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ABSTRACT. This paper concerns linear random boundary value problems that contain
random variables in the boundary conditions and weakly correlgted processes in the
differential equations. When the correlation length € 1is small the structure of
the solution is pointed out, and the formulas for the density function of the
solutions are derived. The discussion is given in terms of second order equations,

but extensions to higher order problems are readily apparent.
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1. INTRODUCTION.

For many years it has been of interest to find conditions under which the dis-
tribution of the solution of a random differential equation tends to a normal
distribution.

In 1930, while studying Brownian motion, Uhlenbeck and Ornstein [1] established
that the solution x(t) of certain initial value problems has approximately a normal
distribution.

In 1966 Boyce [2] obtained a similar result for a class of linear self-adjoint

boundary value problems

L[x] = f(t), 0<t<1 (1.1)
with boundary conditions

Ui[x] =0, (1.2)

at the end points. The operator L has the form
z j CONE))
Lixl = (2o (D0 0x T (1.3)

Randomness entered the problem (1.1), (1.2) only through the forcing function f, which
we assumed to be weakly correlated with correlation length € << 1. The solution
y(t) has a property that the distribution function of y(t)//e approaches normal

as € * 0.
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When f, Yo,...,Y are small independent weakly correlated processes,

Y
Purkert and vom Scheid;n1g,;?; Boyce and Xia [5] found a similar and better results by
combining the methods of [2] with perturbation and Chebyshev-Hermite polynomial
expansion.

Here we extend the results of [2] in another way, our problem need not be self-
adjoint and the random parts of the forcing terms need not be small.

When Ym(x) # 0 we can always rewrite equation (l.1) into a standard linear
system, so instead of (1.1) in this paper we consider a general linear system with
random boundary conditions and with weakly correlated processes in the forcing terms.

In Section 2 we will define the problem and derive the functional form of the
solution. Section 3 contains some preliminary results that are required later. The
main results of this paper are in Section 4, that is when € * 0 we can find the
asymptotic approximation for the density function of the solution which has a nice
structure, namely it consists of three functions, one is deterministic; one can be
obtained in terms of the random boundary conditions; and the other, which is the
contribution of the random forcing terms, has the normal distribution. The usefulness
of this expression is illustrated by the examples in Section 5.

2. STATEMENT OF THE PROBLEM AND THE FORM OF THE SOLUTION.

Although the same methods can be applied to higher order problems, in this

section we consider the linear random boundary value problem of the second order

differential equation.

dx(t)
—Fr = ADx(t) + B(E)g(e,0) + G(t) (2.1 a)
21x€0) + D2x(1) = a(w), (2.1 b)

where A(t), B(t), Dj, Do are deterministic 2 x 2 matrices

aj(t)  aja(t) byi(t)  bya(t)
A(t) = , B(t) = (2.2)
az1(t) aza(r) by1(t)  baa(t)
P P off -
D = ’ D = .
dP  oP o WP
c(t), x(t) are 2 x 1 vectors
G(e) = (C1(8),Ca(e)) T 2(6) = (x(6),y(eNT,

and §(t,w), a(w) are random 2 x 1 vectors defined on an underlying probability
space (:,F,P)
T T
g(t,w) = (E1(t,w),8(t,w)) ", a(w) = (a(w),B(w)) .
We are interested in the case in which &)(t,w) and §&;(t,w) and §&(t,w) are
weakly correlated with the same correlation length €. The term "weakly correlated"”

has been defined by Purkert and vom Scheidt [3,6,4] in the following way. Let S =

(tl,tz,(..,tn) be an n-tuple of real numbers and let € > 0 be a positive constant.
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Let S; = (t ) be a subset of S, and suppose that t .. <t . < ...<t

112 Bip0tt oty 11 2 o ik’
this ordering can always be attained by relabeling the elements of Sy if
necessary. Then S; is said to be €-neighboring if

< €. (2.4)

SEeee b7 B £

ey~ tyol <o [y, -ty

A single element subset is always €-neighboring. The subset S is maximally
e-neighboring, with respect to S, if S} is €-neighboring but is not contained in
any larger €e-neighboring subset of S. It can be shown [6] that S can be separated
into disjoint maximally e-neighboring subsets in a unique way. Then a stochastic
process h(t,w) 1is said to be weakly correlated with correlation length € 1if, for

each n,

;w)> (2.5)

