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ABSTRACT. We study the existnece and cardinality of solutions of multilinear differ-

ential equations giving upper bounds on the number of solutions.
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1. INTRODUCTION.
Let n(i), i = 1,2,...,m be positive integers such that n(l) 2 n(2) 2...2 n(m)
néi)
and let L, = C.
i 3=0 ij
n(l)(I), where I = [a,b] usually (but not necessarily). The coefficient

Dj, i=1,2,...,m be regular linear differential operators de-

fined on C
functions Cij’ i=1,2,...,m, j =0,1,2,...,n(i) are never vanishing real and con-
tinuous on I.

Using some ideas from [1] and [3] we study the branching of solutions u € Cn(l)(I)

to the multilinear equation

Mu = (Llu)(L2u)...(Lmu) =0 (1.1)
Equation (1.1) is related with the null set N(M)

8 = {u€c®1) ;= 0} (1.2)

which can be infinite dimensional.

We give necessary and sufficient conditions for a (m-1)-tuple (al,a2,...,ah_l)
to be a multiple ordinary branching of a solution to (1.1) where a.e€ I,
e =1,2,...,m-1.

We also study the existence and cardinality of solutions to the initial value
problem

pP(1)y(z) = 2., 1 =1,2,...,0(1) -1 (1.3)

where z,zié I, giving upper bounds on the number of solutions with n multiple

branchings.
Multilinear equations have a rather extensive literature [3], [4], [6]. A few
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special cases of applications (e.g., pursuit problems and bending of beams) may be
formulated in the form (1,1).
Finally we study the problem

am
T AM =0 (1.4)

when it assumes the form (1.1) for some function AX.
2. BASIC THEOREMS.
DEFINITION 1. Let B, ,B,,... and B denote bases for N(Ll),N(Le),... and

N(Lm) respectively where

B, = {uli,u2i,...,un(i)i} with dim(B;) =n(i), i =1,2,...,m

and let

E, = (3, N =)y - with dim(EJ) =n(3) <n(j), j =2,3,...,mn.

J=1

Obviously N(Ll) U N(Lg) u...u N(Lh) C N(M). We will seek solutions u € N(M)

of the form
n(1)
z cljulj(x) = ual(x) @sx=aq 1
J=1
nie)
ng ‘egley Ogy = X =&
u°1°'2"'°'m_1(X) = ulx) =¢ n(e+l) (2.1) ?(2.2)

j=1 Ce+1y%e+1y Ge S X =CQgy
nzm)

\ j=1 cmjumj = uam(x) ah—l =x sKﬁ

for aeél, e=1,2,...,m-1 and a.e€ N(Le) U N(Le+1)' A function of the form (2.1)
in N(M) will be said to have a single ordinary branching at x = ae, on
A function of the form (2.2) will be said to have a multiple ordinary

[ae—l’ae+l]'
branching at (a1,02,...,um_1) on I = [a,b] with & SO, €= 1,...,m=2.

Denote the Wronskian

We (U555 5% ()55 ¥ (341) (%)
by
we(xo), e =1,2,...,m-1.
The following theorem shows when N(M) will contain functions having a multiple
ordinary branching.
THEOREM 1. Assume that

n(e) - n(e) + n(etl) 2 n(1) +1, e = 2,...,m-1 (2.3)

and if
(i) EJ
having a multiple ordinary branching at (al,...,um_l) if and only if

has just one function ulj(x), J=2,...,m, then there exists u € N(M)

Wo(e,) =0, e = 1,.ceum-1 <=> (Lywy(5,1))(6) = 0, i =1,...,m1. (2.1)
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(ii) dim(Ej) #1, J =2,...,m, then for every (G;,...,0 ;) with a € int I,

and a, 2 ae+l’ e =1,...,m-2 there exists a u € N(M) having a multiple ordinary

branching at (ul,a ,...,am_l).

