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ABSTRACT. We examine the solvability of multilinear equations of the form

(x,x,...,x) =y, k=2,3,...
-k times-

where Mk is a k-linear operator on a Banach space X and y € X is fixed.
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1. INTRODUCTION.

We study the quadratic equation
B(x,x) =¥ (1.1)

in a Banach space X, where B 1is a bounded symmetric bilinear operator on X and

y is fixed in X [2], [3], [7], [9], [10]. We consider two cases.
CASE1l. Let y =0 and set x = x - h for some x such that the linear oper-

ator 2B(x) is invertible then (1.1) becomes
B(h,h) =h -y (1.2)

where B = (2B(x))YB, ¥ = (2B(x)) ™ B(X,X) and h € X is to be determined.

We introduce the iteration
- Ge N te -3
b= (B(hn)) (hn y) for some hy € X (1.3)

to find a solution h of (1.2) such that h # x.
It turns out under certain assumptions that iteration (1.3) converges to an
h € X such that h # ;} therefore x = x - h is a nonzero solution of (1.1).

CASE 2. Let y # 0, we then introduce the iteration
(y) for some X € X (1.4)

to find solutions of (1.1).

The results obtained here can be generalized to include multilinear equations of

the form
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M (X3Xyeeu,X) = ¥
-k times-
where Mk is a k-linear operator on X and y is fixed in X [10].
We now state the following lemma. The proof can be found in [10].

2. EXISTENCE THEORY.
LEMMA 1. Let Ll and L, be bounded linear operators in a Banach space X,

where L, is invertible, and “L;lll 'HL2“ <1. Then (L, + L‘,_))-l exists, amd
-1
el

SR E | I [T

LEMMA 2. Let 2z # O be fixed in X. Assume that the linear operator B(z) is

oy + )7 =

invertible then B(x) is also invertible for all x € U(z,r) = {x € X lllx—z“ < r},
where r € (0,r)) and r, = LBl 'Ilﬁ(z)_l“]_l.
PROOF. We have
BG-2)]] = B = IBY - llx-zll - B
s I3l - B - -
<1

for r € (O,ro). The result now follows from Lemma 1 for L = B(z), L2 = B(x-z)

and x € U(z,r).
DEFINITION 1. Assume that the linear operator B(z) is invertible.

Define the operators P,T on U(z,r) for some r >0 by
J— — -— _l _—
P(x) = B(x,x) +y - x, T(x) = (B(x)) " (x-y)
and the real polynomials f(r), g(r) on R by

f(r) = a'r2 +b'r+c', glr)s= ar2 + br + c,

Bl - 1B ™ D3,

a' =
o = =2llEll - B,
et =1 B - B - 1E@TIE - el
a = |3l 137,
v = ||B2)HI-B(=)]] - 1,
and
c = “ﬁ(z)-lP(z)”.
THEOREM 1. Let 2z € X be such that E(z) is invertible and that the following
are true:

a) c¢' > 0;
b) b<O, b2 - Lbac > 0, and
c) there exists r > 0 such that f(r) >0 and g(r) =0

then the iteration

-7 -1 = -
b= B(hn) (hn—y), n=0,1,2,...
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is well defined and it converges to a unique solution h of (1.2) in U(z,r) for
any hO € Ulz,r).

PROOF. T is well defined by Lemma 2.

CLAIM 1. T maps Ulz,r) into Ulz,r).

If x € a(z,r) then

T(x) - 2 = B(x) Hx=Y) - 2
= BT - B(2))(x-2) - P(2)]
so
rta) - 2ll = =
if
i BT - BN + [IB(2) e 2)|]] =< »

-8l - Bl

(using Lemma 1 for Ll = B(z) and L2 = B(x-z)) or g(r) < 0 which is true by

hypothesis.
CLAIM 2. T is a contraction operator on a(z,r).

If w,v € U(z,r) then
lzGe) - ()]
= 1B w1 - B el

= I3 - BEO) D1

= I56)7Y1 - BB ™ v-2)) + BEE) ™ (251 w=v)|
- - (5| + JEIL B 1|§u11§<zr1112uz-m]. v
=Bl - B Y| - 1- Bl 1B - x

= bl

So T is a contraction on U(z,r) if 0 < q < 1, where

; [uaz)‘lu o LBl - 1512 + (15 - uazrlu?uz-mJ

BT [I5(2)
- Bl - B~ - - Bl - B
which is true since f(r) > 0.
THEOREM 2. Assume that there exist r > 0, z, §>€ X satisfying the hypotheses

of Theorem 1 and

(a) o< |7l < -1 A B LB ;

2||5]|
) =+ o) < —dell
1+ I8l - =
then if |[x|l <y = r + |lz||, the solution n ir (1.2) is such that
Il < Ul = = + lz]l-

Moreover, x = x - h 1is a nonzero solution of (1.1).

PROOF. By Theorem 1 h € U(z,r) therefore

lnll =~ + ll=]f-
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Assume that llhk“ > ll;u for k = 0,1,2,...,n. By iteration (1.3) we have

B( ahn)=h -Y

hn+l n

USUln I - Wl = lin, - 50 = U7 - s
=0 05l - lis
ol
to show that

lls,, Il > [

it suffices to show

[ -

Bl lIn I
which is true by (b). For consistency we must have

el < — Ll
1+ 1Bl - Ul
which is true by (a). The result now follows by taking the limit as n — ® in (2.1).
Finally note that since |lh]l > ||x]l, x ~h # 0 therefore x =x - h is a non-

zero solution of (1.1).
DEFINITION 2. Assume that the linear operator B(z) is invertible for some
2z € X. Define the operator P on U(z,r) for some r >0 by

P(x) = B(x,x) -y, y#0

and the real polynomials f(r), g(r) on R by

T(r) = sir2 +s'r +s!, glr) =s sy +s ,

2 3 1 2 3

where

s1 = llsll - llsz)7 D2

sy = =2llsll - lls()7|

sy =1 - Il - lInc) 7P

s, = lIsll - L))

s, = |I8ll

s, = lIB)" Pl

The proofs of the following theorems are omitted as similar to Theorems 1 and 2.

