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ABSTRACT. Let Vi(u,b,p)(k > 2, b#fo 1is any complex number, o < a < p and ik| < m/2)

denote the class of functions f(z) = zP + n§p+lanzn analytic in U = {z: |z| < 1}

having (p-1) critical points in U and satisfying

zf"(z)

) " p)] - acosA}l

ii 1
om Re{e [P+E(l+

lim sup S | d6 < km cosA.

r>17 p-¢
In this paper we generalize both those functions f(z) which are p-valent convex of
order @, o< o < p, with bounded boundary rotation and those p-valent functions f(z)

for which zf'(z)/p 1is A-spirallike of order a, o < a < p.

KEY WORDS AND PHRASES. p-Valent, starlike, convex, spirallike functions, functions
with bounded boundary rotation.
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1. INTRODUCTION.

Let Mk(k > 2) denote the lower class of real-valued functions m(t) of bounded

variation on [0,27] which satisfy the conditions 62“dm(T) = 2 and 62" |dm(t) | < k.

Let Ap, where p 1is a positive integer, denote the class of functions f(z) =

® n . L
P+ n£p+l a z  which are analytic in U = {z: |z| < 1}. For f ¢ Ap' we say that f

A
belongs to the class Vk(u,b,p)(k >2, b # o0 is any complex number, o < a < p and

|A| < m/2) if there exists & > o such that

rele f"(reie)
f'(rele)

2m

6 Re { 1+ } de=2pm (1-6<r<l) (1.1)

and

Re { ei)‘[p+% (1+ z£7(z) p)] - occosA}

2m £'(z)

lim sup 6 |de < kmcosA. (1.2)

r > 1 p-a
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condition (l.1) implies that f has (p-1) critical points in U.

1t is noticed that, by giving specific values to k,a,b,p and A in V:(u,b,p),
we obtain the following important subclasses studied by various authors in earlier
papers:

(1) Vi(o,l,p) = V;(p). is the class of p-valent functions investigated by Silvia
[13.

(2) Vi(o,l,l) = Vk’ is the class of bounded boundary rotation introduced by

Lowner [2] and Paatero [3, 4] V:(a,l,l,) = Vk(u), o <a <1, is the class of func-

tions f(z) € A, studied by Padmanabhan and Parvatham [5], Vi(o,l,l) = Vkl, is the

1

class of functions f(z) € A, investigated by Moulis [¢] and Silvia (7], Vi(a,l,l) =

1

A
Vk(a) , 0 <o <1, is the class of functions f(z) € A, investigated by Moulis [8],

A

1

Vi(o,b,l) = Vk(b), is the class of functions f(z) € A introduced by Nasr {9] and

1
Vi(a,b,1)= V:(a,b), is the class of functions f(z) € A1 investigated by Lakshma[DD, 1]
(3) V;(o,l,p) = C(p), is the class of p-valent convex functions considered by
Goodman [ 127, Vg(a,l,p) = C(a,p), is the class of p-valent convex functions of order

a, o <a <p, V;(o,l,p) = CA(p), is the class of functions f£(z) € Ap for which

A
zf'(z)/p 1is A-spirallike in U, V;(a,l,p) = C (a,p), is the class of functions

f(z) € Ap for which =zf'(z)/p is A-spirallike of order a, o < a < p, Vg(o,b,p) =
C(b,p), is the class of p-valent functions satisfying

z£"(z)
£'(z)

The class C(b,p) introduced by Aouf [13] and finally for k=2 any function £(z) €

Re [p + 3 (I+ -p] > oz e
A A )
V,(a,b,p) = C(a,b,p) if and only if

ix 1 zf" (z)
Re e [p + b (1+ 7(2)

-p)] > o cosA , z € U.
Also from Vi(a,b,p), we can obtain the following important subclasses:
(4) Vi(a,l,p) = Vk(a,p), is the class of p-valent functions f£(z) € Ap satisfying

z£f"(z)
20 lRe {1+ —f—,—}
p-a

(2) | d8 < km,

lim sup J
1" 0

i.e., f(z) € Vk(a,p) if and only if

£'(z) = pzp’l{exp -(p-a) 62ﬂ log(l—ze_ic) dm(t)} , m(t) € Mk .
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(5) Vi(a,l,p) = Vi(a,cos e~iA,p) = Vi(a,p), IA[ < %, is the class of p-valent
functions f(z) € Ap satisfying
zf"(z)

f'(z)
p-a

o Re { elx(l+ )} -a cosh
| d6 < km cosA

lim sup [
r>1" 0

ie., f(z) € v;(a,p) if and only if

log(l—ze-it) dm(t)}, m(t) € M

f'(z) = pzp_l exp { -(p-a)cosh e_ix 62ﬂ

»
(6) Vz(o,b,p) = Vk(b,p), is the class of p-valent functions f(z) € Ap satisfying

