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ABSTRACT. Let G be a finite p-group and let X be an irreducible character of 6. Then X
is monomial; that ls, X AG, where A is a linear character of some subgroup of G. We

are interested in locating subgroups of G which induce the character X.
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1. INTRODUCTION

For G a flnlte p-group and X Irr(G) (the irreducible characters of 6), X non-linear

(X( It Is known that there ls some subgroup H of 13 and some Ilnear character

A Irr(H) such that X AG. We say X is lnduced by A. In this paper we find a way of

locating proper subgroups of G which have a character that Induces X.
The notation In this paper follows that used in Isaacs [I]. The symbol )(6) will

denote the Frattin/subgroup of G, the Intersection of all maximal subgroups of G. For

X a character of G, V(X) g G x(g) = O> ls called the sup/ortrol of}{ and ls the

smallest subgroup of G outslde of which X vanishes. If N is a normal subgroup of G and

(Irr(N), then IG() {g G g } ls the /nert/a groo of # In G. If Is an

irreducible constituent of XN then we know there ls some e Irr( IG() such that

86 X. The main result of this paper is the following:

THEOREM 1.1: Let G be a finite p-group and let X be a non-linear irreducible

chai’acter of G. Let N be a normal subgroup of G such that V(X) N V(X)(G) and let

be an irreducible constituent of XN. If ls non-linear then IG() < G.
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This theorem enables us by Induction on the order of 6, to form chains of

subgroups wlth associated characters. Each of these characters Induces X.
2. PRELIMINARIES

Besides Clifford’s Theorem, Frobenlus Reciprocity and the other fundamentals of

character theory we will need the following results. The first is a corollary to a

theorem of Isaacs[2]:

PROPOSITION 2.1 Let N be a normal subgroup of G, G: N p, p a prime. Suppose

X rr(G). Then elther

a) XN (Irr(N)

P

b) XN . 1 where 01 are dlstlnct Irreducible characters of Nor

Let 0 ( Irr(N). Then either

P

a) 6 .. X1 where XI are distinct Irreducible characters of G
1=1

or b) eG Irr(G)

Futhermore, if is an irreducible constituent of XN and X satisfies a (respectively b)

of the first part then satisfies a (respectively b) of the second part. If ls an
irreducible constituent of 0G and I satisfies a (respectively b) of the second part then

satisfies a (respectively b of the first part.

LEMMA 2.2: Let X be a non-linear irreducible character of G. Let N be a normal

subgroup of G with G N p, p a prime, and N V(X). If is an Irreducible

P

constituent of XN, then G X and XN .i, where = elm(N) are distinct.

i=l

PROOF: The tact that q Is a constituent of XN lmplles that X ls a constituent of

G by Frobenlus Reciprocity. Suppose (t e Irr(G) such that 0 ls a constituent of G.
Then q ls also a constituent of ON, thus [XN, ON] = O. Since N V(X), X vanlshes outslde

of N. Thus, by definition of inner product, we have

IGI [X, O] .x(g)O(g-1 .x(g)O(g-1) INI [XN, ON].
gG gN

(2.1)
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Hence [X, O] = 0 yeilding X O. By lemma (2.1)(b) we have G X and XN .i.//
1=1

PROPOSITION 2.3: Let G be a p-group with a non-linear Irreducible character X.

Let 0 be an Irreducible constituent of XV(x ). If O( = 1, then IG(O) < G.

PROOF: Assume O( = satisfies the above hypotheses. Now 0 V(x) where is

a linear character of some subgroup H of V(X). Let M be a maximal subgroup of V(X)

containing H. Then 0 (M)V(x) by transitivity of character Induction. Since M is

normal In V(X), t vanishes off of Vt Thus V(X) > M V(O). Suppose IG(O) G. By

Cl|fford’s Theorem, we have XV(X) eO. It follows that X vanishes off of V(O) which is

properly contained In V(X) Iy our alcove observation. This Is Impossible by the

mlnlmallty of V(X). Therefore IG(t) < (3.//

The proof of the following may be found in Isaacs [1, pg 82].

