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Abstract

The continuity for some multilinear operators generated
by certain integral operators and Lipschitz functions on some
Hardy and Herz-type spaces are obtained. The operators in-
clude Littlewood-Paley operators, Marcinkiewicz operators and
Bochner-Riesz operator.

Keywords: Multilinear operator; Lipschitz function; Hardy space; Herz
space; Herz type Hardy space; Littlewood-Paley operator; Marcinkiewicz oper-

ator; Bochner-Riesz operator.
2000 Mathematics Subject: /2B20, /2B25.

1 Introduction and Preliminaries

As the development of singular integral operators T, their commutators
and multilinear operators have been well studied (see [1],[4-7]). From [8] and
[9], we know that the commutators and multilinear operators generated by T
and the BMO functions are bounded on LP(R") for 1 < p < oco. Chanillo
(see [2]) proves a similar result when T is replaced by the fractional integral
operator. However, it was observed that the commutators and multilinear
operators are not bounded, in general, from H?(R") to LP(R™) for 0 < p < 1.
But, the boundedness holds if the BMO functions are replaced by the the
Lipschitz functions (see [3], [11], [16] and [19]). This show the difference of
the BMO functions and the Lipschitz functions. The purpose of this paper is
to establish the continuity properties for some multilinear operators generated
by certain non-convolution type integral operators and Lipschitz functions on
some Hardy and Herz-type spaces. The operators include Littlewood-Paley
operators, Marcinkiewicz operators and Bochner-Riesz operator.
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First, let us introduce some notations(see [10], [17-21]). Throughout this
paper, (Q will denote a cube of R™ with sides parallel to the axes. For a cube
@ and a locally integrable function f, let fo = |Q|™* fQ f(z)dz. Denote the
Hardy spaces by HP(R™). It is well known that H?(R™)(0 < p < 1) has the
atomic decomposition characterization (see [20],[21]). For § > 0, the Lipschitz
space Lipg(R™) is the space of functions f such that (see [19])

1lleims = sup  [f(z+h) = f)]/|n]7 < 0.

z,h€eR", h>0

Definition 1.1 Let 0 < p,q < 00, @ € R. For k € Z, define B, = {z €
R": |z| < 2%} and C}, = By \ Br_1. Denote by xy the characteristic function
of C} and x, the characteristic function of Bj.

(1) The homogeneous Herz space is defined by

KgP(R") = {f € LL (R \ {0}) : ||f || jccr < 00},

where

s 1/p
g = [Z Qkaprka}Eq] ;

k=—00

(2) The nonhomogeneous Herz space is defined by

KgP(R") ={f € Ligo(R") : [|fllxg» < o0},

loc

where
[o@)

1/p
3 25| flln, + ufwazq] .

k=1
Definition 1.2 Let « € R, 0 < p,q < .
(1) The homogeneous Herz type Hardy space is defined by

| fllzegr =

HKg?(R") = {f € S'(R") : G(f) € K{P(R")},
and
U igr = NG| ko
(2) The nonhomogeneous Herz type Hardy space is defined by

HEQP(R") = {f € S'(R") : G(f) € K{P(R")},

and
[ fllarer = |Gl ko

where G(f) is the grand maximal function of f.
The Herz type Hardy spaces have the atomic decomposition characteriza-
tion.
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Definition 1.3 Let o € R, 1 < ¢ < co. A function a(x) on R" is called a
central (v, ¢)-atom (or a central (a, q)-atom of restrict type), if

1) Suppa C B(0,r) for some r > 0 (or for some r > 1),

2) |lallze < [B(0,r)[~*/,

3) [a(x)zVdz =0 for || < [a—n(1l —1/q)].

Lemma 1.1(see[10],[18]]) Let 0 < p < 00, 1 < ¢ < 0o and a > n(1l —1/q).
A temperate distribution f belongs to H K’g’p (R™)(or HKSP(R™)) if and only
if there exist central («,¢)-atoms(or central (a,q) -atoms of restrict type)a;
supported on B; = B(0,27) and constants \;, 3 |A;[? < oo such that f =
> o Ajajlor f=37720Aja;)in the S'(R") sense, and

j=—o0

1/p
g iceor Cor | fllarer) = (Zl/\ﬂp) :
J

2 Theorems

In this paper, we will study a class of multilinear operators related to some
integral operators, whose definitions are follows.