PROOF. It is enough to(i?nd numbers, Cll""’cln(l)’ 021,... CEn(Q)"" le,
+sCon(m)® S° that u € C®'"/(I). Therefore we must have
n(1) n(2)
(x) _ (x)
2o e 2 e e
n(2) n(3)
k) _ (k) -
jz Co5Up; (ay) = JE cygugy (@), K =0,1,...,n(1) P (2.5)
n(n-1) ilm)
(k) _ (k)
3=1 ‘m-13"m-15 (x) = igl ng"nj (ah-l) J
CASE (i). In this case (2.5) becomes
n(e)
351 cejuej(k)(ae) - c’ll(eﬂ) U (es1) (%) = 0> ©=1,2,.00,m-1, k=0,1,...,0(1) (2.6)

where CIn(e+1) # 0 (we take Cln(e+1) = 1). The homogeneous equation (2.6) has a

nontrivial solution if and only if (2.4) holds.
Note that it is easy to verify that

we(ue) we(ule’uQe""’un(e)e’ul(e+l)(ae)

-1 _
qen(e)(ae)we(ule’uZe""’un(e)e(“e)(Leul(e+l))(ae)’ e=1,2,...,m~1.

CASE (ii). 1If (Leuse(e+l))(ae) =0, e =1,2,...,m~1 we let cse(e+l) =1 and
the rest coefficients zero. We then work as in Case (i). Otherwise we write (2.5)

as _
n(e) n(e+l)

(k) -
Cejles (ae) - cln(e+l)u1n(e+l)(ae) B JEl c,jn(e+l)ujn(e+l)(°'e)’

e=1,2,...,m-1, k = 0,1,...,n(1).

J=1

Note now, that the rank of the coefficients matrix on the left hand side is
(n(1)+1) and thus we have a unique solution for the coefficients on the left hand
side for any choice of the coefficients on the right hand side and for any ae €I,

e =1,2,...,m-1.

The next theorem characterizes the conditions with the coefficients in (2.2) must

satisfy in order that multiple branching can occur at (al’a2""’ah-l) with

ae =< ae+1, e=1,...,m=-2 and ae € I.

THEOREM 2. The following are equivalent:

u € N(M) on [c,d] €I and u is as in (2.2). (2.7)
n(e+l)
(Le( J§1 ce+1Jue+lj))(ae) =0, e=1,...,m2. (2.8)
k n(e)
c(r, e+l[ Z Coyleg)) (@) = 0, k = 0,1,...,n(e*l) - n(e) (2.9)
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e+1j # 0 for at least one Uoils € Ej and (2.9) with

# 0 for at least on uej € Be- Ee+l are both necessary and sufficient conditions

In particular, (2.8) with ¢
Cej
for U € N(M) to have a multiple branching at (al,a2,...,am_l) on [c,d].

PROOF. If Be n Ee+l #0, e=1,2,...,m-2 the result is trivially true. Other-

wise as in Theorem 1, we have that u € N(M) if and only if

n(e) n(e+l)

(k) - (k) -
§1 Ceiles (ae) = Ei ce+1jue+1j (ae), kx = 0,1,...,n(1),
J= J= e=1,2,...,m-1.

n(e) n(e+l)
Z ¢ .u (k)(a ) = c u (k)(a ), (2.10)
5=1 ej el e 3=1 e+lj e+l] e
k = 0,1,...,n(1),
- e =1,2,...,m~1
+1
where {“e+13}§£§ ) - Ee+l and at least one Cotl # 0. Here céJ = Cej T Cetlj
if Uiy € Be n E 10 céj = coj otherwvise. (es1) (
- - K)
Now set cé(n(e)+l) = -1 and ue(n(e)+l)(x) = Cet1 %41 (x) and (2.10)
can be written '
n(e)+l (x)
L c'au . (a)=0,k=0,1,...,0(1), e =1,2,...,m-1. (2.11)
j=1 ej ej e

Now, (2.11) has a nontrivial solution for céj if and only if
we(uli’uzi""’un(e)i’un(e)+1i)(aé) =0,
but

we(uli’uZi""’un(e)i’un(e)+li)(ae)

= a;i(e)(“e)we(uli’uﬁ"”’un(e)i)(q'e)Leue(n(eHl)(u'e)’
i.e., if and only if (2.8) holds and at least one cP+1J # 0.
On the other hand, u has a nontrivial branching at (alﬁ...,um_l) if and only
if (2.10) has a nontrivial solution for the coefficients on the right hand side. As

before we set Co(m(e+1)+1) = -1 and
n(e)
= (k)
ue(ﬁ(e+l)+1(x) - JEl céjuej (x)
and (2.10) can now be written as
n(e+l)+1 (x)
o Ce+15%41 (a.e) =0, k =0,1,2,...,n(1), e = 1,...,m-1 (2.12)
or
Ad =0 (2.13)

in matrix form, where Ae is the coefficient matrix in (2.12) and E; the unknown
vector. There will exist a nontrivial solution E; # 6, e =1,2,...,m-1 if and only
if the rank of Ag» €=1,2,...,m1 = n(e+l). But the n(e+l) X n(e+l) principle
submazrix of Ae is the Wronskian matrix evaluated at e - Hence the rank of

