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Abstract

We introduce new modified cosine and sine sums and study
their L1-convergence to the sine and cosine trigonometric se-
ries respectively and deduce a result of Bala and Ram [1] as a
corollary.
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1 Introduction and Preliminaries

Let
a0

2
+

∞∑
k=1

ak cos kx (1)

and
∞∑

k=1

ak sin kx (2)

be cosine and sine trigonometric series respectively with their partial sums
denoted by Sc

n(x) = a0

2
+
∑n

k=1 ak cos kx, Ss
n(x) =

∑n
k=1 ak sin kx and let f(x) =

limn→∞ Sc
n(x), g(x) = limn→∞ Ss

n(x).
For convenience, in the following of this paper we shall assume that a−1 =

a0 = 0.
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A sequence (an) is said to be semi-convex if an → 0, n →∞ and

∞∑
n=1

n|∆2an−1 + ∆2an| < ∞, (3)

where ∆2ak = ∆ (∆ak) = ak − 2ak+1 + ak+2.

R. Bala and B. Ram [1] have proved that for series (1) with semi-convex
null coefficients the following theorem holds true.

Theorem A. If (an) is a semi-convex null sequence, then for the conver-
gence of the cosine series (1) in the metric L1, it is necessary and sufficient
that an−1 log n = o(1), n →∞.

Garret and Stanojević [2] have introduced modified cosine sums

fn(x) =
1

2

n∑
k=0

∆ak +
n∑

k=1

n∑
j=k

∆aj cos kx.

Garret and Stanojević [3], Ram [4], Singh and Sharma [5], and Kaur and
Bhatia [6], [7] studied the L1-convergence of this cosine sum under different
sets of conditions on the coefficients an.

Kumari and Ram [8] introduced new modified cosine and sine sums as

hn(x) =
a0

2
+

n∑
k=1

n∑
j=k

∆

(
aj

j

)
k cos kx

gn(x) =
n∑

k=1

n∑
j=k

∆

(
aj

j

)
k sin kx

and have studied their L1-convergence under the condition that the coefficients
an belong to different classes of sequences. Likewise, they deduced some results
about L1-convergence of cosine and sine series as corollaries.

N. Hooda, B. Ram and S. S. Bhatia [9] introduced new modified cosine
sums as

rn(x) =
1

2

(
a1 +

n∑
k=0

∆2ak

)
+

n∑
k=1

(
ak+1 +

n∑
j=k

∆2aj

)
cos kx

and studied the L1-convergence of these cosine sums.
Later on, K. Kaur [10] introduced new modified sine sums as

Kn(x) =
1

2 sin x

n∑
k=1

n∑
j=k

(∆aj−1 −∆aj+1) sin kx,
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and studied the L1-convergence of this modified sine sum with semi-convex
coefficients proving the following theorem.

Theorem B. Let (an) be a semi-convex null sequence, then Kn(x) con-
verges to f(x) in L1-norm.

We introduce here new modified cosine and sine sums as

Hn(x) = − 1

2 sin x

n∑
k=0

n∑
j=k

∆ [(aj−1 − aj+1) cos jx]

Gn(x) =
1

2 sin x

n∑
k=1

n∑
j=k

∆ [(aj−1 − aj+1) sin jx] .

The main goal of the present work is to study the L1-convergence of these
new modified sine and cosine sums with semi-convex coefficients and to deduce
Theorem A as a corollary.

As usually with Dn(x) and D̃n(x) we shall denote the Dirichlet and its
conjugate kernels respectively, defined by

Dn(x) =
1

2
+

n∑
k=1

cos kx, D̃n(x) =
n∑

k=1

sin kx.

Everywhere in this paper the constants in the O-expressions denote positive
constants and they may be different in different relations.

2 Main Results

Regarding the series (2) we prove the following result:

Theorem 1. Let (an) be a semi-convex null sequence, then Hn(x) con-
verges to g(x) in L1-norm.
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Proof. We have

Hn(x) = − 1

2 sin x

n∑
k=0

n∑
j=k

∆ [(aj−1 − aj+1) cos jx]

= − 1

2 sin x

n∑
k=0

[(ak−1 − ak+1) cos kx− (an − an+2) cos(n + 1)x]

= − 1

2 sin x

n∑
k=0

(ak−1 − ak+1) cos kx

+(n + 1) (an − an+2)
cos(n + 1)x

2 sin x

= − 1

2 sin x

n∑
k=0

(∆ak−1 + ∆ak) cos kx

+(n + 1) (an − an+2)
cos(n + 1)x

2 sin x
. (4)