Fixed 0 < 6 < n and € > 0. Let m; be the positive integers(i = 1,- - -, 1),
my + - - +my =m and A; be the functions on R" (i =1,---,1). Set

i (Ai,y) = Aifz) = 3 %Dmxy)(as—yw

[y|<m;

and
1
[v[=m;

Let Fi(z,y) define on R™ x R" x [0,+00). Set

F(f)(x) = / Fy(z,y)f (y)dy

n

and

H3:1 Ronj1(Aj; 2, y)
Rn |z —y[™
for every bounded and compactly supported function f. Let H be the Ba-
nach space H = {h : ||h|| < oo} such that, for each fixed z € R", F,(f)(x)

and F/(f)(z) may be viewed as a mapping from [0, +00) to H. Then, the
multilinear operator related to F; is defined by

T () = [[FAH @),

FtA(f)(x) =

Fi(z,y) f(y)dy
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where F} satisfies:
|Fy(2,9)|] < Clw —y[**

and
1Fi(y, ) = Filz,2)[] < Cly = 2w — 2| =+

if 2ly — z| < |z — z|. Let T(f)(x) = ||F:(f)(2z)||. We also consider the variant
of T4, which is defined by

TA(H) () = I @),

where

A _ Hi:l Qmﬁ-l (A’w z, y)
O T

Note that when m = 0, T is just higher order commutator of the operators
T and A(see [1],[12-14],[19]), while when m > 0, it is non-trivial generalizations
of the commutator. It is well known that multilinear operators are of great
interest in harmonic analysis and have been widely studied by many authors
when A has derivatives of order m in BMO(R")(see [4-6],[9]). The purpose
of this paper is to prove the continuity properties of the multilinear operators
T4 and T on Hardy and Herz-type spaces. In Section 4, some examples of
Theorems in this paper are given.

We shall prove the following theorems in Section 3.

Theorem 2.1 Let 0 < 5 <1,0<d<n—1Fand D'A; € Lipg(R") for
all v with |y|=m; andi=1,--- L.

(a) Suppose that T maps L*(R") continuously into L"(R") for any 1 <
r < n/pand 1/s = 1/r — p/n. If max(n/(n + B),n/(n +¢)) < p < 1,
1/p—1/q = (6 +18)/n, then TA maps HP(R") continuously into LI(R").

(b) Suppose that T4 maps L*(R") continuously into L"(R") for any 1 <
r<mn/pand 1/s = 1/r —p/n. If 0 < f < min(1/l,¢/1), then T4 maps
H™+HB)(R™) continuously into L™ (=9 (R™).

Theorem 2.2 Let 0 < f<1,0<d<n—I3,0<p<oo,1<q,q <o,
1/gn — 1/q2 = (0 +18)/n and DYA; € Lipg(R"™) for all v with |y| = m; and
i=1,--1.

(i) Suppose that T4 maps L*(R") continuously into L"(R") for any 1 <
r<n/pandl/s=1/r—p/n. ffn(l—1/¢) < o <min(n(l—1/¢)+I18,n(1—
1/q1) +€), then T maps Hqu‘l’p(R”) continuously into Kg;’p(R”).

(ii) Suppose that T4 maps L*(R") continuously into L"(R") for any 1 <
r<n/pand 1/s =1/r—pu/n. f0<p<1and 0 < < min(1/l,¢/l), then
T4 maps HKp /WP (Rr) continuously into K~ /40P gny

Remark. Theorem 2 also hold for the nonhomogeneous Herz and Herz
type Hardy space.

Fi(z,y) f(y)dy.

3 Proofs of Theorems
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We begin with a preliminary lemma.
Lemma 3.1(see [6]) Let A be a function on R™ such that DYA € L] |
for |y| = m and some ¢ > n. Then

m 1 1/q
Rl < cle—y ¥ (oo [ pacp:)
) T,y

[v]=m

(R")

where Q(z,y) is the cube centered at = and having side length 5\/n|z — y|.
Proof of Theorem 2.1(a). It suffices to show that there exists a constant
C > 0 such that for every HP-atom a, there is

174 ()]s < C.

Without loss of generality, we may assume [ = 2. Let a be a HP- atom that is
that a supported on a cube @ = Q(xo,d), ||a]|~ < Q|7 and [, a(z)z"dx =
0 for |n| < [n(1/p—1)]. We write

/n T (a)(x)|*da = </|HO|§2d+/HO|>2d) T4 (a)(2)|%dz = I + L.