<h(t1,w)...h(tn,m)> = <h(t)),w)...h(t
k

w)>...<h(tkl,w)...h(t

1pl’ kp

where <.> denotes the mathematical expectation and the n-tuple S has been separated

),...,(tkl,...,ckp ) with

into the maximally e€-neighboring subsets (tll’---»t
k

k
L) Py =

1py

In this paper we assume that §&;(t,w) and &,(t,w) have the property (2.5), and

without loss of generality we also assume that
<Ep(t,w)> =0, <&r(t,w)> =0 (2.6)

Otherwise we can redefine (C(t) so as to include <§(t,w)?.
For the case n = 2 the condition (2.5) reduces to
0 ,o -] > e
<£i(t1,w) Si(cz,w)> = i=1. 2. (2.7)
Re (t1ot2), e -] <o
Now we consider the form of ;he solution of problem (2.1). Let f(t) Dbe the
fundamental matrix of the homogeneous system corresponding to (2.1). Then g(t)
satisfies
db(t)
dt

= A(o)a(t), £(0) =1 (2.8)

where I is the 2 x 2 identity matrix, 2(t) = (¢ij(t)) is a uniquely determined
and nonsingular 2 x 2 matrix.

With the assumption that (D; + in(l))—l exists we can easily find the funda-
mental matrix of the homogeneous system corresponding to (2.1 a) and the boundary con-

dition (2.1 b). Let this fundamental matrix be ¥(t), then ¥(t) satisfies

ag(t)

T = AOX(E),  Di¥(0) + Df(1) = 1 (2.9)
and is given by

¥(r) = ¥(e)Dy + Dp0(D] L. (2.10)

In order to find the solution of (2.1), we set
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x(t) = y()K(t) (2.11)

where K(t) = (kl(t),Kz(t))T is a 2 x 1 vector to be determined.
If we substitute (2.11) into (2.1 a) and use (2.9), we have

dg(t)

dt

¥(o) = B(t)E(t,w) + C(t).

In the case [D; + ,122?\'(1)]_l exists we find that

dg(t) -1
- ¥ (o) [B(O)E(t,w) + g(B)]

= (D1 + DD () HB(OE(E ) + ¢()],

and then
K (t) t
K(t) = ( ky(t) | = S + 2L©) (f) YO BOE(T,0) + g(1)]dT
(2.12)
1
- (D) [ ENOBE(T,W + ¢(1)] dr
t
-1
2(6) = ¥() e + 0 [ ¥HOEBEOE(T,w) + ¢(1)] dr
0
(2.13)

1
- Dt [ L0 B(ODE(T,W) + ¢(1)] dr]
t

where the boundary condition (2.1 b) has been used to obtain the last two results.
3. SOME PRELIMINARY RESULTS.
In order to obtain the density function of the solution 5(:), we first rewrite

it into the following form

—

t
x(6) = () (e + Y0 [ ¥logmdr - py) [ ¥ logodr
0 t

t 1
+ 0120 | CloBmEtwar - ) | ¥ g dr)
0 t

= ¥()aw) + 8(8) + Y(t,0), (3.1 a)

where

8(t) = (81(8),8,(e))7T

(3.1 b)
t 1
= ¥omo) [ iogmdn - wopn [ o a
0 t
is a deterministic 2 x 1 vector, and
L) = (11(E,w),v2(t,0) 7T
(3.1 ¢)

t
¥(OD1¥0) [¥H (DB (TE(T,w)de
0

1
- w01 ¥ OBME(T,w)dr
t

is a random 2 x 1 vector.
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(1) .
r3(t)

T (1) )
r, (1)

If we set

n) (1)

YD L)Y BT
n3 (1)

(

ny (1)
(nq(r)
(

k

- ¥ (ODRE (DY L (DB

then
Yy (t,w) n(t,w) + ny(t,w)
I(t’m) = = )
Y2 (t,w) n3(t,w) + ny(t,w)
where
t
n(t,0) = [ [0 (DE(T,8) + r(1)E(T,8))dT,
0
1
na(t,w) = [ [n2(1)E1(T,0) + ra(1)Ep(T,0)]dT,
. ?
t
na(t,w) = [ [n3(0)E1(T,w) + r3(1)E(T,w)]dT,
0
1
n(t,w) = [ [ng(1)E1(T,0) + r,(1)Ex(T,w)]dT.
t

g1(t,w)

the same correlation length €,

From now on we always assume that and &o(t,w)

correlated processes with

e » 0, ni(t,w) and nyp(t,w); n3(t,w) and ny(t,w)

have the normal distributions.