Ae 2 n(e+l). Therefore (2.13) will have a nontrivial solution if and only if the rank
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of Ae is ;(e+l). Now elementary row operations on Ae show that this is equivalent
to (2.9).
We now show that N(M) may contain infinitely many linearly independent functions.
THEOREM 3. Assume that either Case (i) holds in theorem for infinitely many
(ali,aej,...,am_li), i=1,2,... or Case (ii) holds. 1In either case, there is a

@©
sequence {u }.= C N(M) such that u has a multiple
O3%q e Oy AT 13%; 0Oy

branching at (ali’QQi"'a ,e=1,...,m-2, i=1,2,... and

i <
m—li) with Qs

i ae+li

the set {u }?_ is linearly independent on I for every n.
N SN} . 9i=1
all 21 m-11

PROOF. We proceed by induction. We may assume without loss of generality that

- = 1]
= 1,2,.;. , e =1,2,...,m-2. Choose ue+lj s © Ee+l then
n(e+l)

L Cet+13%e+1j

Cei < Geieyr 1
)(x) # 0, x € [ael’a(e*'l)]'
J=1
Hence Uy (x) # 0 on [ael’a(e+l)l]’ so
el
u
Gq0py e eOy g (X) # 0
on I = [a,b].
Now suppose that u ,1=1,2,...,n are linearly independent.
[« B« SR+ 4 .
1li2i m~11i
Suppose that there exist constants dk’ i=1,2,...,n+l1:

nil
d.u (x) =0
i=1 * R3%i O
N _ _ A n+l . . .
if 4, =0 then 4, =0,1i=1,2,...,n and {ualiQQi"°am_1 j=p 1s linearly in-
dependent. If dn+l #0
-1 E
u (x) =a d.u
% n41%n+1°* “Pu-1nl T EL TR MG T

for all x € I in particular for each x € (ae—li’ae+li)’ but

Loug (x) =0, x € (aen~Igén+l)
en+l
whereas
-1 E
(dn+l . diuei) € span Ee+l
i=1
when x € (aen’“en+1)’ so Leu“en+1(X) # 0 for some x € (aen’aen+l) a contradiction.

DEFINITION 2. Define the set Si by setting
5; = {x € I/(Liu)(x) = 0].

Then since Liu, i=1,2,...,m are continuous functions on I the Si‘s,
i=1,2,3,...,m are closed sets and Sl ] 52 U...u Sm = I. In particular, any point
Q € [ae-l’ae+1] at which an ordinary branching occurs on [ae-l’ae+1]’ e=1,2,...,m-1
must belong to Se 1 n Se+l together with any limit point of the set of points at
which ordinary branching occurs since se-l n Se+l is closed.

We show that S__, n Ses1 is nowhere dense in [ae-l’ae+1]’ e=1,2,...,m-1.

THEOREM 4. Assume that u € N(M) as in (2.2) and B, n Eg = @#. Then

Se-1 n 8.4 15 nowhere dense in [aé—l’aé+l]’ e =1,2,...,m=1.
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PROOF. Suppose that Se-l ns =1,2,...,m-1 contains a maximal closed

e+1? ©

' ’ 1 i 1 -— Al = -
interval [ae-l’ae+l] with lae+1 ae-ll #0, e=1,2,...,m-1. Then
n(e+l)
= L} 1]
u(x) ey cejue'j for x € [ae-l’ae+l]'
: " " c ' ' . , . N . _
Now let (ae-l’°e+1) [ae-l’ae+l] Then by Case (i) in Theorem 1 there exist con

stants c(%), c(?), such that
€J e (e)
( nZe c(l)u (x) 3 <xsa"
_ ej ej e-1 e~1
J=1
< n(e+l)
" " - B n ”
u(a'e—Ll.’ae'4~ljx) 3=1 cejuej(x) Ge1 =x= Cet1
n(e)
(2) "
\ § cej uej(x) ae+1 =x= ae+l
J=1
belongs to N(M) since
n(§+l)
L ( c .u . )(z) =0
e i=1 ejej
at z =a" _,a" .. But
e-1’"e+l n(e+l)
L ( J§1 Cojley)(x) =0
n(e+l)
n " " ”" 3
on [ae—l’ae+l]' Hence U(“e-l’aé+ljx) € N(Le). Since JEI cejuej(x) [ N(Le),
e =1,2,...,m-1 the proof of Theorem 3 shows that the set B, U {u(ag_l,a;+ljx)] is

linearly independent. But this contradicts d(Le) =n(e), e = 1,2,...,m.
We now assume that n(1l) = N(2) = ... = n(m) for simplicity (the other cases
can be dealt analogously) and consider the following problem: given