For [, taking ¢¢ > ¢ and 1 < p; < n/(6 + 20) such that 1/p; — 1/q1 =
(6 +28)/n, by Hélder’s inequality and the (LP', L%)-boundedness of T4, we
get

L < ClITH(a)||Fa 2Q 7" < Cllal|}, Q' < C.
To estimate I, we need to estimate T%(a)(z) for z € (2Q)°. Let flz(gr) =
Ail(T) =3 1= %(D'YAi)QJI’Y. Then R, (Ai;x,y) = R, (Ai; x,y) and DVA,(y) =
D7A;(y) — (D7A;)g. We write, by the vanishing moment of a,

F(a)()
_ / [Ft(l"ay) B Fy(z, o)

N jz =y fo = wlm

} Runy (A1 2,y) Ron, (Asi 2, y)a(y) dy
+/ M[le (Al,l’,y) - le (Alaxazﬂ)]ng(A27x7y)a(y)dy
R

mn |ZL’ - .’170|m

Fi(x,x b A A
+/ M[Rmz (Ag;l‘,y) - Rmz (AZ; xZ, xU)]le (Al; x,mo)a(y)dy
R

n ]JJ - iUo’m
ml A ‘1z, D’YQA Y2
¥ / 1;7,Y) i( y) (@ —y) Fy(x,y)a(y)dy
ol Y2! J pn |x—y|
m2 A y L, DA IS
S / 2,7, Y) ;( y) (@ —y) Fy(x,y)a(y)dy
Iv1l=m1 1t vyl
11 [ DA (y) D Ay(y)(x — y)
oy DR AW =g ) dy:

7! ye! |$_y|m

[v1[=ma,|v2[=m2
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By Lemma 3.1 and the following inequality

1
[b(z) — bl < @/Q||b||upglx —ylPdy < |Ibl|zip, (|2 — 0| + )",

we get
[ B, (Ais 2, y)| < Z IDY Ail| L, (|2 — y| + d)™ 7,

[v|=m;

By the formula (see [6]):

~ ~ 1 ~
Rmz(Au xz, y) - Rmz (Au Z, :EO) = Z _|Rmz*‘77|(DnAu Lo, y)(l’ - 170)777

In|<m

and note that |z — y| ~ |z — x| for y € Q and € R" \ 2(Q), we obtain

A A |?J—x0|
@) = IE @@ T [ 5 107 Al /th—xow—é—w

i=1\ |yi|=m;

ly — 2ol \Z/—SCOW \3/—330|26
d
+]:1; — po|n+e—0-28 + |z — @29 + |z — 2|0 la(y)|dy
2
A |Q|1/n+1—1/p ’Q|8/n+1—1/p
Yi Al
= CH Z HD AZHLZPB |:‘£L' _ x0|n+17572ﬁ + ‘x _ xo‘n+576726

i=1 \Jyl=m
|Q|ﬁ/n+1fl/p |Q|2ﬂ/n+11/p:|
+ ;

|z — 20|00 |z — x|

Thus

I, < / T4(a)(z)|%dx
2 2; 2MQ\MI (a)(

> DAz,

1 "Yz =my;

q

IN
Q
".:1w

% Z [qun(l/P—(n-H)/n) + Qkan(1/p=(nte)/n) qun(l/p—(nJrﬁ)/”)]

q

=1
2
CIIT{ Do 1D A, || <€

=1\ |vil=m;

IN

which together with the estimate for I; yields the desired result.
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(b). Without loss of generality, we may assume [ = 2. It is only to prove
that there exists a constant C' > 0 such that for every H™ ("+2%)_atom a sup-
ported on @ = Q(xg,d), there is

174 (@)l psns < C.

We write

/ |TA(CL)(I)|n/(n_6)dIL' _ [/I | d+/| | Zd} |TA(a)(x)|n/(n—6)dx = T+ Ty,
™ r—x0|<2 T—x0|>

For Ji, by the (L?,L%)-boundedness of T4 for 1 < p < n/(6 + 28), ¢ >
n/(n—3d)and 1/q¢ = 1/p — (§ + 23)/n, we get

T (n—¢ n/((n— n/(n—9o) —n/((n—
Jy < C||TA()| [0 2@ =/ (=09 < O||a| 12| /(=D))< ¢

To obtain the estimate of .J,, we denote A;(z) = A;(z) = hyl=mi %(DVAi)Qva.