501

(3.2)

(3.3)

(3.4)

are independent weakly
then we can show that as

will be independent and they will

In order to prove this and then to obtain the density function of x(t) and y(t),

the following properties are required.

[Property 1] If we have

t
Al®) = 2 [ [ad(ORg (1,0 + rf(OR (1,0)]dT # 0
0 1 2
b 2
Bi(t) = 2 | [n2(DR, (1,7) + ra(ORg (t,T)]dt # 0
t 1 2
then for n = 1,2,...
np % 2n
< ( — > = o
.v/A1€ 2 n!
P SN e 120§ R IR V2 O /LN
: /He‘) 312% " L - 1 a2
;N2 2n
< (/ — > =, o
\,‘/Ble ) 2 n!
(2 n+l . Qo+ D! P32, RN
\ Ve 312" " Y - 1By Y?

are the corresponding main parts of <n%> and <n%>

d>m (see [5,2]).

where Az(t), B3(t)

and O(Cm) denotes the term with the order

(3.5)

(3.6 a)

(3.6 b)

(3.6 c)

(3.6 d)

respectively,
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[Property 2] 1If K K, = 1,2,... and (rl,...,rKl . 1(2)
then
o oo are
eee) [eeo]dTyenedt = 0(e ).
0 0 ":/-,\5 Ky + K2
K1 K2

where the integrand [...] 1is any function having continuous derivatives, and

any fixed number between 0 and 1.
Proof: Consider the case Kj; = 2, Kp =1 for simplicity.
integration is

T € [O’t]’ Ty € [O)t]’ 13 € [tyll

63 = {11,72,73 (11,T2,T3) is €-neighboring

From the definition of €-neighboring we know that if

is e-neighboring

(3.7)

t is

Then the region of

T > T, then

013 -Tp<€,0LT -7 <¢€;and if 1) > 7) then0 {13 -1} <€, 0< T~ Ty €.

The region G3 can be divided into two parts

63 = 6§ U g§?

where
(l) T € [O)t]) Ty € [O;t]) T3 € [t)]»]
G3 = {TI:TZrT3
013 -12<¢, 0Tt -1 ¢
and
(2) T € [O:t]a T2€ [O)t]) T3 € [tal]
G377 = {11,12,73 }.
OST3—‘[1§€, Os‘[l—'l'zsﬁ
Now we consider the distance between the point P = (T;,T,,T3) in Gj
point T = (t,t,t). Because of (3.8) we may assume P € Ggl) and then from

we find that

t{13 <1 +€, t-€<13-€<Tp<t, t-2<(T-€<L71 <£t,

or
t{13<t+e, t-eT1T<t, t-2<LKT <t.

An estimate for the distance p(P,T) is

p(P,T) =V (1) - )2 + (15 - ©)2 + (13 - £)2 <V (2e)% + €2 + €2

=7 6e = 0(¢).
From this estimate we have
'fff [..-] dTldedTa‘

G3

= I [...]lP -7 JJJ[ dtydrpdrsy + 0o(e) [f[ drydrydrs

G3 G3

(3.8)

(3.9 a)

(3.9 b)

and the

(3.9 a)
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I

I[...]lP - JJJJ dtidradrs + o(e) [[[ dridizdrg
03 03

0(e?)

where 03 1s a ball, with center at T = (t,t,t) and with radius max(P,T) < 7/ 6e.
Thus we have proved (3.7); for other K;,K; the situation is similar.

[Property 3] If K;,K; = 1,2,..., and (Tl,...,TK1+ Kz) is €-neighboring then
KoK
t t1l 1
< Joodf Joudf > (Ry + K2)/2
0 0t t = 0(e ) (3.10)
(K; + K2)/2

where we assume that the integrand and t have the same properties as in (3.7).
[Property 4] 1If we assume that the coefficients of equation (2.1 a) have the

properties that A(t) € C1 [0,1], B(t) € CI[O,I], c(t) € CI[O,I], and all the mathe-

matical expectations of different orders for El(t,m), Ez(t,w) have continuous

derivatives, then we have the conclusion that for Kl’KZ =0,1,2,c0s

n\Ki n o\ Kz N (K1 n \Kz
< ) >-X >+ < > = 0(e). (3.11)
v Ale 14 Ble v A]_E v BIE

Proof: For K; =0 or Kz =0 (3.11) 1is obvious. Now we consider

noy K nz2 \ Kz
Ki,Ky = 1,2,.... In order to find the contribution of < > we
v A€ v B€

use (2.5) and consider all different maximally €-neighboring subsets (tll,...TlP yeeey
1