zf"(z)
£'(2)

lim sup 727 |Re {p + % (1+ - p)} | d8 < kmp,
0

r>1”

i.e., f(z) ¢ Vk(b,p) if and only if

f'(z) = pzp_l exp {-pb 62“ log(l-ze—it) dm(t)}, m(t) € M, -

(7) Vﬁ(a,b,p) = Vk(a,b,p), is the class of p-valent functions f(z) € Ap satis-

fvi
e 1 zf" (2)
2m  Re {p+ 1+ () " pl}-a
lim sup J |d9 < km,
o p-a -

1"

i.e., f(z) € Vk(a,b,p) if and only if

f'(z) = pzp—1 exp {-(p-a)b 62" log(l-ze-it) dm(t)} , m(t) € M -
We state below some lemmas that are needed in our investigation.

LEMMA 1 (101, h(z) € Vp(a,b) if and only if

(1) h'(z) = exp{-(l-a)b cosi e-iA 62ﬂ log(l—ze-it) dm(t)}, m(t) € M .
-iA
(2) h'(z) = [fvl(z)](l'a)b coslie , fl € Vk .
b coske_ix
(3) h'(z) = [fé(z)] s f2 € Vk(a)-
@ w@) = @1V e e v
(5) h'(z) = [£.()]1°, £, € v'(a)
4 o by & VL)
-iX
6) h'(z) = (55217 e T ey o)
(7) there exists two normalized starlike functions sl(z) and sz(z) such that
K+2 (1-a)b cosr e 1t
sl(z) 4
. [ 2 ]
£'(z) = { ____________EEZ }
5,(2) 4
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LEMMA 2[10]. If h(z) belongs to Vi(a,b), then H(z) 1is defined by

z+a )
1+az
2(1-a)b cosle~1A

h'(

H'(z) = —
h'(a)(l+az)

H(o) = o, |zl <1, lal < 1 1is also in the class Vi(a,b) .

LEMMA 3[10). Suppose h(z) =z + bzz2 + b3zz + ... belongs to Vi(a,b) then

Ib,| < %(1- @) |b| cosh ,

)l =

and

2
< %(l—a) Ib| cos A[1-(1-a) |b]cosA %—] )

lbgl <

These bounds are sharp, with equality for the function h(z) € Vi(a,b) defined by

(1 - a)b coske_lx

(1-z)
+1

h'(z) =

[SIE S EESTE

(1+2)
LEMMA 4[1], g(z) € Vi(p), p>1, if and only if g'(z) = pzp—l[fé(z)]p for

A
some f3 € Vk .

2. REPRESENTATION FORMULAS FOR THE CLASS Vi(a,b,p) .
LEMMA 5. fi(z) VéYa.b,p) if and only if

(p-o)
f'(z) = pzp-l[h'(z)] l-a pzp-1 + T zn-l (2.1)

for some h € Vi (a,b).

1 (g:g) 1 1
[ - P- ' -Q - p- © n-
PROOF. Let f'(z) pz [h'(z2)] pz + n£P+1 naz for

_ 2 n A
h(z) = z + nEZ bnz € Vk(a,b), zeU.
By direct computation, we obtain

ry X "
DY, {e*[p + % (1 + zi.g;; - p)] -acos A}
J |de =
0 p-a
i 1 zh'"(2)
Re {e "[1 + = ==>=%] - a cos) }
IZﬂ b h'(z) |d0
0 1-a

and the result follows from (1.2).

An immediate consequence of Lemmas 5 and 1 is
THEOREM 1. f(z) ¢ Vi(a,b,p) if and only if

iA 27

(1) f'(z) = pzp-1 exp {-(p-a)b cosr e [ log(l-ze-iF)dm(t)}, m(t)e Mk .
0
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-iX
@) £'(2) = pP e PTIP COShe Th g ey
-1 1:2) b cosA e_iA
(3) £'(2) = p2P [£3(2)] L £, €V (0) .
@ @ = ey @1 P e
i E=Dn
) £ =Pl @1 Y, e v @)
6 £ - pP N rr @ @t )
pz 5 » tg Kk .
(7) there exists two normalized starlike functions sl(z) and sz(z) such that
k+2  (p-a)b cosre A
By
' _ p-1 z
f'(z) = pz =
§,(2) 4
z

Also an immediate consequence of Theorem 1 (4) and Lemma 4 is
THEOREM 2. £(z) € vi(a,b,p) if and only if
-1 ' A
£z = pPTt (BEL P e v
3. COEFFICIENT ESTIMATES FOR THE CLASS V;(a,b,p).