Applying Abel’s transformation in (4) (see [11], p. 17), we have

Hn(x) = − 1

2 sin x

{
n−1∑
k=0

(
∆2ak−1 + ∆2ak

)(
Dk(x) +

1

2

)

+ (∆an−1 + ∆an)

(
Dn(x) +

1

2

)}

+(n + 1) (an − an+2)
cos(n + 1)x

2 sin x

= − 1

2 sin x

{
n∑

k=0

(
∆2ak−1 + ∆2ak

)
Dk(x)

− (∆an−1 −∆an+1) Dn(x)

+
1

2

n−1∑
k=0

(∆ak−1 −∆ak+1) +
∆an−1 + ∆an

2

}

+(n + 1) (an − an+2)
cos(n + 1)x

2 sin x

= − 1

2 sin x

n∑
k=0

(
∆2ak−1 + ∆2ak

)
Dk(x)

+(n + 1) (an − an+2)
cos(n + 1)x

2 sin x
. (5)
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On the other side we have

Ss
n(x) =

1

sin x

n∑
k=1

ak sin kx sin x

= − 1

2 sin x

n∑
k=1

ak [cos(k + 1)x− cos(k − 1)x]

= − 1

2 sin x

n∑
k=0

(ak−1 − ak+1) cos kx

−an+1
cos nx

2 sin x
− an

cos(n + 1)x

2 sin x

= − 1

2 sin x

n∑
k=0

(∆ak−1 + ∆ak) cos kx

−an+1
cos nx

2 sin x
− an

cos(n + 1)x

2 sin x
. (6)

Applying Abel’s transformation to the equality (6) we get

Ss
n(x) = − 1

2 sin x

{
n−1∑
k=0

(
∆2ak−1 + ∆2ak

)(
Dk(x) +

1

2

)

+ (∆an−1 + ∆an)

(
Dn(x) +

1

2

)}

−an+1
cos nx

2 sin x
− an

cos(n + 1)x

2 sin x

= − 1

2 sin x

{
n∑

k=0

(
∆2ak−1 + ∆2ak

)
Dk(x) +

1

2

n−1∑
k=0

(∆ak−1 −∆ak+1)

+ (∆an + ∆an+1) Dn(x) +
∆an−1 + ∆an

2

}

−an+1
cos nx

2 sin x
− an

cos(n + 1)x

2 sin x

= − 1

2 sin x

n∑
k=0

(
∆2ak−1 + ∆2ak

)
Dk(x)

− (an − an+2)
Dn(x)

2 sin x
− an+1

cos nx

2 sin x
− an

cos(n + 1)x

2 sin x
. (7)
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Since (an) is semi-convex sequence, then from (3) we have

|(n + 1) (an − an+2) | = (n + 1)

∣∣∣∣∣
∞∑

k=n

(∆ak −∆ak+2)

∣∣∣∣∣
= (n + 1)

∣∣∣∣∣
∞∑

k=n+1

(∆ak−1 −∆ak+1)

∣∣∣∣∣
≤

∞∑
k=n+1

k|∆2ak−1 + ∆2ak| = o(1), n →∞. (8)

Using (8) and when we pass on limit as n →∞ to (5) and (7) we get

g(x) = lim
n→∞

Ss
n(x)

= lim
n→∞

Hn(x) = − 1

2 sin x

∞∑
k=0

(
∆2ak−1 + ∆2ak

)
Dk(x). (9)

Applying well-known inequality Dk(x) ≤ 1/2+k, k = 1, 2, . . . , and relations
(5), (8) and (9) we have

∫ π

−π

|g(x)−Hn(x)| dx =

=

∫ π

−π

∣∣∣∣∣ 1

2 sin x

∞∑
k=n+1

(
∆2ak−1 + ∆2ak

)
Dk(x)

+(n + 1) (an − an+2)
cos(n + 1)x

2 sin x

∣∣∣∣∣dx

= O

(
∞∑

k=n+1

k|∆2ak−1 + ∆2ak|

)
+O (|(n + 1) (an − an+2) |) = o(1), n →∞,

which fully proves the Theorem 1.

Corollary 1. Let (an) be a semi-convex null sequence, then the neces-
sary and sufficient condition for L1-convergence of the series (2) is an log n =
o(1), n →∞.