K

(Til""’TiP ),...,(TKI,...,TKP ) with 1 2 lPi = K)+ Kp. These maximally €-neigh-
i K

boring subsets are of two distinct kinds. The first kind consists of all maximally

e-neighboring subsets for which at least one of its subsets has the property that

( ) =« ),

yeee,T. € [0,t], and

T, yese,T T, yeee,T ,T seessT T,
il ipi il 1qi iqi+l 1pi il iqq

T T, € [t,1]. The second kind consists of all maximally e-neighboring

iq .+ | S ipy

subsets for which every subset has the property that Til”"’Tip € [0,t] or
i
Til’...’Tipie [t,1].

Because of (3.6) and (3.10), we know that all integrals on the maximally €-neigh-
boring subsets of the first kind have the order €; and if we notice that all the

integrals on the maximally €-neighboring subsets of the second kind are just the con-

N Ky N kK
tribution of < >< >, then we have the conclusion (3.11).
/Y A€ v B)€

For example, when K; = 2, Ky = 2, we consider



504 N. M. XIA

2 2

Ny N2 tt
1

A€ BjE > = A1B €2 é é

< <[...]> d1)dtpdradTy, (3.12)

1 — -
*—

where
K[eao]> = <[n1(11)E1(Ty) + 11(71)82(T1) 10y (12)81(T2) + 11(12)82(T2)]

[np(13)E1(T3) + T2(T3)8(T3) ) np(Ty)E1(Ty) + r2(Ty)E2(Ty) 1>

For simplicity we only pick the first term in the integrand, that is

tell
1 J I ] [ np(rdni(12)n2(t3)na (1 )<61 (1181 (1281 (13)8) (14 )>d T, dTodT3dTy
ABieZ 00 ¢t t
) tell
- 5 [ 11 ] m(r)nn(ra)na (tadng (T ) <81 (11)81 (12)81 (13)81 (T4 )>dTy dT2dT3dTy
A)B) € oottt
Ri23y
. et 11
+ [ ] m(rng (12)<6; (1)E; (105411 dr2 [ [ na(T3)np (14 ) <6 (13) €1 (1) >dT3dTy
AjBie 00 tt
‘ R)2 R3u
) ttll
- —— [ [ mp(rn(t2)np(13)np (14 )<E1 (11)81 (12)><E1 (13)8) (T4)>d 11 dT2dT3dTy
A1Bje 00t ¢t
(Rp2x R3y) ) Riz3u
. e 1 t1
+ —— [ [ np(r)n(13)<E1(11)E1(13)>dT1dT3) [ mi(T2)n2(Ty)<E1(T2)8) (Ty)dTadTy
AjBie 0t 0t
Ri3 Ray
. ttll
- —— [ [ ] [ mi(r)n1(12)n2(13)02 (14 )<E1 (11)51(13)><61 (12)61 (T4 )>dT dTod r3dTy
ABje 00¢tt
(R13 x Ray) N\ Riz3y
1 e 1 tl
+ = [ a1ty )<EL(1))E1 (1) >dTdTy [ [ ny(12)np(13)<E1(12)E1(T3)>dT2dTy
AjBie Ot 0t
Ry Ra3
) ttll
oL [ a(r)ng (1200 (T3)na (14 )<EL (1161 (T4))><E1 (12)E) (T3)>dT1dT2dT3dTy
AlBje 00t t
(Ryy x R23)  Ri23y

ttl1l
==L [ 1] aprn (120 (T30 (T ) [<E1 (118 (12081 (13)6 (14)> -
00¢tct

<El(Tl)gl(T2)><§1(T3)§I(Tq)> - <g1(11)51(13)><£1(T2)£1(Th)> =

<E1(11)E1(Ty)><E 1 (T2)E1(T3)>]dT dTdT3dTy

tt 11
=L [ n(tng (12)<E (T1)E1(T2)>dT1dTy [ [ np(T3)mp (T )<E1(T3)E1(Ty)>dT3dTy
A)Bje 00 tt

Rj2 R3y
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t1 t1
=L [ ] i (rng(13)<E (11)6 (13)>dTydrg [ ) (121 (14 )<E; (12)8) (14 )>dT,dT,