Then Qum, (Ai; ,y) = Qm,(Ai; 2, y). We write, by the vanishing moment of
and Qi +1(A4s 2, y) = R, (A5 2,9) =221 1=m, %DVAi(m)(x—y)V, for x € (2Q)°,

F{(a)(2)

_ / [Ft(x’y) - Ff(x’%)]le(Al;x,y)Rm(Aa;x,y)a(y)dy

jz —y[™ fo =z

+ / M[le (Aly X, y) - Rm1 (Ala z, IO)]RTTLQ (A27 Z, y)a(y)dy
R

mn |IL’ - $0|m

Fyx,z ~ A A
+/ M[Rmz(fb;xvy) - RmQ(A2;$ax0)]Rm1 (Al;x>$0)a(y)dy
R

n | — x0|™

Z / [Ft z,y) (@ —y)?  Fi(z,m) (v —xo)w]
" |z —y|™ | — @™

[v2|=m2

X Ry, (A1; 2,y D"’QAz( Ja(y)dy
F _ 72 ~ ~
- [ PRI R (i) R (i)

[y2|=m2 [z = ol
x D2 Ay (z)a(y)dy
Z / {Ft z,y) (@ —y)"  Fz,w)(r — xo)w}
RN T FErT

X Ry, (Ag; ,y) DM Ay (2)a(y)dy
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F — ~ ~
Z / t - $0 ‘T xO) [RmQ(A%xay)_Rmz(A2;$axO)]

Iyil=ma [z = o™
x DV Ay (z)a(y)d
DY / IR AL LR e
= o = aol”

I711=m1,|v2|=m2

x DN Ay (2) D Ay(2)aly)dy,

then, similar to the proof of (a), we obtain

T4 (a)(x)|
2
| ly — x0l°
< CII L S 1D Al /Q{x_x =535 T |I_xo|n+g_5_24 la(y)|dy
=1\ |yi|=m;

IA
Q
e

i QU= ||t
S 10 e, | [ " ,

T |n+1 —0—20 ‘x_x0|n+6—6—26
i=1 \ Jyil=m

thus
9 n/(n—0) ~

Jy < C H Z HD%AiHLipﬁ Z[Qk”(%*l)/(n%)+2k‘n(2ﬁf€)/(n*5)] < C,
i=1 [vi|l=m; k=1

which together with the estimate for J; yields the desired result. This com-
pletes the proof of Theorem 2.1.

Proof of Theorem 2.2(i). Without loss of generality, we may assume
I =2 Let fe HKJP(R") and f(x) = > > Aja;(x) be the atomic decom-

j=—00
position for f as in Lemma 1.1. We write

174(f) WPSEPW(ZMMW%MMJ

k=—o00 j=—00

[e'e) oo V4
+Zﬂ“(§ﬂmw%mmm)=m+&.

k=—o00 j=k—2
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For K, by the (L%, L%) boundedness of T4, we have

o] 00 p
<oy Qkap(z |Aj|||aj||m)

k=—00 j=k—2

CYE P (12 2t) 0<p<
OSP4 20wt (42 oo )™ s

< C Z Al” < ClIA ko

j=—00

For K, similar to the proof of Theorem 2.1 (a), we get, for x € Cy, j < k—3,

7% (a;) ()|
|Bj|l/n ‘les/n |Bj|ﬁ/n ’Bj|2f6/”
< C (|x|n+1—5—2[3 + |$‘”+5_5—25 + ‘x|n—5—,ﬁ + ’J}|n_5 - |aj(y)|dy
2j(1+n(1—1/‘11)—a) 2j(5+n(1—1/q1)—a) 2j(/3+n(1—1/q1)—a)
- ( P N e R P ) |
thus

1T (a;) xk|| pox
< 2k (2URRO-Ya)-0) | gG-Rlen(-1/m)-e) | g(-R(B+n(-1/a)-0)

TO be Slmply’ denote W(]’ k‘) — 2(j_k)(1+n(1_1/‘h)_a) _|_ 2(j_k)(€+n(1_1/(h)_a) _|_
2U=R(B+n(1=1/a1)=) and recall that a < min(n(1 —1/q;) + B, n(1 —1/q1) + &),
then

