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Abstract
The primary purpose of this paper is to introduce the concept of random
n-normed linear space as a generalization of n-normed space which introduce

by Gunawan and Mashadi [4] and random 2-normed space which introduce by
Toan Golet, [6].
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1 Introduction and Preliminaries

In [2] and [3], S. Gihler introduced an attractive theory of 2-norm and n-norm
on a linear space, since these were studied in many papers [7] and [1].

In [4] H. Gunawan and M. Mashadi gave a simple way to derive an (n-1)-
norm from the n-norm and realized that any n-normed space is an (n-1)-normed
space.

In [9]., K. Menger introduced the notion of probabilistic metric spaces. The
idea of K. Menger was to use distribution function instead of non negative real
numbers as values of the metric. The concept of random normed spaces were
introduced by Serstnev [10] and [8]. We begin with some basic definitions.

Definition 1.1. [2]. Let X be a real linear space of dimension greater than
1 and let ||e, ®||be a real valued function on X x X satisfying the following
conditions:

(1) ||z, y|| = 0 if and only if z and y are linearly dependent,

(2) [lz, yll = [ly, =[],
(3) llaz,yll < laf [z, yl|, where a € R,
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(4) lz,y + 2[| <z, yll + ||z, ]I,
||®, ®|| is called a 2-norm on X and the pair (X ||e, e]|) is called a 2-normed
linear space.

Definition 1.2.[4]. Let n € N (natural numbers) and X be a real vector
space of dimension d > n. A real valued function |je, e, ... ;e on X x ... x X =
——

n

X" satisfying the following properties:

(1) ||z1, @2, ..., x,|| = 0 if and only if xy, 29, ..., z, are linearly dependent,

(2) ||x1, z2, ..., x,]| is invariant under any permutation of z1, za, ..., T,

(3) [|z1, e, ..., || = |af||x1, 22, ..., T,||, Wwhere a@ € R (set of real num-
bers),

(4) ||z1, 22, ooy 1,y + 2| < |21, 22, ooy o1, Y| + |21, 22, -y T 1, 2]

||e, e, ..., @] is called an n-norm on X and the pair (X, ||e, e, ..., ®|) is called
an n-normed linear space.

Definition 1.3.[11]. A distance distribution function (briefly, a d.d.f.), is
a function F' defined from extended interval [0, +oc] into the unit interval I =
[0,1], that is non decreasing, left continuous on (0, +00) such that F (0) = 0
and F' (+o0) = 1.

The family of all d.d.f.’s will be denoted by A* We denote

Dt = {F € AN\ lim F (z) = 1}.

By setting 7 < G whenever F (z) < G (z), Vo € RT, one introduces a
natural ordering in D*. If a € R™, then ¢, will be an element of D™, defined
by e,(t) =0if t <aand ¢, (t) = 1if t > a. It is obvious that ¢, > F'if t > a
for all F' € D*. The set Dt will endowed with the natural topology defined
by the modified Lévy metric dr[11].

A t-norm T is a two place function 7" : I xI — [ which is associative,

commutative, non decreasing in each place and such that 7' (a, 1) = a, for all
a € [0,1]. [11].

Definition 1.4. [6]. Let L be a linear space of dimension greater than
one, T a triangle function, and let v be a mapping from L x L into D*. If the
following conditions are satisfied:

(P2 —N1) v,, = ¢ if v and y are linearly dependent,

(P2 — N2) wv,, # ¢ if v and y are linearly independent,

(P2 — N3) vy, = vy, for every x and y in L,

(P2 — N4) vopy (t) = vy <|7i|>, for every t >0, a # 0 and z, y € L,

(P2 — Nb5) Vgty. > T (g, 0y.), Whenever x, y, z € L,

then v is called a random 2-norm on L and (L,v,T) is called a random
2-normed space.
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2 Random n-normed space

By generalizing Definition 1.2., we obtain a satisfactory notion of random n-
normed space as follows.

Definition 2.1. Let L be a linear space of a dimension greater than
one over a real field. T a triangle function and let v be a mapping from
L x L x ... x L xR(R, set of real numbers) into D*. If the following conditions

n
are satisfied:
(R—n— N1) V(zy,@a,.an) = €0 € T1, T2, ..., T, are linearly dependent,
(R—mn— N2) V(z, 25,2, is invariant under any permutation of z1, x, ..., &y,

(R—=n—=N3) V@ gazn) () = Vit 2a,..00) (ﬁ), for every t > 0, a # 0,
a € R,

(R —n— N4) U($17$2,---7$n+$$L) Z T (v($1,$2,---7xn)7 v($17$27---7$,n))’
then (L,v,T) is called a random n-normed linear space (briefly R-n-NLS).

