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Abstract

In this paper, we present a method for solving the second kind
Singular Abel integral equation based on the discrete Gronwall
inequality, Euler Maclaurin summation formula, variable
transforms and modified Simpson's integration rule and Navot's
quadrature. An algorithm for solving non linear weakly singular
Volterra integral equations is proposed. Then, the convergence of
algorithm is derived. Some numerical results show the efficiency
and accuracy of the mentioned method.
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1 Introduction

Many mathematical and physical models in science and engineering lead to
analyze the following non linear weakly singular Volterra Abel integral
equation of the second kind [5]:

J(s)=V(s)+]?(s,t,5(t))dt, (1)

where, Kk (s,t,u(t))=(s —t)*k (s,t,u(t)) s ~1<a<0, a<t<s<b. In equation
(1), u,k ,y are initial and non smooth functions. We will transform these
functions respectively to u, k , y which are smooth functions in order to
compute by classic methods. We assume that k (s,t,u (t)) satisfies in Lipchitz
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condition, i.e. for fixed s t with a<t <s <b, there is a positive constant
L independent of s and t such that,

Yu,yv eR, Iz(s,t,u)—lz(s,t,v)‘SL|u—v|. (2)

There exist very powerful direct methods for solving (1). It is not necessary that
the kernel be continuous in order to apply a numerical method. Such methods
include product integration methods, convolution quadrature methods [9] and
collocation methods on graded meshes [10,11]. But, the method of the present
paper is an alternative way of solving (1). By smoothing kernels, we are able to
solve such equations by foregoing classic methods. For this purpose, under the
change of variable [1,2,7]

yt)=(t-a)" +a, @)
the equation (1) becomes
5(7(5))=V(y(S))+](7(5)—7(t))“12(7(3),7(t),l7(7(t)))7’(t)dt, (4)
a<t<s <y (), a

where, ( is a positive integer. If we put

uE)=u@6)). y6)=y(6)), ()
then, we have from equation (4),
u@)=y (S)+I(7(S)—y(t))“l?(y(S),y(t),U(t ))y'(t)dt. (6)
Now, equationa(G) can be expressed by,
u(s) =y (s)+ [k’ (s.tu)xt, (7)
where, :
k™(s,t,u(t))=(s —t)“k (s,t,u(t)), 8)
and,
76)=r®yap S *t
K6.tu() = ( <1 )k (r(s) y)ut))y't), ©)

GO k6O ). s =t

Now, k(s,t,u(t))is a smooth function that can be applied in computational
algorithm. In fact, with a suitable choice of the parameter g we can ensure that the

solution u (t) is sufficiently smooth [1,5].
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2  The numerical method
In the sequel, at first we describe the quadrature formula of the integration with
singularity at the end point using Euler Maclaurin summation formula given by
Navot in [5,6]. Let
b b
I(G):IG(x)dx:I(b—x)“g(x)dx, (10)

where, 1< g <0 and G(x)=(b -x)“g(x).In (10), g(x) isasmooth function

b-a
on the interval [a,b].We take the step length h = and mesh points

X; =a+ih,i =0,...,N ,where N is a sufficiently large number.
Since the kernel and the deriving term of the integral equation (7) are expressed

by weakly singular integrals, we must use a numerical method which is able to
compute these integrals with weakly singularity at the endpoints. For this purpose,
Navot’s quadrature rule is used. This special quadrature is applied for functions
having a singularity of any type on or near the endpoints of the integration
interval. This method assigns equal weights to the points X =aand X =b and
arbitrary weights to the points in the integration interval with equal distance

between the adjacent points. If a=0 and b =1 then h =Ni. In this case, The

trapezopidal rule is defined as :

=15t (et pr ) +f @) (11)
N4 "N” 2N ’
and the midpoint rule is defined as :
1d,, 2j-1
Mf =—> f (—). 12
I @)

One can improve these relations for the interval [a,b] that can be found in [13].
From (11) and (12), we consider the Simpson's integration rule as a linear
combination of the mid-point rule and the trapezoidal rule as follows [3,4] :

Sf =3Mf +1Tf (13)
3 3
Now, we can prove the following lemma to construct the quadrature rule.

Lemma 2.1 Let g(x)eC*"[ab] 1 €Z"),G(x)=(b-x)*g(x), h :bN;a’N

is even and X; =a-+ih, i =0,1,..,N .Then the Navot-Simpson's quadrature
rule S|, (G ) has an asymptotic expansion as follows:
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o 2]
4 (6) =36 (x,) + th<xz. Degh 2 6(0c,)

-9 (b)(gé“(—a,g) +§§(—a))hl+“ (14)

:.[(b —x)%g (x )dx +Z|:P1.G(2j’1)(a)h2j
+Z( 1)’M(1 2@ -)¢Ca-1)+0m™)
j!
where, a >-1, g(—a,z) =(2" -1 (—a), £(x) is the Riemann-Zeta function

and P, (j =12,...,I) are all constants independent of h.

