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ABSTRACT. We cecnsider twe selfmaps T and I of a closed convex subset C of &
Barach space X which are weakly commuting in X, i.e.

T I x=-I7Tx|!<||Ix=-Tx||] forany x in X,
and satisfy the inequality

FTx - Tyl] < al]Ix - Iy|| + (1 - a) max {}|Tx - Ix||, ||Ty - Iy|}}
for all x,y ir C, where 0 <a <1, It is proved that if I s linear and
non-expansive in C and such that IC contains TC, then T and I have a unique
common fixed point in C.
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1. INTRODUCTION.

The second author [1], generalizing a result of Das and Naik [2], defined two
mappings T and I of a metric space (X,d) into itself to be weakly commuting if

d(TIx,ITx) < d(Ix,Tx) (1.1)
for all x in X. Two commuting mappings clearly satisfy (1.1) but the converse is
not generally true as is shown with the following example:
EXAMPLE 1. tet X = [0,1] with the Euclidean metric and aefine T and I by
Tx = »/(x+4), Ix = x/2

for all x din X. Then

"
c

- X X = X
d(TIx, 1TX) = 555 = 7538 = 2x T E)(x ¥ 4)
2

X~ + 2x

S qreEay Iyt Ao
for all x in X but for any x # O:

Tix = x/(x+8) > x/(2x+8) = ITx.
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From now on, C denotes a closed convex subset of a Banach space X. In a
recent paper Gregus [3] proved the following theorem:
THEOREI 1. Let T be a mapping of C into itself satisfying the inequality

HTx = Tyl] < allx - yl| + bl {Tx - x|| + c|{Ty - y|| (1.2)

for all x,y in C, where 0<a<1l,b2C, c20 and a+b+c=1. Then 7T
has a unique fixed point.

Mappings satisfying inequality (1.2) with a=1 and b=c =0 are called
nonexpansive and were ccnsidered by Kirk [4].

Wong {5] studied mappings satisfying dinequality (1.2) with a =0 and
b=c=1.
2. MAIN RESULTS.

We now prove the following generalization of Theorem 1:
THEOREM 7z. Let T and 1 be iwo weakly commuting mappings of C into itself
satisfying the inequaliviy

HTx - Tyl < afl1x - Iy|| + (1 - a) max {||Tx - Ix|| ,[|Ty - Iy||} (2.1)

for all x,y in C, where 0 <a <1, If I is linear, nonexpansive in C and
such that IC contains TC, then T and 1 have a unique common fixed point in
C.
PROOF. let x = X0 be an arbitrary point in C and choose points X1 Xps Xg in
C such that

le = Tx, Ix2 = Txl, lx3 = Tx?.

This can te done since IC contains TC. Then for r =1,2,3 we have on using
inequality (2.1}

HTxr - erll = HTxr - TXr-l‘

A

aHIxr - Ixr-1‘l + (1-a) max {lITxr - Ixrll, llTxr_l- Ixr_lllf

"

allTxr_1 - Ixr_1|| + (1-a) max {llTxr - Ixr||, |[Txr_1 - Ixr-l|l}

and so
HTe = ix s HTx - Ix g1
It follows that
Hx, - I < HTx - Ixd | (2.2)
for r = 1,2,3.
Further
lITx2 - Tx|] = aHIx2 - Ix]| + (1-a) max {HTx2 - Ix2||, [[Tx - Ix||}

A

a(llmxy = Ixg |+ [1Tx - Ix[]) + (1-a) ||Tx - Ix||

A

(1+a) |{Tx - 1x]|
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on using inequality (2.2). Thus

1%, - Ix || < (1+a) [lTx - 1x]|].
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(2.3)

We will now define a point 2z by
z = % X, i Xn.
272 273
Since C s convex the point 2z is ir C and being I Tlinear, we have
Lz =3 Iy + 5 Ing = 5 Txy % % Try.
It foilows that

Tz - 12i] s 5 1172 - Tl +

lalllz - IxIH

+(1-a)

r =

"

w3 lallie - ixyl)

zallliz - x| + |12

on using inequalities (2.1) and (Z2.2).
1z - Dl s 5 1, - 1l +

= %‘llT}l - lell +

< (1+%—,a) [Tx -1

from inequalities (2.2) and (2.3) and

1
11z - Ix, Il = §-||Ix3 - Ix2l|
It follows that
Tz - Tzl| < 3 a(3 +a) [|Tx - 1

and so

[Tz - iz || < a.||Tx - Ix]|
where

A= (4 -a+ az)/4 <1,
We therefore have

1
7Tz - Tx ]

max {||7z - 1z|], lITx1 - Ix}]
(1-a) max {||7z - 1z|], ||Tx2 - Il

- Ixl]) + (1-a) max (|[Tz - Iz||, [|Tx - Ix||}

Now
7 11xy - Ix, ]
2 2 1
1
7 1Tx; - Ix ]

x| |

1
7 I!sz - Ilel < %-IITX - Ix]|.

x| + (1-a) max {||Tz - 1z||, ||Tx - Ix|]}

inf {||1z - 12]] : z = %—xz + % X3} < A inf {1Tx - || : x € C}
and since we obviously have
inf (|72 - 1z]] : z = % Xy + %»x3} > inf {||Tx - Ix|| : x e C},
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it follows that

il
o

int {]]Tx - Ix|]| : x e C}

Each of the sets

IA

K ={xeC:||Tx - Ix|| < 1/n}, H, = {xeC: [1Tx - Ix|] = (a + 1)/an}
(for n = 1,2,...)must therefore be non-empty and obviously

o) o) >
Kl—KZ"”'"Kn . . .
Thus each of the cets TKn’ where TKn denotes the closure of TK", must be

nor-empty for n =1,2,... and

TKI 2 TE; 2. TR 2.

