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Abstract

The present paper is devoted to an analytical investigation of a prey-
predator model with a cover linearly varying with the size of prey is
provided to protect it from the predator and the predator is provided with
an alternative food in addition to the prey. The model is characterized by a
couple of first order non-linear ordinary differential equations. All the five
equilibrium points of the model are identified and stability criteria are
discussed. Further exact solutions of perturbed equations have been derived.
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1 Introduction

In the classical Lotka - Volterra Prey - Predator model, there is no protection for
Prey from the Predator and Predator sustains on the Prey alone. When the Prey
population falls below a certain level, the predator would migrate to another
region in search of food and return only when the Prey-Population rises to the
required level. Some of the prey-predator models were discussed by Kapur [1],
Michale Olinnck [2], May [3], Varma [4] Colinvaux [5], Freedman [6], Narayan
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[7]. Inspired by that, we discussed a more general model by taking an alternative
food for the predator, and a cover linearly varying with the population of the prey.
The model is characterized by a couple of first order ordinary differential
equations. All the five equilibrium points of the model are identified and stability
criteria are discussed..

Basic Equations

The model equations for a two species Prey - Predator system is given by the
following system of first order ordinary differential equations employing the
following notation:

N, and N, are the populations of the prey and predator with the natural growth
rates a, and a, respectively,

a,, is rate of decrease of the prey due to insufficient food,

a,, is rate of decrease of the prey due to inhibition by the predator,

a,, 1s rate of increase of the predator due to successful attacks on the prey,

a,, s rate of decrease of the predator due to insufficient food other than the prey,
In addition to them

a+bN, is the prey population provided with a cover of safety with constant
values for a and b, from the attacks of the predator,

dN

d'[l =aN, _auNlZ —a,[N; = (@a+bN,)IN, (2.1)
dN, )

dt =a,N, —a,N,” +a, [N, —(@a+bN,)IN, (2.2)

Equilibrium states

The system under investigation has five equilibrium states. They are

|. The fully washed out state N, =0;N, =0 (3.1)
I1. The state in which only the prey survives and the predators are washed out
N, =N, =0 (3.2)

11

I11. The state in witch both the prey and the predators coexist

Nl :ﬂ;ﬁz _ 2qr +0£21(1—b)p
2q 2qa,,

and this can exist only when p* = 4qaa,, (aa,, - a,) (3.4)

IV. The state in witch both the prey and the predators co-exists

(3.3)
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— +a r— —b)[p?
N, = P a, q N, - par +a,, (1-b)[p* +aa,,qr] (35)
Pq a5, PY
V. The state in witch both the prey and the predators co-exists
— aa,(aa, -a — r-ara,a, (1-b
N1 — 12( 21 2) ’ N2 — p 12 21( ) (36)
Y Oy P
The equilibrium points IV & V i.e. the equations (3.5) & (3.6) exists only when
p*> 49aa, (aa,, - a,) (3.7)

where
P=aay,-a,(1-b)(a, —2aa,); 9=, a, +a, 05, (1-b)%; 1 = a,—aa, (3.8)
The states 111, IV and V are called the “the normal study states”.

4 The stability of the equilibrium states

Let N=(N,N,)” = N+U (4.1)
where U = (u,u,)" is the perturbation over the equilibrium state

N =(N1,N2)" .The basic equations (2.1) and (2.2) are quasi-linearized to obtain
the equations for the perturbed state.
du

—=AU 4.2
™ (4.2)
where
A= a1_2a11|\|_1_a12(1_b)N2 aalZ_a12(]:b)Nl (4.3)
ay (1-Db)N, —ayN,
The characteristic equation for the system is det[A— Al ] =0 (4.4

The equilibrium state is stable, if both the roots of the equation (4.4) are negative
in case they are real or the roots have negative real parts in case they are complex.

4.1 Stability of the equilibrium state I

The trajectories for both the washed out state are

- t
e(az aay) aay, Uy,

t
2 H{uyy - 22 ge™ (45)
a, —aa; — 8§ a, —aoy —a
U, = U, e(@ 8t (4.6)
where u,,, U,, are the initial values of u,,u,.

The solution curves are illustrated in figures 1 to 4
Case 1: In this case the predator dominates the prey in natural growth as well as
In its initial population strength. i.e.a,>ac,, and u,, < u,, as shown in Fig.1

u, = aa,
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Case 2: In this case the prey dominates the predator in natural growth as well as
In its initial population strength. i.e. a,<aa,, andu,, > u,, as shown in Fig. 2

Case 3: The prey dominates the predator in natural growth rate but its initial

strength is less than that of the predator. i.e.u,, < u,, and a,>aa,,;a;>a, In this

case, the predator outnumber the prey till the time-instantt = t* after that the prey

outnumber the predator.

t=t*= 1 (ulo (8,20, -2y ) —aay Uy, J (4.7)
(8,-a0y-a;) \ Uy (3-8, -ay,) — Acty Uy,

Case 4: The prey dominates the predator in natural growth rate but its initial

strength is less than that of the predator. i.e. u, < u,, and a,<ac,, In this case, the

predator out number the prey till the time-instant t = t* given by the equation
(4.7) after that the prey outnumber the predator.

