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ABSTRACT. Let Daf(z) be the Ruscheweyh derivative defined by using the Hadamard
product of £(z) and z/(1 - z)1+a. Certain new classes S: and k; are introduced
by virtue of the Ruscheweyh derivative. The object of the present paper is to
establish several interesting properties of S: and Ku . Further, some results for

integral operator Jc(f) of f(z) are shown.
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1. INTRODUCTION. Let A denote the class of functions of the form

f(z) = L
n=0

n+l
a i ? (a1 = 1) (1.1)

which are analytic in the unit disk U={z: |z| <1} Let S denote the subclass of
of A consisting of univalent functions in the unit disk U . A function £(z)
belonging to A is said to be starlike with respect to the origin in the unit disk

u if it satisfies

zf'(z)
Re {—??;3—4 >0 (1.2)

for all ng. We denote by S* the class of all starlike functions with respect to
the origin in the unit disk U. A function f(z) belonging to A 1is said to be
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convex in the unit disk U if it satisfies

z£"(z)
Re {l+?'(_z)—} >0 (1.3)

for all zE;U. We denote by K the class of all convex functions in the unit disk U
We note that f(z) € K if and only if zf'(z)€ $* and that
Ke S*< S,

Let £,(2) (3 = 1,2) in A be given by

o
f.(z) = I
J n=0

n+l

an+1’jz (al,j =1).

Then the Hadamard product (or convolution product) fl*fZ(z) of fl(z) and fz(z)
is defined by

@
n+l
* = .
£,*,(2) i 2n+1,1%041,2%  * (1.5)

By the Hadamard product, we define

zZ

(1 -2)

0 #(2) = *£(z) (@-1 (1.6)

1+a

for f(z) € A. The symbol Daf(z) was introduced by Ruscheweyh [1], and is called
the Ruscheweyh derivative of f(z).

To derive our results, we have to recall here the following lemmas.

LEMMA 1 ([2]). ©Let ¢(z) and g(z) be analytic in the unit disk | and
satisfy ¢(0) = g(0) = 0, ¢'(0) # 0, g'(0) * 0. Suppose that for each o (|o| = 1)
and & (IGI = 1), we have

1 + 8oz

o(2)* 75— 8(z) # 0 0 < Jz] <D (1.7

Then for each function F(z) analytic in the unit disk U and satisfying Re {F(z)}
>0 (z € U), we have

$*G(z)
Re {————¢*g(z)} >0 (ze l)). (1.8)

where G(z) = F-g(z).
LEMMA 2 ([3]). Let w(z) be regular in the unit disk |J , with w(0) = 0. Then,
if 'w(z)l attains its maximum value on the circle |z| =r (0<r< 1) at a point

z we can write

0’
' =

zgw (zo) WW(ZO),
where m is real and m Z 1.

LEMMA 3 ([4]). For a real number a (a > -1), we have

2(0%£(2))" = (o + DD LE(2) - ap®E(2). (1.9)
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REMARK. Note that (1.9) holds true for o = -1.
LEMMA 4 ([5)). Let ¢(u,v) be a complex function, ¢: n- CXC<C is the
complex plane) and let u = u, + iuz, v =v, + iv,. Suppose that ¢ satisfies the

1 1 2
following conditions

(1) ¢(u,v) 1is continuous in [);
(1i)  (1,00€D and Re{$(1,0)} > 0;

(1ii) Re{¢(iu2, Vl)} < 0 for all (iuz,vl)é D and such that vy < -+ ug)/Z.
Let p(z) =1+ Pz + p222 + ... be regular in the wunit disk U , such that (p(z),
zp'(z)) € D for all z € U. 1 Re{¢(p(z), zp'(2))} > 0 (z€|!), then Re p(z) > O
for z€ U.
2. PROPERTIES OF Daf(z). Applying Lemma 1, we prove

THEOREM 1. Let f(z) be in the class S* and satisfy the condition
D E(z) * 0 (0 < |z| <1) for a > - 1. Then D f(z) is also in the class S*.

PROOF. We note that

—E—— *(2£'(2))

p*(zf'(2) _ (1 - '
Z

(1 - 2)

2(D*£(2))" _
p%£(z2) p%£(z)

. (2.1)

1+a *£(z)

Setting 6 = -1, ¢(z) = z/(1 - z)l+a, g(z) = f(z), and F(z) = zf'(z)/f(z) in Lemma

1, we have

a ]
re (ZREEDY 5 zel), (2.2)
D f(z)

which implies o f(z) € S*.

THEOREM 2. Let f(z) be in the class K and satisfy the condition Da(zf'(z)) #0
(0 < Iz, < 1) for a > -1. Then Daf(z) is also in the class K .

PROOF. Since f(z)€ K if and only if zf'(z)& S*, Theorem 1 derives z(Duf(z))' =
Da(zf’(z))e S*. Hence we have Daf(z) e K.

