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ABSTRACT Let MB(a) [a 2 0 and 8 > 0] denote the class of all functions
f(z) =z + z a, 2"
n=2

analytic in the unit disc U with f'(z)f(z)/z = 0 and which satisfy for z= re'e U
the condition

6

2 _ zf! (z) zf"(z)

.{; Re{(l u)——r‘)— a(1+m)>de>-3n

for all €, > 6. In this note we show that each feMB(a) is close-to-star of order
s when o0 < g <
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I. INTRODUCTION.
A shall denote the class of all functions

f(z) =z + zzanz

n

analytic in the unit disc U = {z:]|z|<l} and S shall denote the subclass of func-
tions in A which are univalent in U.
Let o0, B20, and let f ¢ A with f'(z)f(z)/z = 0 in U, and let

Ile 0 = (1-a) 2 o 2y (1.1)
If for z=re'cyr
9

/G; {ReJa,f)} do > -gn (1.2)

whenever O < 61 <6, < 2n, then f 1is said to be an « -close-to-convex function of
order 5 or fe Me(a). The class MB(a) was introduced by Nasr[1].
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It was shown [1] that MB(a)C:S if and only if 0< B < a.

Note that MB (1) = KB’ is the class of close-to-convex functions of order B8
introduced by Reade [2] and studied by Goodman [3] for B 2 1 and by Pommerenke [4]
for 0<g <1, and MB(O) = RB is the class of close-to-star functions of order 8
introduced by Goodman [3]. Moreover Mo(a) = M(a) s the class of a-convex func-
tions introduced by Mocanu [5], and MY/a (%) = BY(a), a > 0, is the class of
Bazilevi& functions of order y introduced by Nasr [6].

In this note we continue the investigation of a-close-to-convex functions of
order B studied in [1].

2.  RESULTS

In this section we show that each f ¢ Ms(a) is close-to-star of order g when
0<g<a. For o> 1weshoweach fe M (a) is close-to-convex of order § when
0<psa and if fe Ms(a), then f ¢ MB(Y) when 0<B <7y <a.

We assume, unless otherwise stated, that 6 is a real number, that 0 < r <1
and that z=reie. Also that 0 < B < a.

We shall need the following result.

LEMMA 1: If f ¢ MB(y), then the function h given by

h(z) = f(z) « (2f'(2)/f(2))*

belongs to RB . (The powers taken are the principal values).

PROOF: Let f ¢ MB(a). If we choose the branch of (zf'(z)/f(z))* which is
equal to 1 when z = 0, a simple calculation shows that the function h defined by
{2.1) belongs to RS .

THEOREM 1: If f ¢ MB(a) then f ¢ RB .

PROOF: Since f ¢ MB(a) , it follows from Lemma 1 that

a d 1/a 0,
f 2 —-— h(z) f pa \
dx _ zh'(2) o
Red =————=— ¢d6 = Re de > - 7B. (L.C)
e] {dz f(z)l/a } 91 { h(Z; }
In (2.2) we choose the branches for f(z)l/a and h(z)l/a for which
) re = ()t (2.3)

"

with value 1 for z=C. If we use (2.1), (2.2) and (2.3) it is easy to prove that

—{;ez Re {h(z)/f(z) l/a}de > - 7B, (2.4)

In fact, since f s univalent, we can let w = f(z), z =2z(w)=f " (w) and
W = oe'¢ to obtain
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1/o
1/a w
h(z) . 1 d [ ]
0 ie 1/a 1/a -1
d[ €z(oe NI 1 » do
0 (pew)
1/a 1/a -~ 1

= P a .
fo d[[fz)ﬂ Vo o do

Hernce

/62 Re{M}dP}:

0 f(2)°

: // re {dlh(z l/u}de e o g
o p 0.
o170 d[f(z)] GO
The result now foilows from (2.1) and (Z.4).

COROLLARY 1: If f e Ms(u), az1, then fe KS'

PROOF: Let f € MB(a), a 21, then

o efez Re {(1+ Zf"( ) } > (a-1) fe?- Re{M}de ey

(2) °1 f(2)

5
Now from THEOREM 1, we have / 2 "(z)/f(z) } > -78,
(]

and therefore 1

o 462 Re {(14. %)} dé > - (a-1)7B - 78 = -amB

and the proof of Corollary 1 is complete.

COROLLARY 2: If f e MB(a), 0<Bsvy<a, ther fe Mg (v).

PROOF:
By THEOREM 1, f e RB’ Suppuse there exists a vy , 0 < B < y < a, such that
f e MB (). Then there is 1 ¢ U for which

) T f'(x if' (1
ARTEE SRS H ) e
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However, for 1 e MB(a),

8 if' (v ) f" (1 f' (1)
o<+ 47 fre (st )} o e Lo e [0py S ] e
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Substituting (2.5) into (2.6), we obtain

a e2 f' (1
0<(1-7)[8n+£1 {Re [;T ]}de].

6 '
But (1 - %)<0 imp]ies./ﬂ 2 {Re [ %{;%11 ]} dé < -mB, which contradicts the assump-

%

tion that f e R,. Thus f e Ms(y).

B

REMARK:

For B8 = 0 we obtain results due to Miller, Mocanu and Reade [7].
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