AjBje Ot 0t
R13 Roy
. t1 t1

+ —— [ [ np(tp)na(ty)<E1(11)81 (14 )>dT1dy [ [ np(12)mp(13)<51(12)51 (13)>dT,dT3
A)Bje Ot 0t
Riy Rz3

(3.13)
where Ryj234,R}2,+++,R23 are maximally €-neighboring of 7T),Tp,T3,Ty; T],T23..45T2,T3

respectively, and (2.7) has been used to obtain the last result.
By means of (3.10), we can have
1 tt
(3.13) = —— [ [ n1(11)n(12)<E; (11)E) (T2)>dT) dTy
A1Bje 00 ’
Ri12

n (13)n2 (74 )<E 1 (T13)8) (T )>dT3dTy + 0(E).

T ——
o+ ——

R3y
Af ter using the same procedure for other terms in (3.12), we find

nt n% n?, n%,

CRETCE e AR

4. THE DENSITY FUNCTION AND THE STRUCTURE OF THE SOLUTION.

In this section we will consider the density function of the solution x(t) and
if we notice that the situation will be simple when t =0 or t =1, so our main
interest is in the case when t € (0,l1).

In order to find the density function of x(t), we first consider Y;(t,w) or
ny(t,w) and ny(t,w) which are defined by (3.4).

We introduce a new function pj(vy,vy) such that

= . + .
P ny (vi,v2) = p n (vi).p ny (v2) + p1(vy,v2) 4.1
’
YA)e VBj€ VA1€ VB €
ny
where p (vy) 1is the density function of and so on. Because of (3.11) we

n V/Alﬁ
v/AIE

have for K;,Kp =0,1,...

[ [ vi va pi(vi,vpddvidvy

? 7 K} K
= vi v2 P (vy,v2)dvidvy -
Lo oo ’

s

vAje VB)€ (4.2)
? 7 Ky Kz
vy V2 P (Vl) .« P (Vz)dvldV2
- —-"Y nl ng

Y A, € YyB.,E
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n1 VK17 n2 Kz n 4\ Ky ny Ko
= <( > =X >< >
YAje YB;€ VYA€ VB €

= 0(e).

Then from (4.1) we know when € is a small number but not zero

1 ! v2 1 iV
P (vi,v2) =———p —)p ( ) + p1( s )
Man2 o AB; _"L  VAe "2 /Ble €/A) B) YAle V/Ble
VAe G
and from (3.3) we have
@
le(v) = {” pnlnz(z,v-z)dz
l o
=—] P, € —) Py —%ydz + (4.3)
e/AB] - 1 /e 2 /Bie
YA€ VB,€
l L]
z A\
f )dz

1 ’
€YA1B; = v/A1€ /Ble

Under the assumtion that the density function of ga(w) is pas(a,ﬁ), we can
easily find the density function of Y¥(t)a(w), that is

-1
Paja, (21582) = pog(e,8)[Det ¥(0) ] | ot el (4.4)
(=¥ ()
where x(t)g(w) = (al(w),az(w))T, palaz is the density function of a;(w), ay(w),

and Det ,‘f’(t)”1 is the determinant of the inverse matrix !(c)—l.

Then the density function of a;(w) is
a =
p“l( D {m Pajay () ,02)day
(4.5)

[ pygle)|pet ¥(e)7H day.

ay

(5) =¥ ()

Because of (3.3) and (3.4) if we assume that a(w) 1is independent of §&(t,w)
for every t [0,1], then a;(w) and Y;(t,w) will be independent and we have

©

Pa1 + Yl(W) = {m p“l(w - v)le(v)dv
- 1 ? ? z v-z
= p, (w - v)p —p , ( )dzdv
e/ABy - —= 1 Nl VA€ 2 /B¢
VA e VBl (4.6)
L7 P, (v = VIP1(—Z—, T—F)dzdv
e/AB) —» —= 1 VAe VBie

where p is the density function of &; + Y;. The second integral can be

ay + Y]
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written as

@ o
1 I f z vV -z
E— p, (w - v)p)( s Ydzdv
SVAIBI -0 —0 t! /Ale '/Ble
-—L [ | p, (w- VBe - S/BO)p1(S,T)e/AB] dSdT (4.7)
€VA1B) -® - 1
= pal(w - Bi€ - $/A1€)p1(S,T)dSdT
-0 00

where § = z/YA1e, T = (v - z)/YB¢e.
If we can expand p(’.1 into a Taylor series in S, T