4.2 Trajectories of perturbed species for equilibrium state |

The trajectories in the u, —u, plane are given by

Py _
TSR ) (4.8)
Ps -1
where p, S W 0 . (4.9)
a, — aa,, a, —aa,,

and c is an arbitrary constant. These are illustrated in Fig.5.

4.3 Stability of the equilibrium state 11

The trajectories for the predator washed out state are
Case A:When d, =0=b=1

ul:{aanau j|uﬂ+[ulo'{[ a0, ]uﬂ}]e -t (4'10)
oy & oy &

and

U, = Uy (4.11)
The results are illustrated in figures 6 & 7

CaseA;: When the initial strength of prey is more than the predator. i.e. U;p>Uyo,
the prey outnumber the predator till the time-instantt = t* after that the predator
aay; AUy,

outnumber the prey. In the course of time u, is asymptotic to ul* =
alall

which is illustrated in Fig.6
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ao,,a
1 Uy, _( 01; 2 juzo
t=t*="—In H (4.12)
a _ ( a0, ]
20 20
oy

CaseA;: The initial strength of the predator is more than the prey, i.e.ujo<uy, the

predator outnumber the prey and in the course of time u, is asymptotic to
x _ A0, 0,Uy

! o,
Case B: Whend, >0=Db<1

d,t
U= aoy, o, — 3y, (1- b)} Uyl +lu _{( aoy,ay, — o, (1- b)j Uzo } o™ t
' %, (d, +a) ° *y, (d, +a)

as is illustrated in Fig.7.

dt

(4.13) U, = U,y € (4.14)

where d, = 21%1=b) (4.15)

oy
The solution curves are illustrated in the figures 8 to 11
Case B;: The predator dominates the prey in natural growth rate but its initial
strength is less than that of the prey. i.e. uip>uy. In this case, the prey outnumber
the predator till the time-instant t = t* given by equation (4.16) after that the

predator outnumber the prey as shown in Fig. 8
(a, +d,)u, — ( aay, o, — o, (1-b) ] u,,

all

t=t*=—In

(4.16)
a a + d _[aanalz —ao, (1_b)j
2

ayy

Case B,: The predator dominates the prey in natural growth as well as in its initial
population strength. i.e. ux>u1; d>>a; as shown in Fig. 9

Case Bs: The predator dominates the prey in natural growth as well as in its initial
population strength and d,<aj. i.e.up>uz0and d,<a; which is illustrated in Fig. 10
Case Bg: Initially the prey dominates and dp<aj i.e. Ux<uio, In this case, the prey
outnumber the predator till the time-instant t* given by the equation (4.16), after
which the predator outnumber the prey and grows unboundedly while the prey
asymptotically approaches to the equilibrium value N, given in (3.2), as shown in

Fig. 11.
Case C: d, < 0= b >1the trajectories are as same in Case B, but the state is

stable
The solution curves are illustrated in the figures 12 & 13.
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Case C; The predator dominates the prey in natural growth as well as in its initial
population strength. i.e. u;p<uyy However both converge asymptotically to the

equilibrium point(ﬁl,ﬁz)given by (3.2). Hence the equilibrium point is stable
as shown in Fig. 12

Case C,: The prey dominates the predator in its initial strength. i.e. u;g>Uz. In
this case u, (t) = u, (t) is possible at time t* given by (4.16) as shown in Fig. 13.

Hence the equilibrium point is stable.
4.4  Trajectories of perturbed species for equilibrium state 11

The trajectories in the u,-u, plane are given by

cu Py _ g,u
u,= ~2 2 (4.17)
p, -1
where
p,= —aay, : = aay, 0y, — aya, (1-h) (4.18)
a,a, (1-b) aa, (1-D)

and c =arbitrary constant. The solution curves are illustrated in Fig.14.

4.5 Stability of the equilibrium state 111

The trajectories for the co-existence state are

. (21 +0¢22N2)u10 +(a0512 —0512(1—b)ﬁl)u20 eﬂit
=

=4
(/12 +a, N2 )u10 + (aalz -a,(1- b)Nl )uzo At
+ e
/12 _/11
(4.19)
{4 (8~ 20, N1 ~ @, (0-D)N, )}y +a L-DIN U, | 4y
u, = e

ﬂ1_/12

{}“2 - (a1 - Zallﬁl —a;,(1- b)Ng )} Uy +ap (1- b)ﬁz Uy At
e
/12 _/11

+
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(4.20)
The solution curves are illustrated in figures 15 & 16
Case 1: The prey dominates the predator in natural growth as well as in its initial
population strength. i.e. ujo>uyo, Which is illustrated in Fig.15.
Case 2: The prey dominates the predator in natural growth rate but its initial
strength is less than that of the predator. i.e. u;p<u. In this case, the predator
outnumber the prey till the time-instant t*, after which the prey outnumber the
predator as shown in Fig.17.

t=t* 1 In{(iz B Dl) + Blu20 - (ﬁvz B Ai)uzo _Clulo} (4'21)