Remark 2.2. From (R —n — N3), it follows that in an R-n-NLS and
(R—n— Nd) forall t,s € R with ¢ > 0

— t :
V(@1,m2,0,0@5 500 Tn) (t) = U(@1,m2,0 450 <m> , ifa#0,

U(Zl,{EQ,...,IEZ'+£L';,...,$") (S + t) Z T <U(117$27--~7xi7-”7xn) (S> ’U(zl7x27,_.’m;7m’mn) (t))

The following example agrees with our notion of R-n-NLS.

Example 2.3. Let (L, ||e,e, ., ., ¢||) be an n-normed space. Defined
|0, when t < ||z, T2, ..., T, ]|,
Vs z,.n) (B) = { 1, when ||z1, zg, ..., z,|| < t.
Then (L,v,T = min) is an R-n-LNS.

Proof: (R —mn — N1) For all t € R,
V(wywaan) (1) = €0 & || T1, T2y oo T|| <& |1, T2,y 20 || = 0 & 21, 29, .., 2y
are linearly dependent.

(R—n— N2) As ||z1,x2,...,x,| is invariant under any permutation of
T, T2, ..., Tp, it follow that v, 4, 4,) is invariant under any permutation of
L1,T2y eey Tp-

(R—n— N3) Forallt € R with ¢t >0 and « € R\ {0}

V(zr za,aan) (1) =0t < |21, 29, ..., 0z, || & ﬁ < ||w1, 22, ooy 0|

<~ V(z1,29,...,20) (L> = O,and

lal
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V(wyma,amn) () = 1€ |21, 20, .., oy || <t
& al||e1, 22, o 0| <t S |21, 22, . || <

<:> U(xl,xg ..... $n) (ril) = 1

Thus U(x1,22,....07) (t) = U(z1,x2,....,20) o]

t
la]

(R—n— N4) For all s, € R
Viaywayantat) (5 F1) =08 s+t < ||, 22, ..., 2, + 27, |
< ||z1, 9, ooy || + ||T1, 22y .y 2L ]| -

.....

Example 2.4. Let (L,|.,.,.,.,.||) be an n-normed space as in Def 2.2.
Defined
0, when ¢ < 0,
Viorepan) () =9 8 when ¢ > 0.
t+||z1,z2,.. 20

Then (L,v,T = min) is a R-n-LNS.

Proof: (R —n — N1) For all t € R,with ¢ > 0.

t

=1
t+ HiL‘l,ﬂfg, ,l’nH

V(g1,x9,...,2n) (t) = &g~

t=1t+ ||z1,29,...., .|| & |1, 22, ..., 2| =0

=
& Xy, o, ..., X, are linearly dependent.

(R —n — N2) As ||x1,x9,...,x,]| is invariant under any permutation of

t t

v t) = & =
@12,mm) (1) Ot lar, 2y o ||t |21, Ty s Ty T |

So that v, 4,...2,) is invariant under any permutation of xy, xs, ..., 7.

.....

(R—n— N3) For all t € R with £ > 0 and a € R\ {0}



Random n-Normed Linear Space 493

t
l laf
V(zy,x0,z0) | 77 = t
|Oé| m"’Hxlwaa'“aan
t
_ W !
t+\a|||r1|,x|2 ..... enll ot 4 |al ||og, 2, ..y |
a
t

t+ Hl’l, T2y euny Oél’nH a

Thus V(xy,x2,....,00n) (t) = V(zq,22,...,x0) (ﬁl)

(R—n— N4) For all s,t € R,
Ifs+t<0,s=t=0,and s+t >0;(s>0,t<0ors<0,t>0), then

Viarazoat) (1) < Vit zg,zn) (5) = = ! — < i
|1, xoy ooy @l || = s+ |1, 22y ooy 2|
= t(s+ [|z1, 22, s 2a|) < s(E+ |21, 22, s 2 |])
= ||, 22 x| < 8|21, 22, ., 2|
O T S I % (R

Therefore,

S
H'Tlax% wrn” + ”1'1,1‘2, a‘T;m” < ? ”l’l,fﬂg, 7$;z|| + ||$1,$2, 7$;z||

S
< (¥+1) |21, 22, ., 21|

s+t ,
; |lx1, 2o, .oy 23, || -

But,

IN

@1, 22, ooy || + |1, 2y -, 2 |

s+t ;
t ||£L'1,ZE2,...,£L'”||

|21, 22, oy xp + 2 ||

IN

Then,
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R A PP R

1
+ s+t t

s+t t
5+t+||$1,1’2,..,,xn—|—1‘%” B t‘i‘”l'l,l'g,...,l‘%”
= V(@r@2,nta),) (S + t) > Min (U(Il,xz ..... Tn) (S) y V(z1,22,...,2) (ﬂ) .

n

Open Problem

It can be easily to introduce the notions of convergent sequence, Cauchy se-
quence, completeness, and bounded sets in random n-normed linear space.
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