L

pa (w - VB;€ - SVAIE) = I C*, SiTj
! 1,5=0 9

and allow the following analytic procedure, then after using (4.2) we have

.= £ ok [ [ s'tipi(s,mdsat = oce).
1,5=0 H

—00 —0o
’

Thus (4.6) becomes

1 P z vV -2z
P (W) =——— [ [ p, (w=-wvp _ (—Z)p (E=2)dzdv + 0(¢)
a1+Y) e/ABy —» - " Ve "2 VBe
VAE VBE
and from (3.1a) we have
1 P z v - 2z
p(x) =——— [ [ p (x-8 -Vv)p _(—)p (~—=2)dzdv + 0(¢) (4.8)
* e/mE e _WRE M /e
YA€ VYB€

where x, §; are the first component of x(t), §(t) respectively, and px(x) is the
density function of x.
In order to obtain the asymptotic approximation for px(x), we need the follow-

ing facts [see [5]], 2

1) = 2 exp(- 21 + /T 2 ) ]
P vi) = — exp(- ;7)1 + 7 H (vi) + ...
" /o 2

VAE (4.9)

2
(v2) = - exp(- 1 /T H () ]

P v2) = —— exp(—- 5— + ve Hy (vg) + ..o

ny Ve 2

/Ble
JLl Ly

where H; , Hp are certain polynomials of degree %), %, respectively and the dots
denote some polynomials with the order €.

To substitute (4.9) into (4.8), we obtain

p(x) =1, +/e I, + /e I3 + 0(¢). (4.10)
X
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where
I, = f P, (x - §; - v)exp[- 5; :? + ix—g—fl—)dzdv,
Zm-:/AlBl — 1
® 2 o2 %
I; = 1 f / Py (x - 6; - wexpl[- 22 i— + L 3 z) ) 1H) ( £ —)dzdv,
2meV A By —= - 1 1 AL
1 ,x° (v - z)2 %2 v -z
—— Po, (% = 81= WIexpl- 3o + ) iy (T—D)dzdv.

2ME: AIBI —00 —00 Ble

From the fact

expl- Ao + LoD BCgpy ), (v 0

2me’ A1 By

where W.C. denotes weak convergence, and § 1is the Delta function; we have

@
m I; = [ [ p (x - 61 = v)8(z,v - z)dzdv
€+ 0 -0 —0o a1
= pql(x - 61)9

and if we can show that I, and I3 are bounded as € * 0, then in (4.10) we can
keep the first term as the main term. %
In fact for I, if we set 23 =0 or H = a = constant, we have

lim I = lim 3011 = aopal(x - 481),
eE+*0 €+0
and for %; = 1,2,... or for I3 where £; = 0,1,... we can use the similar way to
obtain the conclusion.
Thus as € * 0 we can consider n;(t,w) and ny(t,w) to be independent, and we

obtain the asymptotic formula for x(t)

px(x) f f Py (x = §; - v)exp[- —21?(—%— + ~(V—BL)]dzdv
2ne/A1B1 o —w Ul 1 1
(4.11)
S S — T p. (x - 8§ - v)exp[- ————XE—————]dv
/A T B w= O 2e(A; + By)

where 6; and pm1 can be evaluated in terms of (3.1b) and (4.5) respectively.

The asymototic formula for y(t), which is the second component of the solution
x(t), can be obtained in a similar way.

By means of these asymptotic formulas we can find the structure of the
solution. If we recall the functional form (3.la) of the solution x(t), and notice
that ¥(t)a(w) is the solution of the equation

dx(t)
v = A(Ox(e),  Dix(1) + Dax(1) = g(w);
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§(t) is the solution of the deterministic equation

dx(t)
dt

= A(E)x(E) + G(t), D1x(0) + Dox(1) = Q;

and that y(t,w) = (Yl(t,w),Yz(t,w))T = (nl(t,w),ﬂa(t,w))T+ (nz(t,w),nu(t,w))T

is the solution of the equation

dx(t)
dt

= A(t)x(t) + B(t)g(t,w), Di1x(0) + Dox(1) = 0,

where Q 1s a 2 x 1 vector with zero components, then we can say that the solution
x(t) has such kind of structure that it consists of three functions, the first one is
the contribution of a(w); the second one is deterministic, and the last one is the
contribution of §&(t,w). When € * 0 every component of the last function has the
normal distribution with the mean value zero and the variance €(A; + B)), and it can
be divided into two independent normal random processes.
5. THE JOINT DENSITY FUNCTION AND THE EXAMPLE.