Proof. In [1,4,5] the modified trapezoidal rule T,.(G) has been introduced by
using Navot's quadrature as follows:

T, (G)— G(X )+h' ZG(X )—¢(-a)g (b)h ™

_J.(b X)“g(x)dx+z 21 G(ZJ (a)h.zj

. . (j) b h vj+a+l

NP Rl ( ?,
j=1

where, £'(x) is the Riemann—Zeta functionand By (j=1, ..., 1) are the

Bernoulli numbers and X} =a+ jh', j=01..,M -1 h '=bM;a. We can write

+O (h |2|+1),

the similar formula for the modified rectangular mid-point rule. For this purpose,
we consider the following formula [3,12]:

M h-(G)=h'ZG (x; —%)—(2‘“ ~D¢(-a)g (b)h ™.

Finally, since the number of the points when we combine the modified
Trapezoidal and mid-point rules is N=2M which is even, hence {%F%_l and
N|=%then if h =N;a then, X, ,
Xy =X }, i =12,..,M -1, hence we can compute S, (G) by using the relation
(13) in the interval [a,b] as follows:

=X -h,j=12,..,M,and
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S\ (G)=3M hr<G>+3Thr(G>=3(h e —E)—(z-“ ¢ (a)g (b)h ™)

+3(?G(X0)+h ZG(X ) =< (=a)g (o)h ™) ——G(Xo)+ Zh ZG(X ——)

+%h Y6 (x ;>—(§(2-“ —1)5(—a)+§§<—a))g (b)h =%G (x@%hie (X5,2)
j=1 j=1

L}

%@e<x2j>—<§g(—a§)+§¢<—a»g(b)h““-

Also, if P, =121, are the constant values independent of h, we can prove
the following relation similarly.

Sy (G):jl(b —x)“g (x )dx +ZI:PJ.G(2"‘1)(a)th

ey SO G 2 e a1y s0 ()

This completes the proof. o
By lemma 2.1, it is easy to derive that E (G) =0 (h?***).

Now, we set s =x; in equation (7), therefore

u;)=y(x; )+I(x =t)%k (x; ,t,u(t))dt. (15)

Using the Navot -Simpson's quadrature formula (14), we obtain the following
discrete equations:

Uy = y(Xo)
h «
u,= y(xl)+§(xl_xo) k (Xl’xovuo)

:y(xi)+%(xi —X ) K (X;,Xq,Up)

2

4h "
+?Z(Xi =X, 1) K (X, X5 4, Up5 ) (16)
=

2
+? Z (X =X )7k (X, X 55,Uy;)
=t

—h““k(xi,xi,ui)(gg(—a,%yr%g’(—a)), i=2,..N.
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The equations (16), as a non linear diagonal system of equations in

uj, j =1,2,...,N?, for partitions of odd and even mesh points, can be computed

by
the following iterative relation:

m+. h “
u; 1:y(Xi)+§(Xi —Xo) "k (X;,X,Uy)

&

+%Z(Xi _XZj—l)ak(Xi’XZj—l’uzj—l) (17)
on | Z)

+? Z (Xi =% )k (X, X5;,Uy;)

G @)+ Sk (K, X, ur),

Algorithml: (The Navot-Simpson's quadrature rule)

Stepl : Take ¢ >0 sufficiently small and U, =y (X,) and set i :=1.
Step2: Setu’ =U, , and m :=0, compute U™ ,i <N by relation (17).
Step3 : if U™t —

I
otherwise set m :=m +1 and go to Step 2.

In the above algorithm, u;,u; are the approximations of the solution of equations
(16) and (17) respectively.

m+1

u

m
ui

<& then set U, =u;""and i =i +1, go to Step 2;

3  Convergence and error estimate

In order to obtain an error estimate of the method, we need the following discrete
Gronwall inequality.

Lemma 3.1 [1]. If a non negative sequence {y ,,n =0,...,N } satisfies y , =0,

n-1
y, <A+Bh> y,,1<n<N,h :Ni,then max y, <Ae®,

-0 0<i<N

where, A and B are positive constants independent of h .