K < Z(Z!MWJ, )p

k=—oco \j=—o0

CZ;”;_OO A1 ZZ‘lm W, k)P, 0<p<1
{CZ;O_OO|/\]-| [Zk " i4s W (j, k)?/ }[Zk s W (j, ]{;)P'/Q]p/P7 p>1

C S P < CUTIE o

j=—o00

IN

These yield the desired result.
(ii). Without loss of generality, assume [ = 2. Let f € HK '~/ 200 pny

and f(z) = Y277 Aja;(x) be the atomic decomposition for f as in Lemma
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1.1. Write
o P
Jras@all fna-iaise < > ot a)20) (Z A |||TA(QJ)Xk||Lq2>
k=—oc0 Jj=—00
p
+ Z okp(n(1-1/q1)+20) ( Z by |||TA(CE])XI<:||LQ2>
k=—00 Jj=k—2
= L1+ Lo.

For L, by the (L9, L%) boundedness of T4, we get

L, < C Z okp(n(1-1/q1)+26) (Z I\ H|%|’Lq1>
J

k=—00 2
) Jj+2
< C Z I\ [P ( Z 9(k—=5)p(n(1- 1/q1)+25)>
j:—oo k=—o00

< CEIMW<mvwnuwmm

]——OO

For L, similar to the proof of Theorem 2.1 (b), we get, for z € Cy, j < k — 3,
=4 B[ | B[
@l < 0 (s i) [

9i(1-20) 9i(c~26)
c (‘x’n+162[3 + ’x|n+€62ﬁ) ’

IN

thus

00 k=3 ; p
27(1-20) 27 (e=27)
kp(n(1—1/q1)+20) knp/
Ll < C Z 2" B (Z ‘)\ |p2k n+1-6—20) 2k(n+€—§—2,@) 2

k=—o00 Jj=—00

C i |>\j|1’ i (2p(1—25)(j—k)+2p(e—2,6)(j_k))

j=—o00 k=j+3

o
S C Z |)\]|p S C||f||z;—[f(gl(171/q1>+2ﬁ’p.

j=—00

IN

These yield the desired result and finish the proof of Theorem 2.2.
4 Examples

Now we give some examples including Littlewood-Paley operators,
Marcinkiewicz operators and Bochner-Riesz operator.
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Example 1 Littlewood-Paley operator.
Fixed € > O and p > (3n+2)/n. Let ¢ be a fixed function which satisfies:
Jrn U(@)dz =0,
B o 2O el
(3) [(z+y)— ()| < Clyl (14 Jaf)~+14) when 2| < al;
We denote that I'(z) = {(y,t) € R : |[x — y| < t} and the characteristic
function of I'(z) by Xxr@). The Littlewood—Paley multilinear operators are

defined by o
G () = (/OO|FA< kL)
(] [ i)
and
2=/ L. (—)]
where

Hé’:l ij+1(Aj§ x, y)

FAf)(z) = . p——TT Uiz — ) f(y)dy,
l-,l Ry 11(Ajs 2,2
R = [ AT o - a:

and ¥ (x) = t™"¢(z/t) for t > 0. The variants of gi}, Si} and g/j‘ are defined

by

#n = [T >|2d’*) ,

por= [ [ o]

and

[/ Jo (=) 1 >'2f35f] :
where

e = [ T Onnlhirsd) o iy

and

FA) (2,y) = Wy — 2) f(2)dz.

3 / Hé':l Qm,+1(45; 2, 2)

|z — 2™
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Set Fy(f)(y) = f = (y). We also define that

w0 = ([ 1R >12‘”) ,
o= (f [, mnwris)
- ( /].. (m)wﬂ(ﬁ(y)?fﬁff)m,

which are the Littlewood-Paley operators (see [21]). Let H be the space

H= {h: 1] = (/OOO |h(t)|2dt/t)1/2 < oo}
H= ||h||—<// Byt dydt/t"+1>1/2<oo ,

then, for each fixed x € R", FA(f)(z) and FA(f)(z,y) may be viewed as the
mapping from [0, 4+00) to H, and it is clear that

g5 (@) = [IFAH @), gu(H)@) = [[F(f) ()],

SH(N@) = [xew FA @] Se(H)@) = [xew PN )|

(;)/ FAf) ()

t+ |z —yl

(4)/ F()

t+ |z —yl

and

or

and

)