If the matrices Dj, Do in the boundary condition (2.1b) have the forms

dy) d; 2 0 0
D = . Dy = (5.1)
0 0 d21  da22

then we can find the joint density function of the solution x(t) = (x(t),y(t))T. In

fact under the assumption (5.1), the solution is

2(8) = YD) [g(w) + 8 (£) + Y (£,0)] (5.2)
her * t
where § () [ my(1)dr
* 1 0
§ (t) = =
85(t) | mp(t)dt
t
PR t * *
(Y () ) ] @ (DF (1) + 1 (7)E (Thw))dT
e, - - : (5.4)
\ Yiew | | (0E (1,0) + £ (TE (1,0))dr
Vo2 t 2 1 2 2
and
-1 m; (T)
¥ “(t)c(r) =(_m2(1) \ (5.5)
* * A
n (1) r (1)
1 1

¥ np() (5.6)

[}

O X
—nz(T r2
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*
If we know the density function of Y (T,w), then

©

pa+l*(w1,w2) = PaB(wl -a, wp - B)px*(a,ﬁ)dadﬂ, (5.7)

where are the density functions of a(w) and Y*(t,w) respectively, and

Pag> Py
the independence assumption of @a(w) and §(t,w) has been used again.

But compare (5.4) with (3.4), we can find the fact that n;, ny; Yt, YZ have the
similar forms except that the functions n;, r;, n, r have been repalced by
n?, rt, n;, r; respectively.

It follows that

oo o
Pyyyx(W1,W2) = —— J Pup(Wl = @5 w2 = B)p )p (—L—)dads + 0(e),
NX, gY AkB* —o -~ * A* € * B* €
11 Y1 1 Y2 1
VA* € VB* €
1 1
Qa
P (wp,w2) = [ ] (v = 81 = a, wa= 62 = B)p , ( P 5 (—
g+§,*+l* ’ e/ AXB%* ~» —o aB ’ Yl* YA* ¢ Yz VB* e)dadB
12 1 1
VA% € /B* €
1 1
+ 0(g).
In a similar way we have the asymptotic formula
1 © 2 * *
P (wp,wp) = ————1[ [ p (v =8 -, wy -8 - 8)
gy ’ ZHE/ATB* - OB '
1 a2 g2
exp[- >A3x + g;)]dadB (5.8)
1 2
and
-1
PLXY) = Py suyal¥l ww2) [pet (O | (5.9)

_ gl x '
w ¥ (t)(y)

where p_ is the density function of x(t) = (x(t),y(t))T; and
* <ok * T * %
8§ (t) = (61(5), 62(c)) , Al’ B1 can be evaluated by (5.3), (5.5), (5.6) and the

formula which likes (3.5) but the functions n;, n;, r}, r need to be replaced by

* k% ivel
n,n,r,r respectively.
1’ 2) 17 2 p y

Now we consider the first example

£1(t,w)
S0 1y,x 1 0 1
)= (, -3)(y) + (_l 1) £, (t,w) + (0), (5.10)

< e

x(0) = a(w), y(1) = B(w),
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where §&,(t,w), £2(t,w) are independent weakly correlated processes with correlation
length €, <& (t,w)> = 0, <&€(t,w)> =0,

2 2
=2 8. (5.11)

1
REI(T,T) =1, REZ(t,t) =1, and PaB(G’B) = 2 €XpP (-

It is easy to find that

( $11(t) ¢12(t)) (Ze_t-— 2t Tt 2t ) ( )
2 = e 2t -t, . -2t 5.12
$21(t)  ¢22(t) —2e7 b+ 2672t _o7ty 972t

o e/ 142 -1+ et
Y () =e
A B

A= (2022(1) = 021(1)) + 2e 5(621(1) = 622(1))

B = (2022(1) - ¢21(1)) + e “(421(1) - d22(1))

and

* t

1 -e

*
ny t1}= t 1
e .
-ng —r§ <ﬁ21(1) = $22(1) e (2622(1) = 621 (1)) + ($21(1) - ¢22(l)2>

m} _ .t
\= et 2 e )
- m e (2022(1) = 021(1)) + 2921 (1) = 922(1))

Then
4t 3t

*
A (t) = Z[EZ_ - 2e + e2t

7
3 -1z

y 2 3
e (2622(1) = ¢21(1)) 2e (2922(1) = 9$21(1))($21(1) - ¢22(1))