Further, for arbitrary x, y in Kn,

[Tx - Tyl] < a [11x - 1y[| +(1-a) max (|[Tx - Ix|], [|Ty - Iy[[}
< a([[Tx - Ix{{ + [{Tx - Ty[| + ||Ty - Iy[]) + (1-a)/n
< (a+1)/n + a||Tx - Ty!|

and so

a+1
[1Tx - Tyl| <(Tmnm
Thus

1im dijam (TKn) = 1im diam (TR;) =0 .

n>e five

It follows, by a well known result of Cantor (see, for example [6], p. 156),
that the intersection Hfﬁ TK; contains exactly one point w.

Now let y be an arbitrary point in TKn. Then for arbitrary e > 0 there
exists a point y' in Kn such that

HTy' -yl <e (2.4)
and so, using the weak commutativity of T and I and the nonexpansiveness of I,
we have Trom (2.1) and (2.4):

[Ty = Iyll < [Ty - Ty 1]+ Hrryt - 1wy ||+ [Ty - 1yl
allly - 12| + (1-a) max {||Ty - Iy||, |ITIy* - 13|}
+ 1y - Ty ]+ Ty -yl
ally - 1y'[| + (1-a) max (||Ty - Ty[|, [{Tly" - ITy' || + [|Ty* - Iy'{]:
+ 1/n + ¢
a(lly = Ty'|| + 1/n) + (1-a) max {||Ty - Iy||, 2/n} + 1/n + ¢
(1+a) € + (a+l)/n + (1-a) max {|[Ty - Iy||, 2/n}

1A

A

A

A

Since € is arbitrary it follows that
[Ty - Tyl = (a+1)/n + (1-a) max (|[Ty - Iy||, 2/n} . (2.5)

If ||Ty - Iy|| = 2/n, then we have
1Ty - Iyll < 2/n < (a+1)/an.
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1f [Ty - Iyl > 2/n, (2.5) implies
HTy - Iyll < (a+1)on + (1-a). [Ty - Tyl].

So in both cases y lies in H . Thus TK; S H, and so the point w must be
in Hn for n=1,2,... It follows that
HTw - Wil < (a#l)/an
for n=1,2,... and so Tw = Iw.
Since (1.1) holds, we also have ITw = TIw. Thus

T2 - Twl] < al]1Tw - Iw]| + (1-a) max (|[T% - ITw|], ||Tw - Iw||}

A

n

al]Tzw - Twl!

and it follows that Tw = w' is a fixed point of T since a < 1. Further
Iw' = ITw + TIw = TTw = Tw' = w' and so w' is also a fixed point of 1. Now
suppose that T and I have a second common fixed pcint w". Then

Hw' =owt D= [Tw - Tw |
ab|Iw" - Iw"|] + (1-a) max {||Tw' = Iw'[|, [|Tw" - Tw"||}
allw' - w']

IA

A

and the uniqueress of the common fixed point follows since a < 1. This completes
the proof of the theorem.
EXAMPLE 2. Let X =R and C = [0,1] with the usual norm. Let T and I be as
in example 1. 1 1is clearly linear and nonexpansive and further

TC = [0,1/5] C [0,1/2] = IC
Thus

4l |x - 1 - 1
e - Tyl = gy« 3 - - Ly gy

for all x,y in C and inequality (2.1) is satisfied for a = 1/2.

So all the assumptions of Theorem 2 hold and w = 0 1is the unique common fixed
point of T and I.

Letting I be the identity mapping in Theorem 2, we have the following
corollary which extends Theorem 1:
COROLLARY. Let T be a mapping of C into itself satisfying the inequality

HTx - Tyl] < aflx - y|| + (1-a) max (|[Tx = x|, [|Ty - y||}

for all x,y in C, where 0 <a <1l. Then T has a unique fixed point.

The result of this corollary was given in [7].

We note that the weak commutativity in Theorem 2 is a necessary condition. It
suffices to consider the following example:
EXAMPLE 3. Let X =R and let C = [0,1] with the usual norm.

Define T and 1 by Tx = 1/3, Ix = x/2 for any x in C,



28 B. FISHER AND S. SESSA

It is easily seen that all the conditions of Theorem 2 are satisfied except that
of weak commutativity since with x = 1/2

[173(1/2) - 1T(1/2)]] = /6 > 1/12 = ||T(1/2) - 1(1/2)]]

However T and 1 do not have a common fixed point.

We conclude that although the mappings T and I in Theorem 2 have a unique
common fixed point in C, it is possible for them tc have other fixed points, as
proved in the next example:

Example 4, Let X =C = Rz with norm

[TGoy) ] = max {]x], Iy
fer all (x,y) in RZ. Define mecppings T and 1 on R2
T(x,y) = (0,y), T{x,y) = (x,-y)

by

2 2

for all (»,y) in R°. Then for all (x,y) € Rz, (x',y') e R
FT(y) = TOx Sy = 1y - y'l

and

al[T(x,y) = T(x',y") ] + (1-a) max {||T(x,y) - TOGy)], [IT(x',y") - T(x',y' 3]}

a max {|x-x'[,|y-y'|} + (1-a) max {|x], 2|y|, |x'|, 2]y']}

aly - y'| +2(1-a) max {|y|, |y'|}

aly - y'l + (1-a) (lyl + ly'y

ly-y'l|

[\ v "

v

if 0<a<1l. Since T commutes with I and I s a linear isometry, it follows
that all the conditiors of Theorem 2 are satisfied but T and I each have an
infinite number of fixec points.
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