THEOREM 2.4: Let N be a normal subgroup of G, 0 c Irr(N) and IG(O). Let

A c Irr(I): [N, O] = 0 ), B X (Irr(G) [XN, O] = 0 ). Then

1) If A then --> G ls a bljection of A onto B

1i) If G X with A then is the unique irreducible constituent of XI which

lies tn A and [qN, (] [XN, e].

3. PR(XF OF THEOREM 1.1

Let G be a p-group, X (Irr(G), X(1) = 1, wlth N a normal subgroup of G such that

V(X) N V(X)(G). Let be an Irreducible constituent of XN. Assume IG() G. We

want to show that q(1) 1.

If X ls not faltlrul, replace G Iy G/kerx. We may do this since every character of

G/kerx ls also a character of G. Now, we prove that every Irreducible constituent of

XV(x) is linear. Let 0 XV(x) be irrecluctble. Assume IG(O) G. Let M be a maximal

sulgroup of G such that M IG(e). lnce IG(e) V(X) and M ls maximal, It follows that

M V(X)(G) N. By Lemma 2.2 we have

P

XM .13i where 13 Irr(M) are distinct. (:3.1)

1=1
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gJ-Let G M<g>, so lj I]I by Cllfford’s Theorem. Now
P

XV(x) (XN)V(x)" -(ll)V(x)" e.ex
x ( G: IG(O)

by (. and Clifford’s Theorem.

(3.2)

AIso

(l)V(x) f .em
rn I’t IG(e)

Thus

r
rn I IG(e)

Clearly, {m} being a transversal for I IG(O) Implies that {ragk-I} is a

(3.4)

transversal for G: IG(O) ]. Since, by (3.2) and (3.4),

P P

ErE
x([ G: IG(e) m[ I. IG(e)

we obtain f-e and (II)V(x) and (Ij)V(x) have no common constituents for J=J. But

IG() G so by Clifford’s Theorem XN" a, yielding

P

XN (XM)N" Z(1 i)N. (3.6)

1=1

Thus (ll)V(x) =( a/p all 1...p and so (ll)V(x) ((II)N)V(x) (a/P)v(x)
for all i. This is Impossible since the characters (l)v(x) have no common constituents.

So IG(O) G and, by Proposition 2.3, (] is linear. Now show that V(x) N. Again let

8 (Irr(V(x)) such that t] Xv(x)’ By the above argument 8 ls linear and It follows that

XV(x) ell so Z(X) V(X), where Z(X) denotes the center of X. Thus Z(X) V(X) as Z(X)

is always contained in V(X). Suppose V(X) N. Because G is a p-group we can find B

normal in G such that V(X) B N and IB:V(x)I p. Thus V(X) Z(G), since Z(x) Z(G).

:50 B 1s a cyclic extension of the center of O and hence B ls abellan and all of its

Irreducible characters are linear. Now

XB f .(x (3.7)

x[ G: IG(()
for some ( (Irr(B) where f [(, XB]. Since (X(b) ((xbx-I) e(b) for all b { B and
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x CG(B) we obtain CG(B) IG((Z). 5tffX)ose CG(B) IG(CZ). Then by maxlmallty or CG(B),

IG(() 6. This would mean that XB f and B Z(x), an obvious contradiction. Thus

IG(() CG(B) and IG(() Is maximal In 6 so

P

XB" f 1(1, where (1 are dlstlnct Irreducible linear characters, ( ( 1.

Therefore IG() ls a maximal subgroup containing B V(X). Thus IG(O,) V(X)(G) N.

Now since IG() G we have XN e. Hence

P

t ’.(I XB (XN)B eB.
I=I

It follows that
P

qB (fie).a (3.9)

I=1

thus ( Is not lnvarlant In N so IG() does not contain N. This Is a contradiction,

so V(X) N. Since all constituents of XM(X) XN are linear we have (I) as

required.//

4. CHARACTERS THAT INDUCE X
In Theorem 1.1 we considered certaln subgroups of G. Now we will examine the

relationship of some characters associated with these subgroups.

