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Abstract

An inequality involving the Euler gamma function is pre-
sented. This result generalizes several recently published re-
sults by C. Alsina and M.S. Tomás, N. V . Vinh, N. P. N.
Ngoc.
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1 Introduction

The Euler gamma function Γ(x) is defined for x > 0 by

Γ(x) =

∞∫
0

e−ttx−1dt.

Psi or digamma function, the logarithmic derivative of the gamma function is
defined by

ψ(x) =
Γ′(x)

Γ(x)
, x > 0.

C.Alsina and M.S.Tomás in [1], using a geometrical method, proved the fol-
lowing double inequality:

1

n!
≤ Γ(1 + x)n

Γ(1 + nx)
≤ 1, x ∈ [0, 1], n ∈ N. (1)
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N. V. Vinh and N. P. N. Ngoc in [2], using Dirichlet’s integral, proved the
following double inequality

n∏
i=1

Γ(1 + αi)

Γ(β +
n∑

i=1
αi)
≤

n∏
i=1

Γ(1 + αix)

Γ
(
β +

(
n∑

i=1
αi

)
x
) ≤ 1

Γ(β)
(2)

where x ∈ [0, 1], β ≥ 1, αi > 0, n ∈ N.

2 Main results

We start with the following lemma.

Lemma 2.1 Let 0 < x ≤ y. Then

ψ(x) ≤ ψ(y).

Proof. In [4], page 21, we have the following:

ψ(x)− ψ(y) = (x− y).
∞∑

n=0

1

(x+ n)(y + n)
.

This proof is complete.

Theorem 2.2 Let f be a function defined by

f(x) =

n∏
i=1

Γ(ai + bix)
ci

Γ
(
d+

(
n∑

i=1
bi

)
x
)e , x ≥ 0 (3)

where ci, e, i = 1, n are positive real numbers and ai, bi, d, i = 1, n are real

numbers such that e ≥ ci , i = 1, n , d +
n∑

i=1
bix ≥ ai + bix > 0, i = 1, n. If

ψ(d +
n∑

i=1
bix) > 0 and bi > 0, i = 1, n then the function f is decreasing for

x ≥ 0.

Proof. Let g be a function defined by g(x) = ln f(x) for x ∈ [0,∞).

g′(x) =
n∑

i=1
cibi

Γ′(ai+bix)
Γ(ai+bix)

− e
(

n∑
i=1

bi

) Γ′(d+
n∑

i=1

bix)

Γ(d+
n∑

i=1

bix)

=
n∑

i=1
cibiψ(ai + bix)− e

(
n∑

i=1
bi

)
ψ(d+

n∑
i=1

bix)

=
n∑

i=1
bi

(
ciψ(ai + bix)− eψ(d+

n∑
j=1

bjx)

)
.
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From Lemma 2.1 we have

ψ(ai + bix) ≤ ψ(d+
n∑

j=1

bjx).

Multiplying both sides of inequality e ≥ ci with ψ(d+
n∑

j=1
bjx) we obtain

eψ(d+
n∑

j=1

bjx) ≥ ciψ(d+
n∑

j=1

bjx) ≥ ciψ(ai + bix).

Hence,
n∑

i=1

bi

ciψ(ai + bix)− eψ(d+
n∑

j=1

bjx)

 ≤ 0.

We have g′(x) ≤ 0 . It means that g is decreasing on [0,∞). This implies that
f is decreasing on [0,∞).
This proof is completed.

Corollary 2.3 In Theorem 2.2, for x ∈ [0, 1] the following double inequality
holds

n∏
i=1

Γ(ai + bi)
ci

Γ
(
d+

(
n∑

i=1
bi

))e ≤ f(x) =

n∏
i=1

Γ(ai + bix)
ci

Γ
(
d+

(
n∑

i=1
bi

)
x
)e ≤

n∏
i=1

Γ(ai)
ci

Γ (d)e . (4)

Proof. Using Theorem 2.2, we have

f(1) ≤ f(x) ≤ f(0).

Thus
n∏

i=1
Γ(ai + bi)

ci

Γ
(
d+

(
n∑

i=1
bi

))e ≤ f(x) =

n∏
i=1

Γ(ai + bix)
ci

Γ
(
d+

(
n∑

i=1
bi

)
x
)e ≤

n∏
i=1

Γ(ai)
ci

Γ (d)e .

In a similar way, it is easy to prove the following theorem.

Theorem 2.4 Let f be a function defined by

f(x) =

n∏
i=1

Γ(ai + bix)
ci

Γ
(
d+

(
n∑

i=1
bi

)
x
)e , x ≥ 0 (5)

where ci, e, i = 1, n are positive real numbers and ai, bi, d, i = 1, n are real

numbers such that e ≥ ci , i = 1, n , d +
n∑

i=1
bix ≥ ai + bix > 0, i = 1, n. If

ψ(d +
n∑

i=1
bix) > 0 and bi < 0, i = 1, n then the function f is increasing for

x ≥ 0.
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Corollary 2.5 In Theorem 2.4, for x ∈ [0, 1] the following double inequality
holds

n∏
i=1

Γ(ai)
ci

Γ (d)e ≤

n∏
i=1

Γ(ai + bix)
ci

Γ
(
d+

(
n∑

i=1
bi

)
x
)e ≤

n∏
i=1

Γ(ai + bi)
ci

Γ
(
d+

n∑
i=1

bi

)e . (6)

Remark 2.6 Considering (4) with ai = 1, ci = 1, e = 1, bi = 1, d = 1, i =
1, n we obtain inequality (1).

Remark 2.7 Considering (4) with ai = 1, ci = 1, e = 1, bi = αi, d = β, i =
1, n we obtain inequality (2).
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