ﬁﬁ%ﬂZ‘

gu(f)(x) =

It is easily to see that gy, Sy and g, satisfy the conditions of Theorem 2.1 and
2.2, thus Theorem 2.1 and 2.2 hold for g;Z‘ and g;;}, S;Z‘ and 5’1‘2‘, gf and g;‘.
Example 2 Marcinkiewicz operator.
Fixed Fix A > max(1,2n/(n+2)) and 0 < v < 1. Let © be homogeneous of
degree zero on R" with [, , Q(a’)do(2") = 0. Assume that Q € Lip,(S"").
The Marcinkiewicz multilinear operators are defined by

i = ([,



Continuity for Multilinear Integral Operators 227

- [ ] N

and
dydt]"?
[//I;nﬂ (t—l— |:L‘—y|) |FAf)(w, )‘2;;3] ’
where
Hl‘:l Ry, 1(Aj;2,y) Qz —y)
A — J J d
FA() @) /| I T e ML
and

[T,y Roy1(Aji9,2) Qy — 2)
FA) (2, y =/ ’ :
£ () ) y—z|<t ly — z|m ly — z|»—1

The variants of u3, ua and uy are defined by

e = ([ 1E >|2‘“) ,

=[] reart]”

and
t "o dydt]"?
_ 2
)= [ [ ) e t] ,
where
~ l': Qmj Aj; ) Q -
R = [ M il A s,
and
~ l‘: Qmj Aj; ; Q —
Fnen=[ Mhios O 1005 B =) 1
Set

Fi(f)(z) = / i) T

|lz—y|<t |l’ - y|n !

We also define that
ol f) (@) = ( / ) |Ft<f><x>|2ﬂ)l/2,
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wst@ = ([ 1r0wEs) "

i (f)() = ( /[ . (ﬁ) F() )2 ) "

which are the Marcinkiewicz operators(see [22]). Let H be the space

H = {h: I1h]] = </0°° ]h(t)|2dt/t3)1/2 < oo}
= {h = (f [ o) " oo} .

Then, it is clear that

pa (@) = IFA D@, pa(f)@) = [|FF@)I,
15 () (@) = |[xewF (@) ps(H)@) = || xea FE) )|

and

or

and
t

W) () = H (ﬁ)/ FA(),9)

J

z—yl

(;)way)

t+ |z —yl

pa(f) (@) =

It is easily to see that puq, pus and py satisfy the conditions of Theorem 2.1 and
2.2, thus Theorem 2.1 and 2.2 hold for u and g, p# and g, pgt and jis.
Example 3 Bochner-Riesz operator . R
Let 0 > (n —1)/2, BY(f)(§) = (1 — £*[§[*)3 f(§) and By (z) = t"B°(2/t)
for ¢t > 0. Set

B H;:l Rm]'+1 (A]7 x, y) 5

Fyy(f)(x) = . P By (z —y) f(y)dy
and z 4
@) = [ st Omnlions) g sy,

Rn |z —y|™
The maximal Bochner-Riesz multilinear operator and its the variants are de-
fined by

Bﬁ*(f)(x)Zigngét(f)(x)\ and B3l (f)(x) = sup [ B, (f)(x)|-

t>0
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We also define that
Bs«(f)(x) = sup | B} (f)(x)],

t>0

which is the maximal Bochner-Riesz operator(see [15]). Let H be the space
H = {h: ||h]| = sup |h(t)| < oo}, then
>0

B (f)(@) = 1B, (H(@)ll, BAH() = 1B (f) ()]

It is easily to see that B, satisfies the cqnditions of Theorem 2.1 and 2.2, thus
Theorem 2.1 and 2.2 hold for Bg‘}* and B(‘;?*.

4 Open problem

In this paper, the boundedness properties of the multilinear operators gen-
erated by certain non-convolution type integral operators and Lipschitz func-
tions on some Hardy and Herz-type spaces are obtained. The operators include
Littlewood-Paley operators, Marcinkiewicz operators and Bochner-Riesz oper-
ator.

The open problem is to study the boundedness of the multilinear op-
erators generated by the non-convolution type integral operators and others
locally integrable functions on others spaces.
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