PROPOSITION 4.1: Let X be a non-linear irreducible character of G. Let N be a

normal subgroup of 6 with N M(X). Suppose B Is an Irreducible constituent of XN, then

0G ex where e2 =116(0): N I.

PROOF: Since B ls a constituent of XN we have [0, XN] = O. By Frobenius

Reciprocity, [X, BG] = 0 thus X is a constituent of 0G. Suppoose (Irr(G) is a

constituent of eG. Then 0 = [e6, ] [B, N], so [XN, SN = 0 since 0 ts a constituent of

both XN and N Since N : V(X), X vanishes outside of N. Hence ,by definition of inner

product

161 [X, q] .x(g)qKg-) x(g)q(g-) INI [XN, qN (4.1)

g(G g(N
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Thus [X, ] = 0 and so X " since they are both Irreducible. It follows that X Is

the unique Irreducible constll:uent of eG, so eG ex. By definition of Induced character

eG( 6: N le( ), so 6: N le(I) ex( ). By Frobenlus Reciprocity, e [eG, X] [e, XN].

Cltfford’s Theorem gtves

X( )" XN e E ( )" el G: IG(6) l((

xe[ 6: I6(e)
(4.2)

Thus

G: N le(l) e (el G: 16(() le(1)) (4.3)

It follows that e2 -I IG(O): N I.//

PROPOSITION 4.2: Let G be a p-group with a non-linear Irreducible character X.
Let N be a normal subgroup of G such that N V(X) and let be an irreducible

constituent of XN. Let IG(qO and let 1 be an Irreducible constituent of ql. Then

1 ep, e2 I: N and I6 X.
PROOF: By Proposition 4.1, 6 ex where e2 I1: N I. We have 0

by Frobenlus Reciprocity. Now 2.4 tells us that I6 ls Irreducible. Also I (1)6 ex
since I ls a constituent of 1, so that I6 X. Again by Proposition 2.4, we have

N, ] [XN, ] e. Thus e [1, 1] by FrobenJus Reciprocity and It follows that

1 : e since I ls Irreducible. By definition of Induced character, 1 I. N I(1)

e2 1), so e2 11 Since N e we have 1) e(1). Thus e2(1) 1(1) e 1)

e(e(l)). It follows that 1(1) e I) so 1 e.//

Now for X (Irr(6), we define an /nert/a/decompos/t/on ser/es for X,

m
denoted [I I, Nl, it, l]t=O. Here Io 6 No, Io X o, NI ls normal In t,

It+ li( i+ for some 1= Irr(Ni+ ), I (Irr(lt) and (11+ )li I. Hence we have a

chaln of subgroups

Imlm-I 11 10 =6

with associated characters I (Irr(li) such that I6 X, all =l...m, by transitivity of

character induction.
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PROPOSITION 4.3: Let G be a p-group with X (Irr(6). Then X has an inertial

rn
decomposlton series [1, I% 1, ]1-0 with ()1 et where e I1: I land

V(l) NI+ V(l)(I)(l=), (1)1 e= and m 1, i = for t...m-1. Furthermore,

IG=X fort= I..m.

PR(X)F: If X ls linear then it has a trivial lnertlal decomposition series,

[Io, No, , o]. Assume X ls non-linear. Proof Is by Induction on IGI. Let N be a normal

subgroup of G satisfying V(X) N V(X)(I)(6). Let be an Irreducible constituent of XN

Pz
N2

N
m

6 V(13m_2

6 V(Pm_ )

G= Io=N0
X =Po = qo

N!

v(x)

Figure

and let 16(@). Let I be a Irreducible constituent of ql. By Proposition 4.2, X,

i e where e2 I N I, and I1 =e by Clifford’s Theorem. Set Io G No,
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13o X o, NI N, I, Il I, and 1 I, then [li, I, I, t]l=O is an inertial

decomposition series for X as required.

Suppose 1) > l. Then by Theorem 1.1, < G. Also 13N e Implies that 1)

e(I) > I. Since > we can apply our Induction lypotlesls.ll

Note that, in general, we do not have It+ normal In Ii nor Ni+ I In an inertial

decomposition series. This inertial decomposition series is illustrated In Figure I.
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