2[ 7 + 3

*
By (t)

+ e2(21(1) = 022(IN% = 2021 (1) - 42210)2

(205201 = 42,107
4

2e3t(2¢22(1) - $21(1))(92:(1) - ¢2z(l))]
3

and

0.0309425e3¢ 1

exp{-| (1.5 + et(Zx +y-2)

pxy(x,y) - - N
2/ (1 + eAl(t))(l + eBl(t)) 2(1 + eAl(t))
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2t 2 1 t
- e (x+y-0.5)) +——————F—(-1 - 0.367879%e (2x + y - 2)
2(1 + eBl(t))

2t 2
+ 0.2706705e° (x + y - 0.5)) 1},

(5.13)
where
4t 3t
¥ty = 2[&— - 28 2t _ 71
A = 28— - B ¥ -1
Bh0) = a2 - oXE T D LA e D sy

The results of evaluating (5.13) when t = 0.5, y = -0.6860 appear in Figure 1
for € =0 (solid curve), € = 0.2 (longer dashed curve), and € = 0.4 (shorter

dashed curve).

In Figures 2, 3, and 4 we show some level curves of the density function p:

p = 0.04, t = 0.5, € 0, 0.2, 0.4 (Figure 2);
p = 0.005, t = 0.5, € 0, 0.2, 0.4 (Figure 3);
t = 0.5, € = 0.2, p = 0.01, 0.03, 0.05 (Figure 4).

The second example is
; + 3% + 2x = f(t,w)
(5.14)
x(0) = a(w), %x(1) = B(w)

where f(t,w) is a weakly correlated process with the correlation length
e, <f(t,w)> = 0 and Rf(t,t) = 1.

We introduce a new function y(t) = kX(t) and rewrite (5.14)

0

_ 1,,x 0
Q=5 P+ (P

-

(5.15)
1 0,,x(0) 0 0,,x(1), _ ,a(w)
(0 0)(y(0)) + (0 )(y(l)) = (B(m))'

This equation has the same fundamental matrices as in the first example, then we
have

$21(1) ¢12(t)
$22(1) $22(1)

/%11<t> - 012(1) .
|
!
\ $21 (1) 922(t) |
\fzx(t) - ¢22(0) Ty 922(1) |

where ¢ij are the components of ¢(t) and can be evaluated by (5.12).

From (3.1) we can obtain
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a(w) Y1 (t,w)
x(t) = ¥(t) +
B(w) Y2 (t,w)

Yy (t,w)

where

t
= ¥(OD¥0) [ ¥ HnB) (T, 0)dr
Yz(t)w) 0

1
- (0¥ [ ¥ HOB(T)E(T,w)dr
t

$21(1)

(¢11(t) = $12(t) el .

f (eT - ezr)f(r,w)dr
0

\ 621 (1)
921(t) - ¢22(t) T30

$12(t) 1

- [ [(202201) = 921(1)e2T + (621(1) = $22(1))e T£(T,w)dT
022(£) $22(1) t

Then the solution x(t) of the equation (5.14) has the structure

x(t) = ;;;%Tj {[611(E)022(1) = ¢12(E) 21 (1) Ja(w) — ¢32(E)B(w)} +

t
zzz%ry {[911(8)922(1) = ¢12(t)d21(1)] é (" - GZT)f(T.w)dT -

1
012(8) | [€2022(1) = ¢21(1)e2" + (621(1) - 922(1))e 1£(T,w)d1}.
t

The first term is the contribution of (a(w), B(w))T; and the second term, which
contains two integrals, is the contribution of f(t,w).
When the correlation length € * 0, the second term approaches normal with the

mean value zero and the variance €(A; + B}), where

$21(1) 2 £ 21,2
Al = 2[1)11(1:) - ¢12(t) m—] J’ (e - e ) Rf(T ,T)d’l’
0
$21(1) 2 4t _ 2t _ 3t _
= 2[011(8) = ¢12(0) Fy] [ A LS 2 Lo e 3 =
#$,(t) 1 21 T,2
By = 2 7 [ [(2022(1) = ¢21(1))e” + (021(1) = ¢22(1))e’] R (T,T)dr
$22(1) t
-— 2 - y 2
., ¢iz(1){(2¢22(1) $21(1)) L= 4ty _ (621 (1) = ¢,2(1)) L@ - 20,
$22(1) b ?

% (2022(1) = 421(1))(921(1) = d22(1)) e 73V,
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