p o
THEOREM 3. If f(z) = z" + L

n A
nip+l az € Vk(a,b,p), then

( ;+IG)] k |b| cosr , 3.1

1A

|

- k2 k2
Iap+2| < p(f;r%ﬂbl cosh {[1 - (1-a) [blcosr 3=1 + (p=1) [b] cosh =1 (3.2)

These bounds are sharp with equality for

% -1 (p-a)b cosA e-ik
-1 ,(1-2)
fh(2) = paP7h (22— (3.3
(1+2)% + 1
PROOF. By Lemma 5, there exists an h(z) = z + ngz bnzn € Vi(a,b) such that
p-o

, bl = n-1 _ _ p-l ® n-1, G=) 3.4

£'(2) pz + n£P+1 naz pz [1+ n£2 n bn z ] ( )

Expanding the right side of (3.4), we obtain
"(z) = pzP7! P=%), P p=@ p=%y (pzlyy 2y ptl
f'(z) = pz + 2p(T5)byz" + p{3(l-a)b3 + 2(73) (=)b, } oz + ... (3.5)

Equating coefficents from (3.5) and (3.4), we have
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= 2p(2=2
(+Da = 200200,

- —a, p-1.. 2
(pD)a,, p3ETD by + 22 Bb, )

Thus the result follows from lemma 3.

4. SHARP RADIUS OF CONVEXITY OF THE CLASS Vi(u,b,p).
LEMMA 6. If f € Vi(a,b,p), then the transformation Fa satisfying

p-lzp-l f.(z+a

pa V)
F;(z) = 1+az — Caeu .
f'(a)(z+a)p_1(1+§z)2(P-“)b cosh e - p+l
and F_(0) = o, is in Vi(u,b,p) for all |a| < 1.

The proof of this lemma follows by using lemmas 5 and 2.

LEMMA 7. For Izl <r and f ranging over Vi(u,b,p), the domain of values

of zf"(z)

7 (2) is the disc with center

L2(p-0)Re (b cosre M}~ p+1] r24(p-1) 2(p-0) Im{b cosre **} r2
1-r? ’ 1-r?

)

p(p—a)klbl cosA r
2

and radius
1-r

PROOF. Whenever

p-2
_ P © n A f"(z)-p(p-1)z - _
£(2) =2° + 2 a2z € Vi(a,b,p), lm { o1 }=p(p Da -

A © n A
For f € Vk(a,b,p), let Fa(z) = zP + n§p+1 Anz € Vk(a,b,p) be given by Lemma 6

for |a| < 1. By direct calculation we have

£'(a) _ pl2(p-a)b cosh e P-pr1]|a|24p(p-1) . (4.2)

P(DA ) = p(l-a| gy -

Combining (3.1) and (4.2), we obtain

|£7(a) _ [2(p-a)b cosh e pr1)]a| 2+ (- . p(p-a)k|b|cosh

T < (4.3)
£1(a) a(l-|a|2) (1-|a|2)
From (4.3) it follows that for |z| =r <1,
" -iA
|zf (z) - [2(p-a)b cos) e -p+l]r2+(p-l)| < p(p-a)klblcoskr (4.4)

£() (1-r2) (1-r?)

and the proof is completed.

THEOREM 4. The sharp radius of convexity of the class Vi(u.b,p) is
- 22412 2 a -1ix 1
r = 2{(p-a)k|b|cosr + [(p-a)2k?|b|2 cos?A - 4(2(1- ;)Re(bcosle }-01 (4.5)

PROOF. From (4.4), we have
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-iA
2E(zy. 1H(Q2(= Db coste -D)r?

ELR-a)klblcosA r
fv(z))‘P( )l <

| (1+ .

1-r? I-r

which implies that

1-(p-a)kbcost r+(2(1- 2) Re(b cost e I 2

f“(Z)
Re{l+ Z } >
e ) > pl 2 |
zf'" (z) .
Therefore Re{l+ f'(z)} > o for |z| <r, is given by (4.5). The function

fx(z) defined by

k s
2 = 1 (p-a)b cosk e 1A ,
-1 (l-ez)
£3(2) = peP (R (4.6)
‘2- + 1
(l-€z)
r+ ei)‘/g r-= eix/%—
when z =r, e=—P€ * 0 and € = P& __ b
ir /5 .//5
1+rpe 2 l—rpeﬂ b

shows that the bound in (4.5) is sharp.
5. DISTORTION AND ROTATION THEOREMS FOR THE CLASS Vi(a,b,p).
In [11} Lakshma used variational method to solve the extremal problems for the
class Vg\a,b). He proved the following:

LEMMA 8[11] Let £ # o be a given point in U and let H(xl,xz,...x ) be

n+l
analytic in a neighbourhood of each point H(h'(E),(h"(E),...,h(n)(E),E), h e V:(a,b).
Then the functional