THEOREM 3. Let 2z € X be such that the linear operator B(z) is invertible

and that the following are true:

'> 0,
a) s3

2
b) s, >0, 5, - hu152 > 0, and

¢) there exists r > 0 such that f(r) >0 and E(r) <=0
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then the iteration

x4y = B THE)

for some X, € X is well defined and it converges to a solution x of (1.1) which
is unique in U(z,r) for any Xy € U(z,r).
THEOREM L. Let z,r Dbe such that the hypotheses of Theorem 3 are satisfied.

Let p < q@ be positive numbers such that

a) pallBll = llvll 5

@7 saszr+ ||zl

1= sl - Bl

then if p = IIXO“ < q then the solution x of (1.1) is such that

p= |lx]l = aq.

REFERENCES

1. ANSELONE, P.M. and MOORE, R.H. An Extension of the Newton-Kantorovich Method
for Solving Nonlinear Equations, Tech. Rep. No. 520, U.S. Army Mathematics
Research Center, University of Wisconsin, Madison, 1965.

2. ARGYROS, I.K. On a Contraction Theorem and Applications, (to appear in "Pro-
ceedings of Symposia in Pure Mathematics" of the American Mathematical
Society).

3. ARGYROS, I.K. Quadratic Equations in Banach Space, Perturbation Techniques and
Applications tc Chandrasekhar's and Related Equations, Ph.D. dissertation,
University of Georgia, Athens, 198L4.

4., BOWDEN, R.L. and ZWEIFEL, P.F. Astrophysics J. (1976), 219-232.
5. CHANDRASEKHAR, S. Radiative Transfer, Dover Publ., New York, 1960.

6. KELLY, C.T. Solution of the Chandrasekhar H Equation by Newton's Method, J.
Math. Phys. 21 (1980), 1625-1628.

7. KELLEY, C.T. Approximation of Some Quadratic Integral Equations in Transport
Theory, J. Integral Equations 4 (1982), 221-237.

8. MULLIKIN, T.W. Some Probability Distributions for Neutron Transport in Half-
Space, J. Applied Probability 5 (1968), 357-37k.

9. RALL, L.B. Quadratic Equations in Banach Space, Rend. Circ. Math. Palermo 10
(1961), 314-332.
10. RALL, L.B. Computational Solution of Nonlinear Operator Egquations, John Wiley
Publ., New York, 1968.

11. STIBBS, D.W.N. and WEIR, R.E. On the H-functions for Isotropic Scattering,
Monthly Not. Roy. Astron. Soc. 119 (1959), 515-525.




Advances in Difference Equations

Special Issue on

Boundary Value Problems on Time Scales

Call for Papers

The study of dynamic equations on a time scale goes back
to its founder Stefan Hilger (1988), and is a new area of
still fairly theoretical exploration in mathematics. Motivating
the subject is the notion that dynamic equations on time
scales can build bridges between continuous and discrete
mathematics; moreover, it often revels the reasons for the
discrepancies between two theories.

In recent years, the study of dynamic equations has led
to several important applications, for example, in the study
of insect population models, neural network, heat transfer,
and epidemic models. This special issue will contain new
researches and survey articles on Boundary Value Problems
on Time Scales. In particular, it will focus on the following
topics:

e Existence, uniqueness, and multiplicity of solutions
e Comparison principles

e Variational methods

e Mathematical models

e Biological and medical applications

e Numerical and simulation applications

Before submission authors should carefully read over the
journal’s Author Guidelines, which are located at http://www
.hindawi.com/journals/ade/guidelines.html. Authors should
follow the Advances in Difference Equations manuscript
format described at the journal site http://www.hindawi
.com/journals/ade/. Articles published in this Special Issue
shall be subject to a reduced Article Processing Charge of
€200 per article. Prospective authors should submit an elec-
tronic copy of their complete manuscript through the journal
Manuscript Tracking System at http://mts.hindawi.com/
according to the following timetable:

Manuscript Due April 1, 2009

First Round of Reviews | July 1, 2009

Publication Date

October 1, 2009

Lead Guest Editor

Alberto Cabada, Departamento de Andlise Matematica,
Universidade de Santiago de Compostela, 15782 Santiago de
Compostela, Spain; alberto.cabada@usc.es

Guest Editor

Victoria Otero-Espinar, Departamento de Andlise
Matemadtica, Universidade de Santiago de Compostela,
15782 Santiago de Compostela, Spain;
mvictoria.otero@usc.es

Hindawi Publishing Corporation

http://www.hindawi.com



http://www.hindawi.com/journals/ade/guidelines.html
http://www.hindawi.com/journals/ade/guidelines.html
http://www.hindawi.com/journals/ade/
http://www.hindawi.com/journals/ade/
http://mts.hindawi.com/
mailto:alberto.cabada@usc.es
mailto:mvictoria.otero@usc.es

	1Call for Papers4pt
	Lead Guest Editor
	Guest Editor

