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Abstract

We introduce new modified cosine and sine sums and study
their L'-convergence to the sine and cosine trigonometric se-
ries respectively and deduce a result of Bala and Ram [1] as a
corollary.
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1 Introduction and Preliminaries

Let
%4—;%0081% (1)

and

Z a sin kx (2)
k=1

be cosine and sine trigonometric series respectively with their partial sums
denoted by S5 (z) = @4, arcoskx, S;(x) = Y p_; apsinkz and let f(z) =
lim, 00 S5(2), g(z) = lim,, . SE(z).

For convenience, in the following of this paper we shall assume that a_; =
ag = 0.
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A sequence (a,) is said to be semi-convex if a,, — 0,n — oo and

anzan,l + A%a,| < oo, (3)

n=1

where A2%q;, = A (Aag) = ap — 2ap41 + dpyo.

R. Bala and B. Ram [1] have proved that for series (1) with semi-convex
null coefficients the following theorem holds true.

Theorem A. If (a,) is a semi-convex null sequence, then for the conver-
gence of the cosine series (1) in the metric L', it is necessary and sufficient
that a,—1 logn = o(1),n — oo.

Garret and Stanojevi¢ [2] have introduced modified cosine sums

ZAak + ZZA% cos kx.

k=1 j=k

Garret and Stanojevi¢ [3], Ram [4], Singh and Sharma [5], and Kaur and
Bhatia [6], [7] studied the L'-convergence of this cosine sum under different
sets of conditions on the coefficients a,,.

Kumari and Ram [8] introduced new modified cosine and sine sums as

+ZZA( )kcoslm

k=1 j=k

ZZA( )ksmkw

k=1 j=k

and have studied their L'-convergence under the condition that the coefficients
a,, belong to different classes of sequences. Likewise, they deduced some results
about L!-convergence of cosine and sine series as corollaries.

N. Hooda, B. Ram and S. S. Bhatia [9] introduced new modified cosine

sums as
1 n n n
ro(T) = 5 <a1 + kZ:O A2ak> + ; (akH + ; AQaJ) cos kx

and studied the L!-convergence of these cosine sums.
Later on, K. Kaur [10] introduced new modified sine sums as

1
K,(x) = ZZ (Aaj_1 — Aajq)sinkz,

2sinx
1 j=k
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and studied the L'-convergence of this modified sine sum with semi-convex
coefficients proving the following theorem.

Theorem B. Let (a,) be a semi-conver null sequence, then K,(x) con-
verges to f(x) in L*-norm.

We introduce here new modified cosine and sine sums as

1 n n .
Hn(x‘) = —2 . kZ:O ]gk A [(CLj,l — Clj+1) COS].T]

n n

Galt) = 52— D D" Al(ay-1 — ayr)sin .

2sinx
k

The main goal of the present work is to study the L!-convergence of these
new modified sine and cosine sums with semi-convex coefficients and to deduce
Theorem A as a corollary.

As usually with D, (z) and D,(z) we shall denote the Dirichlet and its
conjugate kernels respectively, defined by

1 n 5 n
D, (z) = 5 + Z coskr, Dp(x)= Z sin k.
k=1 k=1

Everywhere in this paper the constants in the O-expressions denote positive
constants and they may be different in different relations.

2 Main Results

Regarding the series (2) we prove the following result:

Theorem 1. Let (a,) be a semi-convex null sequence, then H,(x) con-
verges to g(x) in L*-norm.
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Proof. We have

@) = =533 Allas = ajn) cos ]

2sinx
k=
1 n
" 2sing Z [(ar—1 — ars1) cos kx — (an — ans2) cos(n + 1)z]
1 n
- T 9sina Z (ag—1 — apy1) cos kx
cos(n + 1)x
D (a, — apag) ———22
k1) (an = ans) 2sinx
1 n
= T o Z (Aak—1 + Aay) cos kx
2sinx P
cos(n + 1)x
1 n = Yn Q-
1) (@n = ane) 2sinx

Applying Abel’s transformation in (4) (see [11], p. 17), we have

o) = L { )

2sinx
+ (Aan_1 + Aay) <Dn(x) + %) }

cos(n + 1)z
2sinw

=

DN | —

(A%ay_q + Aay) (Dk(x) +

B
Il

0

+(n+1)(an — ani2)

1 n
= - . (A2ak_1 + AQCLk) Dk(l’)
2sinx { —
— (Aap—1 — Aayy1) Dp(x)
14 Aa,_1 + Aa,
+§ Z (Aag_1 — Aagyr) + +
k=0
cos(n + 1)x
+(n+1) (an — any2) ﬁ
1 n
= _QSinfL‘ Z (AQCLk_l + A26Lk) Dk(l’)
k=0

cos(n+ 1)x
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On the other side we have

Si(z) = pr Z ag sin kx sin
1
= — kE+ 1)z — k—1
SyET ; ay, [cos(k 4 1)z — cos( )z
1 n
= — = k
e kz:; (ar—1 — apy1) cos kx
cos nx cos(n+ 1)x
—An+41 . — ap X
2sinx 2sinz
1 n
= 3o g (Aag_1 + Aay) cos kx
cos nx cos(n+ 1)x
—An+1 . — ap X
2sinx 2sinx

