(2))" (zr'(zp' + (1-a) -

£ (z) 4T
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Since feV,, using (2.3), we have

(z£! (2)) 1-kr+r® l-akr#a-1)r"
Re 3 3 a + (1-q) = ————————
fa(z) l-r2 1 - r2

and this gives uc the required resuit.

THEOREM 2.0. Let feT) and f (z) = [(f'(t)7dt. Then £ maps |z|<r

k
onto & close-to-convex domain, where r is tne least positive root of (2.8).
o s , . . Lo f'(2)
I'hO0k:  Since {'el‘k, there exists -:,:;Vk such tnat Re & (z) > U. Let

z
g (z) = f [g'(t)]*dt. Then
¢ 0
. a

(e (z)/g'a (=)= (" (2)/5"(2)) " .
Using theorem 2.5, it follows that [‘u is close-to-convex for
|z|<r, where r is the least positive root of (2.8).
Corollary 2.7. Let fETh’ then f‘u is close-to-convex for |::|<r, where r

is the least positive root of

a
(2a-1)x“-bax+1 =0 .

In this case, if a = —é-, then fu is close-to-close for |z| <% .

Corollary 2.8. Let fe'rk and a = é . Then fa is close-to-convex for

]z|<r = -E . For k=2, we have a result proved in ([11].
Corollary 2.9. For k=2, f €K, see [11).
THEOREM 2.7. Let feT_and F(z) == [ £(t)dt. Then F maps

k
0
|z|<r = % (k - /ke-h) onto a close-to-convex domain.

2
z

L
PROOF: Since f‘eTk, there exists a gcvk such that Re ;—,2% > 0. Let

z
G(z) = %f g(t)dt. We know, from Lemma 1.3, that G is convex for

0
2
|z} <r = k;—z-—_h . Now
z
" (%—Lf(t)dt)'
F'(z) _ _N
G'(z) o (2 D
(;Jg(t)dt)'
and 0
N' _ f'(z)

L' g'(z)
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P

2

1]
So Re %T->0. Applying Lemma 1.2 for |z|<r =

we have Re X > 0, which implies that F is close-to-convex for

D
e
|z|<r = k-—z—:—h' .

Corollary 2.10. When k=2, f€T2E K and hence FeK for zeE. This

result was obtained in [5] by Libera.
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