3. THE CLASSES S: AND Km . In view of Theorems 1 and 2, we can introduce the follow-

ing classes;

S -t eh: uare S, a1
and

K!= {(f(z) € A : Daf(z)é: K, a > -1},

Now, we derive:

*
THEOREM 3. For a ) 0, we have S:ﬂC Sa
*
PROOF. For f(z) € Sa+1’ we define the function w(z) by
o A
z(D f(2z))' _ 1 + w(z) (w(z) # 1). (3.1)

Daf(z) 1 - w(z)
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Then, with Lemma 3, we have

0™ lea) _
p*£(z)

2@ EE) ",

1
a+ 1 Daf(z)

JU )+ (- au(z)

HI AND S. OGAWA

a}

T+ 00 = w2 ° G-2)
Differentiating both sides of (3.2) logarithmically, it follows that
zDaHf(z))' _ 1+ w(z) + 2zw' (z) (3.3)
a+] 1 -w(z) (1 -w){{d +a) + { - a)w(z)}" :
D f(z)
Suppose that for 20€ U
= = + .
' Tax 'w(z)' lw(zo)' 1 (w(zo) £ 1) (3.4)
z <lz
=1%o
Then it follows from Lemma 2 that
' =
2w (zo) mw(zo),
16,
where m is real and mz 1. Setting w(zo) = e , Wwe obtain
a+1
z,(D f(zo))'
Re {_a"’l—_}
D f(zo)
1 + w(z,) me(zo)
- ) 1
Re {l - w(zo)' + Re {(1 - w(zo))T(l +a) + (1 - u)w(zo)}’
ma(l - cosfp) <0,
--—— (3.5)
. 2 2 2 2
where M = {a(l - cosBg) + (1 - a)sin“0p}" + {a + (1 - a)cosfp}“sin"0p.
* .
This contradicts the hypothesis that £(z) eSaH. Therefore, w(z) has to satisfy
that Iw(z)l <1 for all z&€ |J. Thus we have
o 1
Re (HRED | g (1t :E:;} >0, (3.6)
D f(z)
*
vwhich implies f(z) € S .
THEOREM 4. For a > 0, we have
*
NS, = ta,
o
where id is the identity function f£(z) = z.
PROOF. Note that D z = z for all a, and that
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a'
re (H22Y -y 50 ze
Dz

*
for all a. Consequently, we conclude that idCS“ for all a.
For the converse, we assume that the function f(z) belonging to A is in the
*
class ra\ Sa' Then we have

'(n +a + 1) n+l

« -
D f(z) = I n!T(a + 1) 212 €5

n=0
for all a Z 0. It is well known that
|an+l|§n+l (m>1)

*
for f(z) € § . This implies

I'(n+a+ 1)

n!l(a + 1) 'anH' $ntl (2D, (3.7
or

(n + I)IT(a + 1)
lan+1| S Ta+rar D

(a3 D (3.8)

for all o > 0. Therefore, we have £(z) = z.
By virtue of Theorem 3, we prove:
THEOREM 5. For o » 0, we have KMIC K,

PROOF. By Theorem 3, it follows that

£(2) € K, <> 0*Me(2) ek
<> 0"e(2)) e 5
" (2)) €5
S e Sy,
=>zf'(z) € SZ
(2" (2)) €5

E=32(0%12) e §

This asserts the result of the theorem.
THEOREM 6. FOR o > 0, we have
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Q Ka = {id},

where id is the identity function £(z) = z.
The proof of Theorem 6 is similar to that of Theorem 4.
Furthermore, an application of Lemma 4 to the classes Sz and Ka gives:

*
THEOREM 7. Let f(z) be in the class Sa with « > -1. Then
B-1

a
re (52 Lo ze ), (3.9)

where 1 < B < 3/2.
PROOF. We define the function p(z) by

B-1
Qa
A (E2) sy s -, (3.10)

where A =1 + 1/2(B-1). Differentiating (3.10) logarithmically, we have

(1
z(D f(z))' _ _ 1 zp'(z) + 1. (3.11)
Daf(z) B -1 p(z) + (A -1)

*
Since f(z) & S o’ it follows that

1, zp'(z)
R g7 s+ Gt V>0 z € . (3.12)

Let p(z) =u = v+ 1u2 and zp'(z) = v = 4 + ivz, and define the function ¢(u,v) by

1 v
Vo) =~ Tt b (3.13)

Then ¢(u,v) is continuous in [) = (C-{1-a}) x(C, and together with (1,0) € D and

Re{$(1,0)} =1 > 0. Moreover, for all (iuz, vl)é, D such that v, < -1+ u%)/Z,

we can show that

v
_ 1 1 1
Re {¢(iu2,Vl)} =g -1 ke {iuz Fa-1y * !
2
- (A- DA+ u)
= +1¢0, (3.14)

2{u§ +(a- 1%

for 1 < B S 3/2. Hence the function ¢(u,v) satisfies the conditions in Lemma 4. It
follows from this fact that Re p(z) > 0 for z & |J, that is,
o B-1
re { A2EE2)  a-1) >0 z€ ). (3.15)