Applying Abel’s transformation to the equality (6) we get

Sy()

n

+ (Aap_1 + Aay,) <Dn(x) + %) }

cos nx cos(n + 1)z
—Opt+15 —QaQn——(F .
2sinx 2sinx
! zn: (A%aj-1 + A%ay) Dy(z) + L
et — a a -
2sinx bl k (@ 2
k=0 k=0
Aa,_1 + Aa,
+ (Aan + AanJrl) Dn(x) + 1#}
cos nx cos(n+ 1)z
—Op41 5 —OQp—F
2sinx 2sinx
1 n
= — A% + A%a;,) D
ZSinxg( %1+ ak) ()
D, 1
(= o) (:c) Ca cos nx ancos(n.—i- )
2sinz osing 2sinx

235

Aak—l - Aak—H)

(7)
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Since (a,) is semi-convex sequence, then from (3) we have

o0

[(n+1) (an = anga) | = (n+1)[ D (Aax — Aagys)
= (n+1)| Y (Mg — Aagy)

k=n+1

< Z k|A%ay_1 + A%ag| = o(1),n — co.  (8)

k=n+1
Using (8) and when we pass on limit as n — oo to (5) and (7) we get

g(x) = lim S3(x)

. I <
=l Hy(o) =~ D (e + M%) Do) (9)
=0

Applying well-known inequality Dy (z) < 1/24+k,k =1,2,..., and relations
(5), (8) and (9) we have

/ " gle) — Ha(x)|dx =

— /7r 1 Z (AQCLk_1 + AQ@I@) Dk($)
+(n+1) (a, — ang2)

2sinx

k=n-+1
cos(n+ 1)x
2sinw

= 0 ( Z k:|A2ak_1 +A2ak|>

£O(|(n+ 1) (an — ansa) |) = o(1), 1 — o,

dx

which fully proves the Theorem 1.
Corollary 1. Let (a,) be a semi-conver null sequence, then the neces-
sary and sufficient condition for L'-convergence of the series (2) is a,logn =

o(1),n — oo.

Proof. Let ||S:(z) —g(z)|| = o(1),n — oo. We would show that a,, logn =
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o(1),n — oo. Indeed, we have
l9(x) = Hy(z)|[ + [[Sh(z) — g(2)]]
cos(n + 1)z
2sinw

+

(n+1) (an — any2)

cosnx cos(n + 1)z

. mn .
2sinx 2sinx

Z a'n-l-l/
~ 1
Dn(x) — 595

= an+1/ 9 9
T ~ T T

= Upy1 (/ Dn(x)) dr — / ctgi‘ d;z:)
-7 0

= O (an+1logn), (10)

cosnr cos(n+ 1)x

dx

2sinx 2sinx

:de

(see [11], p. 116).

Since ||g(z) — Ho(x)|| = o(1) by Theorem 1, ||Si(z) — g(z)|| = o(1) by
assumption of Corollary, third and fourth term at the left side of relation (10)
tend to 0 by (8), consequently a, logn = o(1),n — 0.

Conversely, let a, logn = o(1),n — co. Then by (8)
183(2) = g(@)|| < [[Halz) = g(@)|| + [ Halz) = S(2)]]

cos(n + 1)z
- Hn - 1 n — Up .
[, (2) — g(a)]| + [[n 1) (a0 = 00) S5
D, (x) cos nx cos(n + 1)x
(0 = tni2) 2sinw (i1 2sinw " 2sinx
= o(1) + O((n + V)an — any2]) + O (nfan — any2l)
cosnx cos(n+ 1)z
+|An1 7 P e—
2sinx 2sinz
cos nx cos(n + 1)z
= o(l n e 11
o) + @ osing " 2sine (11)
But
COS T cos(n + 1)x cosnx + cos(n + 1)x

dx

an+1

dr < an/
—T

dx = O (a,logn) = o(1),

.

therefore from (11) we get [|S5(z) — g(z)|| = o(1),n — oo, which implies the
conclusion of the Corollary.

2sinx n 2sinx 2sinx
€T ~
_Ctg__Dn(x)

|l
:a,n

2 72
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Regarding the series (1) the following statements are true:

Theorem 2. Let (a,) be a semi-convex null sequence, then G,(x) con-
verges to f(x) in L'-norm.

Corollary 2. Let (a,) be a semi-conver null sequence, then the neces-
sary and sufficient condition for L'-convergence of the series (1) is a,logn =
o(1),n — oo.

The proofs of Theorem 2 and Corollary 2 are similar to the proofs of The-
orem 1 and Corollary 2, therefore we omit them.

Remark 1. Kaur K. [10] introduced the modified sine sums K, (z) and
studied L'-convergence of cosine series (1). Here we shall introduce the modi-
fied cosine sums F,,(x), similar with K, (), as

1 n n
Fn(l') = _QSinx 2 ]_Zk (A(,%’,l — Aaj+1) COSs kx,

where a_; = a¢g = 0.

By a similar argument, we can show that the Theorem B also holds for the
series (2), when instead of K,(z) we use F,(x).

More precisely, the following statement holds.

Theorem 3. Let (a,) be a semi-convex null sequence, then F,(x) converges
to g(x) in L'-norm.

Remark 2. The Corollary 1 is a consequence of Theorem 3, as well.

3 Open Problem

In [6] Kaur K. and Bhatia S. S. have defined a new class of sequences, so-colled
generalized semi-convex sequences, as follows:
A null sequence (a,,) is said to be generalized semi-convex if

Zn"IA“+1an_1 + A*g,| < oo, fora > 0, (ag = 0).
n=1

Since for @ = 1 a generalized semi-convex sequence reduces to a semi-
convex sequence, then the following problem arises :
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If we use a generalized semi-convex sequence instead of a semi-convex se-

quence, how to define the new modified cosine and sine sums H,(x) and G, (z)
so that our results in this paper can be as corollaries of new results?
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