(zo,zl,...,zn(l)_l n(1) and z € I find u such that

Mu = (Llu)(Lgu)...(Lmu) =0

2 y(z) = 2., i =0,1,...,n(1)-1. (2.14)

if N(Le) # N(Le+l), e =1,2,...,m~1, then we have at least m solutions, the
unique solutions belonging to N(Le), e =1,2,...,m-1. In addition according to
Theorems 1 and 2 we may have solutions with one or many multiple ordinary branchings.

In the event that Le’ e =1,2,...,m have constant coefficients we proceed as
follows: - let sje’ j=1,2,...,n(1), e =1,2,...,m denote the solutions of the
characteristic equation L, and assume u € N(Le) on some subinterval I(z) of I
containing z, then the restriction u of u on I(z) can be written

n(l) s, x

— Je
u(x) e

e
J=1

s, X
where {e Je }?ii) spans N(Le) and ¢ are uniquely determined by (2.1k). By

Je

(2.9) we must have

Leﬂ(i'(a.e)) =0, e=1,2,...,;m-1.

It follows that
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n(1) tjeo’e
z 4.8 =0 (2.15)
J=1
where n(l)
4, = ey by cie+lt;e, i=1,2,...,n(1) (2.16)
i=0
tie =8; - sn(l)e’ e = 1,2,...,m. (2.17)

Note that each one of the equations in (2.15) can have at most n(l)-1 real

je's and tJe's are all real [7].

Denote by apl’ap2"°"apn(l)—l the solutions obtained in the péé equation in

(2.15), p=1,2,...,m~1 and assume that (the other cases can be dealt analogously)

Gy S&p T3S e 26,9y F

Gpp S Gp3 = oee S0y 7y = (2.18)

solutions if the 4

%oy

Op-11 = %pe12 F %13 F vt =% yn(1)a1

Inequality (2.18) shows that we can have at most (n(l)—l)m_l ordinary multiple
branchings, e.g. (“11’“21""’°m-11) is one of them. We have thus proved.

THEOREM 5. If Li’ i=1,2,...,m have constant coefficients, then there exists
a solution u € N(M) (u as in (2.2)) to the intial value problem (2.1k) having a
multiple ordinary branching (al, 2”"’°h-l) with & €1, e =1,2,...,m-1 if and
only if & is a root of the exponential polynomial (2.15), where the dje's and
tjels are all real and they are given by (2.16) and (2.17).

Moreover if (2.18) holds there are at most (n(l)-l)m-l solutions u € N(M)
(u as in (2.2)).

THEOREM 6. Assume that the hypotheses of Theorem 5 are satisfied. Then there
are at most

(m-1)(n(1)-1)(n(1)-2)""* (2.19)

solutions u (u as in (2.2)) to the initial value problem having exactly n mul-
tiple branchings (ul,ae,...,am_l) in I where any m-2 of the ae's are fixed
e =1,2,...,m-1.

Moreover in this case if there are no solutions with n+l multiple branchings

then the total number of solutions to the problem
Mu =0

is bounded by -1

(m-1)(n(1)-1) T (n(1)-2)7. (2.20)
3=0

PROOF. Without loss of generality we can assume that “11 denote the first
point at which a branching occurs and u € N(Ll) on some subinterval 1I(z) = [z,all].
Then u € N(L2) on [all,ull*-c], for some € > 0. There are at most m-1 possi-
ble values for “11' Suppose w > G q is the next point at which a multiple branching
of u occurs. Then u € N(Lz) on [qll,w]. Hence there exist uniquely determined
cJ2(a11)’ 3 =1,2,...,n(1) such that
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n(l)
u(x) = J§1 dj2(a11)uj2(X)

on [ull,w] where {ujelgii) span N(L2). By Theorem 2,
n(1)
[Ll(jtz1 dj(“u)ujz)](v) =0

at v = “11 and v = w. Hence there are m-2 possible w's with w > all' This
argument applies again for the next branching. Since this argument can be applied in
any of the m-1 rows in (2.18), this proves (2.19).