S A=A [ (A= Dy)+ Bity — (4 — AUy — By
where
A=a-20,N —a,l-b)N,; B =aa, -a,1-b)N_;
C, =a, (1-b)N,; D, =-ay,N, (4.22)
Case3: When (A +D,)* <4(AD, -B,C,), (4.23)

the roots are complex with negative real part. Hence the equilibrium state is stable.
The solution curves are illustrated in Fig.17

4.6 Trajectories of perturbed species for equilibrium state 111

The trajectories in the u;-u plane are given by
a,(1-b)N v, -, N>

u, VoY u,
Cu, = —-Vv; —-V,
U Uy

where v, &V, are roots of the equation
o (1-b)N,V* (& ~20yN, e, (1-b)N,, +&, N, Jv—aey, —a,(1-b)N, =0 (4.25)

When (A +D,)? < 4(AD, - B,C,), the roots are complex with negative real part

the curve is a concentric spiral as shown in Fig 18 Hence the equilibrium state is
stable.

One can easily find the similarities in the results for equilibrium states IV & V as
observed in equilibrium state I11.

%, (1—b)N2V2—a22 N2
V.V,

J (4.24)
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5. Conclusions

On rearranging, the basic equations under investigation can be written as

dN
d_tlz N, {a — N, —a, (1-b)N,} + e,aN, (5.1)
dN

dt2 =N, {(a, —a)—a, N, +a, (1-b)N,} (5.2)

Case I: Whena =0 and b =0, the basic equations are reduced to

dN,

T: Nl{ai_allNl_aHNZ} (5.3)
dN
d_tzz Nz{az_a22N2+ale1} (5.4)

i.e. the model reduced to a Prey- Predator model with a limited alternative food
for the Predator.

This system will have four equilibrium states. Out of these four, three states are
unstable and the co-existence state is stable. Narayan & Ramacharyulu [8]
discussed this model in detail.

Case Il1: Whena =0 and b =0, the basic equations under investigation are
reduced to

dN
dtl =N, {a, —a;N, —a,, 1-D)N, } (5.5)
dN
dt2 =N, {az —a,N, +a, (1-b) Nl} (5.6)

i.e. the model reduced to a Prey- Predator model with a limited cover proportional
to the population of the prey and the predator is provided with an alternative food.

This system will also have four equilibrium states. Out of these four, three states
are unstable and the normal steady state is stable. Narayan & Ramacharyulu [9]
discussed this model in detail.

Case I11: When a =0 and b =0, the model equations under consideration are
reduced to

dN,

F: Nl{a1_a11N1_a12N2}+a12aN2 (5.67)
dN,
. N, {(a, —a)—a,,N, + o, N, }, (5.8)

which does not represent a Prey- Predator model.
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Trajectories
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7 Future Works (Open Problems)

The present paper is devoted to an analytical investigation of a Prey-Predator model
with a cover linearly varying with the population of prey, to protect it from the attacks of
the predator and the predator is provided with an alternative food in addition to the prey.

Prey- Predator models can be studied by introducing a constant cover for the prey,
harvesting of both the species, time delay for interaction etc. One can develop a Prey-
Predator model by introducing age structured population.

In the present model only one normal steady state is studied and it can be extended by
comparing the “three co-existence equilibrium states”. By taking numerical illustration,
one can examine which normal steady state is more stable than the others. Also
harvesting may be introduced in this problem. Lypunov’s function can be constructed to
study the global stability of the model, and for each equilibrium state, we may develop a
threshold theorem and the results can be analyzed. The stability may be studied by
Kolmogrove’s limit cycles.

References

[1] J. N. Kapur, “Mathematical models in Biology and Medicine”, Affiliated East
West, 1985.

[2] Michael Olinck, “An introduction to Mathematical models in the social and
Life Sciences”, 1978, Addison Wesley.

[3] R. M. May, “Stability and complexity in Model Eco-systems”, Princeton
University Press, Princeton, 1973.

[4] V. S. Varma, “A note on ‘Exact solutions for a special prey-predator or
competing species system”, Bull. Math. Biol., Vol. 39, 1977, pp 619-622.

[5] Paul Colinvaux, “Ecology’’, John Wiley and Sons Inc., New York, 1977.

[6] H. I. Freedman, Deterministic Mathematical Models in Population Ecology,
Decker, New York, 1980.

[7] Narayan, K.L. “A Mathematical Study of Prey — Predator Ecological Models
with a Partial Cover for the Prey and Alternative Food for the
Predator”, Ph.D thesis, JNTU, Hyderabad, India, 2005.

[8] Narayan, K.L. & Ramacharyulu, N.C. P., “A Prey-Predator Model with an
Alternative Food for the Predator”, pp 452-461, proceedings of CONIAPS X,

Guru Ghasidas University, Bilaspur, India.

[9] Narayan, K.L. & Ramacharyulu,N.C.P., ““A Prey-Predator Model with a cover
proportional to size of the Prey and an Alternative Food for the Predator”,
ppl29- 141, Int.J. Of Math. Sci. & Engg. Appls., Vol. 2, No. IV (2008).