Proof. Let ‖Ss
n(x)−g(x)‖ = o(1), n →∞. We would show that an log n =
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o(1), n →∞. Indeed, we have∥∥g(x)−Hn(x)
∥∥+

∥∥Ss
n(x)− g(x)

∥∥
+

∥∥∥∥(n + 1) (an − an+2)
cos(n + 1)x

2 sin x

∥∥∥∥+

∥∥∥∥ (an − an+2)
Dn(x)

2 sin x

∥∥∥∥
≥
∥∥∥∥an+1

cos nx

2 sin x
+ an

cos(n + 1)x

2 sin x

∥∥∥∥
≥ an+1

∫ π

−π

∣∣∣∣cos nx

2 sin x
+

cos(n + 1)x

2 sin x

∣∣∣∣ dx

= an+1

∫ π

−π

∣∣∣∣D̃n(x)− 1

2
ctg

x

2

∣∣∣∣ dx

= an+1

(∫ π

−π

∣∣∣D̃n(x)
∣∣∣ dx−

∫ π

0

∣∣∣ctgx

2

∣∣∣ dx

)
= O (an+1 log n) , (10)

(see [11], p. 116).
Since

∥∥g(x) − Hn(x)
∥∥ = o(1) by Theorem 1,

∥∥Ss
n(x) − g(x)

∥∥ = o(1) by
assumption of Corollary, third and fourth term at the left side of relation (10)
tend to 0 by (8), consequently an log n = o(1), n →∞.

Conversely, let an log n = o(1), n →∞. Then by (8)∥∥Ss
n(x)− g(x)

∥∥ ≤
∥∥Hn(x)− g(x)

∥∥+
∥∥Hn(x)− Ss

n(x)
∥∥

=
∥∥Hn(x)− g(x)

∥∥+

∥∥∥∥(n + 1) (an − an+2)
cos(n + 1)x

2 sin x

+ (an − an+2)
Dn(x)

2 sin x
+ an+1

cos nx

2 sin x
+ an

cos(n + 1)x

2 sin x

∥∥∥∥
= o(1) + O ((n + 1)|an − an+2|) + O (n|an − an+2|)

+

∥∥∥∥an+1
cos nx

2 sin x
+ an

cos(n + 1)x

2 sin x

∥∥∥∥
= o(1) +

∥∥∥∥an+1
cos nx

2 sin x
+ an

cos(n + 1)x

2 sin x

∥∥∥∥. (11)

But∫ π

−π

∣∣∣∣an+1
cos nx

2 sin x
+ an

cos(n + 1)x

2 sin x

∣∣∣∣ dx ≤ an

∫ π

−π

∣∣∣∣cos nx + cos(n + 1)x

2 sin x

∣∣∣∣ dx

= an

∫ π

−π

∣∣∣∣12ctg
x

2
− D̃n(x)

∣∣∣∣ dx = O (an log n) = o(1),

therefore from (11) we get ‖Ss
n(x) − g(x)

∥∥ = o(1), n → ∞, which implies the
conclusion of the Corollary.
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Regarding the series (1) the following statements are true:

Theorem 2. Let (an) be a semi-convex null sequence, then Gn(x) con-
verges to f(x) in L1-norm.

Corollary 2. Let (an) be a semi-convex null sequence, then the neces-
sary and sufficient condition for L1-convergence of the series (1) is an log n =
o(1), n →∞.

The proofs of Theorem 2 and Corollary 2 are similar to the proofs of The-
orem 1 and Corollary 2, therefore we omit them.

Remark 1. Kaur K. [10] introduced the modified sine sums Kn(x) and
studied L1-convergence of cosine series (1). Here we shall introduce the modi-
fied cosine sums Fn(x), similar with Kn(x), as

Fn(x) = − 1

2 sin x

n∑
k=0

n∑
j=k

(∆aj−1 −∆aj+1) cos kx,

where a−1 = a0 = 0.
By a similar argument, we can show that the Theorem B also holds for the

series (2), when instead of Kn(x) we use Fn(x).
More precisely, the following statement holds.

Theorem 3. Let (an) be a semi-convex null sequence, then Fn(x) converges
to g(x) in L1-norm.

Remark 2. The Corollary 1 is a consequence of Theorem 3, as well.

3 Open Problem

In [6] Kaur K. and Bhatia S. S. have defined a new class of sequences, so-colled
generalized semi-convex sequences, as follows:

A null sequence (an) is said to be generalized semi-convex if

∞∑
n=1

nα|∆α+1an−1 + ∆α+1an| < ∞, for α > 0, (a0 = 0).

Since for α = 1 a generalized semi-convex sequence reduces to a semi-
convex sequence, then the following problem arises :
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If we use a generalized semi-convex sequence instead of a semi-convex se-
quence, how to define the new modified cosine and sine sums Hn(x) and Gn(x)
so that our results in this paper can be as corollaries of new results?
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