J(h') = Re H(h'(E),h"(£),...,h™ (&),E)

attains its maximum (or minimum) in Vi(a,b) only for a function of the form

-iX -iX
M B.(l-a)b coshe b N -a:(1-a)b cosA e
= - it l-e.z) 3 5.1
h'(z) jgl (1 &‘jz)J 54 ( j ) (5.1)
M k N k
where M <n, N <n, |sjl = lej| =1, j£1 Bj <3 -1, jgl aj <5 +l.
LEMMA 9[11]. If h(z) € Vi(u,b), then we have
& - Da & - na
min (l-ez)2 max (l-€2) 2
lePi0|e] - 1|Uzea) c@l < le™e] =1 . :
5+ Da 7+ DA
(l-ez) (l-ez)
where A = (l-a)b cos)X e_iA .

Bounds are sharp with properly selected e and € with M =N=1 in (5.1).
LEMMA 10[11]. If n(z) € Vi(a,b), then for |z| = r < 1, we obtain

|arg h'(z)| < (1-a)k| b|cosA arc sin |z].
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The proof of the following two theorems follows from Lemma 5 and the above bounds.

THEOREM 5. If f € Vi(u,b,p), then for |z| =r < 1, we obtain

k
G- DB G- DB
le[P20e] - 1|4hmem) < (ELE o fefmeee] - 1| Uen) :
G+ B pzP G+ B
(l-ez) (l-ez)

—ix
where B = (p-a)b cosi e . .

&
Bounds are sharp with equality for f'(z) = pzp 1[h'(z)]1 o , where h(z) is defined
by (5.1) with properly selected e and € with M =N = 1.

THEOREM 6. If f € Vi(a,b,p), then for Izl =r < 1, we obtain

larg £'(2)]| < (P-l)6 + (p-a)k |blcos) arc sin lzl.

6. HARDY CLASSES FOR THE CLASS Vi(a,b).

In order to obtain the H" classes for the class Vi(a,b), we will use the
following lemmas.

LEMMA 11[ 7). IF f3 € Vi. Then for |z|= r, larg fé(rele)l < k cosA arc sin r.

_H
LEMMA 12[14]. If f£' ¢ H'(o < p < 1) then f e H' ¥ where, for u=l, H  is the
class of bounded functions.

1
= -1
LEMMA 13[15]. If f(z) ¢ Hu(o < u<1) and f(z) = n£ a zn, then a = o(nu ).

o “n
LEMMA 14[1]. If £, ¢ vi, then f} ¢ B for all u < —2—— and £, € H"
cos2A (k+2)
for n < —————:é———————-, cos?x > (kiZ) . Furthermore, if fé is not of the form
[cos?A (k+2)-2]
A -iA
£1(z) = [£ '(z)]°°%" ¢© where f is given by
3 o o
k
e ~Ga) _
fé(z) = (l-ze j'co) 2 exp (52" -log(l-ze it)dm(t)} (6.1)

(m(t) a probability measure on [0,27]), then there exists 6 = 6(f3)> o and

€ = £(f3)> o such that

(2+6) (2+¢)
f3(2) ¢ HCOSZA (2 ana £y € H[COSZA G42) =21 £ cos?h > zi%fj .
THEOREM 7. If h e Vi(a,b), Re{ b} > o, then h'c H' for all
W< 2 and h e H' for n < 2 ,

(1-a)Re{ b} cos?A(k+2) [(1-a)Re{ blcos?A(k+2)-2]
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where cos?) ><—~————JA———————- . Furthermore, if h' is not of the form h'(z) =

(1-a)Re{ b} (k+2)
-ix
[f&(z)](l_a)b = [fé(z)](lua)b cosie where fo(z) is given by (6.1), then there

exists € = e(h) >0 and &§ = §(h) > o such that

2 2

+ and S+
he [(1-a) Re{ blcos2x(k+2)] hed [ (1-a)Re{ b}cos2x(k+2)-2]

2
2 - e
for cos™ > T 3Rel BT (k¥ 2)

PROOF. If h e Vﬁ(a,b), then it follows from Lemma 1(4) that

- A
@) = (@10 e

Then
[h'(z)|u = I'E:"(z)l‘J (1-a)Re{ b} + exp{-u(l-a)Im{blarg fa(z)}.

By Lemma 11, the exponential factor is bounded. Thus the result follows from Lemmas

12 and 14, From Theorem 7 and Lemma 13, we obtain a growth estimate for the Taylor's

A
coefficients of h e Vk(a,b).

3 n A 2 2
COROLLARY 1. If h(z) =z + n22 bnz € Vk(a,b) and cos‘\ > (I<)Re( BY(kF2) *
then [(1-a)Re{ blcos?h (k+2)=4]
2
b =o0 (n ) .
n
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