This completes the assertion of Theorem 7.
Taking B = 3/2 in Theorem 7, we have:
*
COROLLARY 1. Let £(z) be in the class S’ witha ) -1. Then
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« 1/2
re (2E2) 551 zE D, (3.16)
COROLLARY 2. Let f(z) be in the class Ka with a > -1. Then
e (0%t > Lo e, (3.17)
where 1 < B < 3/2.
PROOF. Note that
£(z) € K, <> p%£(2) € K
*
> (0% (2))' e S
*
> p(zf'(2) € §
*
&) eSh,
which implies
0% (z£'(2)) a
— = (@)’
Therefore, we have the corollary with the aid of Theorem 7.
4. INTEGRAL OPERATOR Jc(f). We define the integral operator Jc(f) by
z
J(f) =X L[ leeyae (c > -1) (4.1)
c c
z 0
for f£(z) € A . The operator Jc(f) when c € N = {1, 2, 3, ...} was studied by
Bernardi [6]. In particular, the operator Jl(f) was studied by Libera [7] and

Livingston [8].

*
THEOREM 8. Let f(z) be in the class Sa with a > 0. Then Ja(f) is also in

*
the class Sa.

PROOF. Define the function w(z) by

a

z(D J _(£f))"'
a _ 1 + w(2)

i (w(z) # 1).

a
D Ja(f)

Then, by taking the differentiation of both sides logarithmically, we have

2% (6" + 2% () 2% () 22 (2)

z(DaJa(f))' DuJa(f) T+ w(2) (- w(z)
Since
2(z(D*£(2)) ") = 22(D%E(2))" + 2(D £(2))",

we can see that

2Z2(0%E(2))" = (a + Dz(0* 1 E(2))" - (@ + 1)z(D*(z))"

(4.2)

(4.3)

(4.4)

(4.5)
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by Lemma 3. Furthermore, it follows from the definition of Ju(f) that
0*e(z) = 0™ (o). (4.6)

By using (4.5) and (4.6), we have

2% ()" = @+ D™ () - @+ D2 (E)"
= (@ + D20 £(2))" - (a + DI (£)". (4.7)
With the aid of Lemma 3, we have
2(0°3,(£))" = (a + DD E(2) - aD I (£). (4.8)

Consequently, from (4.3), we obtain

(@ + Dz (z))" _ (a + DD E(2) _ 2zv'(z) (4.9)
a , T+ w(2)(1 - w(z))? :
z(D J,(£)) D Ja(f)
or
Qa 1
(a + DD £(2) {z<D £(z))" _ 20 1, ()" } 2zw (2) . (4.10)
2(d" J () D £(2) D“Ja(f) @GN - VG

Since (4.8) implies

ap®J (£f)

( 1 (2)
= +al Rtz . 1+ a - -4 ?)++w§i)- Q)W(Z) (4.11)
z(D J_(£f))' z(DJ _(£))'
a a
it follows from (4.10) that
2(0%£(2))" _ L+ wz) 22v' (2) (4.12)
0%£(2) —w(2) T - W@ + @) + (T - o))" :
By assuming
max |w(z)| = lw(zo)| =1 (w(zo) # £ 1)
EINEN
for 20€: J and using the same technique as in the proof of Theorem 3, we can show that
a
z(D J (f))’
Re (———) = re (122} 5 z € Uy. (4.13)
D Ja(f)

*
Thus we conclude that J (f) is in the class Sa.
COROLLARY 3. Let f(z) be in the class S with a > 0. Then, for pE N ,

(z F (A+l,000, Q+l,l; Q+2,00., a+2; z))*f(z)E: “a’

“p+l7p

where Bl""’ Bp;z) denotes the generalized hypergeometric

p+lFp(al,..., ap+l;

function.
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PROOF. It is easy to see that

a + 1

a
z

LJ
ta-l ( f a tn+l) dt

J (f)
a n=0 n+l

O =N

o
=Z( Q"'l) n+l

n+a+1l an+1z
n=0

(zzFl(a+l,1;a+2;z))*f(z) (4.14)
for f(z) € A. Therefore, by Theorem 8, we have
(2,F | (a+1,13042;2))%E(2) € S,
Repeating the same manner, we conclude that
* *
£(2) € Sh =% (2,F; (at],1;042;2))%E(2) € Sy
*
===;"(z3F2(o;+l,u+l,l;a+2,a+2;z))icf(z) €S,

*
==?(zp+le(a+l, e T Y% ,at2;2))xf(2) € Sa'

Finally, we prove

THEOREM 9. Let f£(z) be in the class Ka. with a > 0, Then Ju(f) is also
in the class Ku.

PROOF. In view of Theorem 5, we can see that
*
£(2) €K, €= 207 £ €S
e P (zf (2 €S
*
&=y =f'(2) & S
*
=% J_(z£'(2)) € S,
o *
&> (2 E S
(¢} ' *
& (DI (D) € S
<> () € K
&> (5 ek,
which completes the proof of Theorem 9.
COROLLARY 4. Let f(z) be in the class K with a > 0. Then, for P elN,

p+15p yeeey G+l 15042,...,0+2;32))*f(2) € K o Where p_._le(cz1 yeee ,cxpﬂ;Bl sees B 32)
denotes the generalized hypergeometric function. P
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