Finally (2.20) can easily be proved if we use (2.19) for J = 0,1,2,...,n and
add the results.

REMARK 1. (a) We can assume in Theorem 6 that any h points h € {1,2,...,m-1}

are fixed from (al,az,...,um_l) then proceeding as in Theorem 6 we can prove that
the corresponding relations for (2.19) and (2.20) are respectively
h -
(m-1-(b-1)) (m(1)-1)"(n(1)-2)""2 (2.21)
and hn_l N
(m-1-(h-1))(n(1)-1)" Z (n(1)-2) (2.22)
J=0

(b) Up till now we obtained the cardinality results in Theorems 5, 6 and in (a)
above by assuming that (2.18) is true and u as in (2.2). But (2.2) can be written
in (m-1)! different ways by interchanging the role of the Li's, i=1,2,...,m.
Therefore in general all the cardinality results obtained up till now can be multi-
plied by (m-1)!

(c) If the Li, i=1,2,...,m are nonconstant but continuous (as in the
Introduction) we can restate Theorem 5 and (2.2). However the conclusions and the
proofs are going to be exactly analogous.

We now provide examples for Theorems 4 and 6 and (1.h4).

3. APPLICATIONS.

EXAMPLE 1. Let m = 2 and consider the function f defined by
xgltr%; s, x#0
f(x) = *

0 s, x=0

2
Then w € N(Ll), u, € N(L2) and a u € N(M) can be written as

ul(x) - ef(x), uz(x) = e2f(x)’ Llu =u' - £'(x)u, Lou = u' - 2f'(x)u.

cer(x) N ~-€sx=sx0
u(x) = , €>0
ae2F(x) o<x=<¢
or
cer(x), € =2x=50
u(x) = ,€>0
aef(x) | 0=xsc¢

That is, O is a limit point of branching points of u.
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In the event that the characteristic equations of Li’ i=1,2,...,m have com-
plex roots (2.15) may have infinite solutions to the initial value problem on (-®,®)
even if we have one ordinary multiple branching in (-=,®).

EXAMPLE 2. Let m =2, L = p? +1, L, = p° + 4, u(0) = 0, u'(0) = 1. Let
u € N(Ll) on [-6,6] for some € > 0. Then

ul(x) —é—ex+-;—e-lx=sinx
and (2.15) due to (2.16) and (2.17) becomes
e210. =1
therefore o.n =T, n = 0,1,2,...
_ 1 2ix 1 _-2ix _ 1 _.
u2(x) =17 e - e =7 sin 2x, etc.

EXAMPLE 3. Consider the equation

aM -
- M s

Let L, = (p-1)(p-2)(D-3), L, = (D-4)(p-5)(D-6), Ly = (D-7)(D-8)(D-9) and A =

Then

ul(x) = 2% - 3e2x + e3x
u2(x) - 5ehx 9e5x . her
uy(x) = 8eT* - 15¢8% 4 769%

Lyu, (x) — -120e* + 72¢%*¥ _ 63 = 0 m @ = 1n 2, 1n 10

(x) =0 w 3Oel‘x - 216esx + 21&0e6x =0 ~Q=1n (—0—8;3’“)@

L3u2(x) = + 216e°* - 2le bx _ 0 —~aQ = ]n(—@)

(x) = 0 — 18e™ = 360eP% 4 42069 = 0 — q = 1n(%l[g_°—£

[}
o

-— —300el“x

I
o

So we can have multiple branchings at

n?, ln(m)),
(1a(R0BHAREE, \, SheyIIIE))
(10 (ROBH/HER,) ), ShofI1IE))
(10 (AO8RHER) ) (SheyILIE))

(10(208~/BLEE, 1n<5”"villg>),

2ko
and
108-y/LL6k 9045/306
(=55, (555

For example we can have the solution u € N(M) given by
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2~ 3+ ¥, e<xsin2

u(x) = Sehx - 9eSx + he6x , lnm2sxs ln(éﬁ:%%iig)
8e™® _ 15¢8% 4 9% 1n(ﬁ12@) < x < 4,

>

etc.
The above are solutions corresponding to the order (Ll,L2,L3). But we can ob-
tain additional solutions corresponding to (Ll,L3,L2), (L2, l’LB)’ (L2,L3,Ll),

(L3s l’LZ) and (L3a 2,141)»
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