Now, using quadrature rule (14), equation(16)can be written using Navot-
Simpson's quadrature rule as follows:
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U0 =Y () + 0, =X6) K (X, X ut)

an N
+? (X, _X2j_1)ak (X, ’ij—17u2j—1)
i=1 18)
i-1
on e N
+?Z (X = X5;) K (XX ,U5;)
=1

_h1+ak (Xi X !Ji )(%é’(—a,%) +%§(—0[))-

By categorizing weights in summation and considering i, j as total mesh points
for partitions of odd and even mesh points, we have:

u(Xi):y(Xi)+hWi0(Xi —XO)“k(Xi vXo’uo)

N -1 ~
+h D w6 =X ) K (X, X,U5)
j=1

(19)
+hw k (x,,x;,Ui)
+E; ((x; )7k (x;, t,u (),
2 1.1 1
where, w. =h“(={(~a,=)+=¢(-a)),w,, == and
ii (34/( o 2)+3§( a)) i0 3
4 .. _N .
— 1<j<i<— i,]j(odd
N ] 5 j (odd)
)2 .. IN-1 -
— 1<) <i < i,](even).
3 J L 5 J j (even)
By using lemma 2.1, the reminder has the following estimation:
B/ (06 —t) K (x; ,tu )| =0 (h* ) (20)

Setting e, =uU(X,)—U,, subtracting (16) from (18) and using (19), we obtain:
e, =0

e, =h 3wy (6, —X, )T (X, 0 (6 )=k (¢, X, U, )]

+hw g [k (X X, (X)) =k (X, U]+ B (g —1)“k (X, t,u ), (21)
i=12,..N.

The following lemma is the generalization of discrete Gronwall inequality in
lemma 3.1 which has been proposed in [6].

Lemma 3.2 [6]. Suppose sequence {e, }.", satisfies

e, =0,
i1
|ei|sjzz;8ij |+ A,

1<i <N

(22)
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where, B; =2Lh(x; -x;)*, -1<a<0 and his sufficiently small to have

Lhw s%. Then, ‘ei‘é HA where,
z R* RN
H=>-=—R=2L(b-a)T(s)e® (), s=1+a
ok S

By using the lemma 3.2, we can prove the following theorem.

Theorem 3.1 Assume that his sufficiently small, then the solutions of the non
linear discrete equations (16) exist and are unique and the simple iteration of
solution in Navot-Simpson's quadrature rule (17) is geometrically convergent.

Proof. If {u,}and {v.} are solutions of (18), then the differences
{z, =u, —v,} satisfy in the following relation:

2, =0 =% S X TR (X X))

+%Zz:(xi —xj)“[k (xi,xj,uj)—k(xi,xj,vj)]

N -1 (23)
oh {TJ
iy Z O =% )Tk (%% u ) =K (X, v)]
Lta 2 1 1
—h (EC(—O!,E)Jrg?(—a))[k(Xi,Xi,U(Xi))—k(xi,xnv(xi))]-

By taking magnitude on two sides of relation (23)and using the Lipchitz
condition with U, =V ,we conclude:

N N -1
4h & 2h L&
|zi|S?Zl(xi —xj)”L‘Uj —vj‘+? Zl (x, _xj)aL‘uj —vj‘. (24)
j= i=
Then, since Z, =U; —V; we have:
N N
2
|zi|£ﬂi(xi—xj)“L‘zj‘+&Z(xi—xj)“L‘zj‘. (25)
3 j=1 3 j=1
By factoring,
N N-L
4h 2h 13
2 < (- D0 =% )+ D (G =X)Lz (26)
393 3 =

Then,
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N
2, < 3B, |2, |+ X B, |2, | (27)
j j=1
So,

N
|Zi|Si§ij‘Zj‘+ZBij‘Zj‘, (28)
1

21hx, -x,)* i, ](odd)
Bij= 3 (29)

%Lh(xi —-x;)* 1,](even).

Assuming L = (1+c)L , we have:
2— P
o §Lh(xi—xj) i,j(odd)
Bi < 1 (30)
§Lh(xi—xj)“ i,]j(even).
By using discrete Gronwall inequality from lemma 3.2 with A =0, we obtain:

z;,=0,j=0,..,N.

Therefore, we have proved that the simple iteration exists and is unique. For proof
of convergence, we obtain from iterative relation (17):

a7 -ul| £ C e )+ S Ak x x un)-k (o ur @Y
<Lhw, lu-u* s%ui” —u*
So, we have:
UirHl—Uin Sluin _uin—l Sluin—l_uin—Z‘Sluin—Z_uin—3 Siuin—3_uin—4‘£iuin—4
2 4 8 16 32
1 n—(k -1) n-k | _ 1 n—-k+1 n-k 1 2 1 1 1 0
...sz—kui —u; ‘_Z—kui —u, ‘g...s = ‘ui —ui‘_z—nui -u; ‘ (32)
Then, we conclude that
ut—u; szinuil—uio‘. (33)
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According to lemma 3.2, we assume that h is so small that Lhw s% . Therefore,

we have proved that the simple iterative relation (18) is geometrically convergent.
So, its limit is the unique solution of (17). O

Theorem 3.2 If g(x)eC®*"[a,b], 1 €Z*, then there is a positive constant
C independent of h such that the errors e, =u(x;)-u;,j=0,.,N, have the
following estimate

gna?\l( |ei | < Ch 2l +l+a (34)
Proof. From relation (21), we easily derive that
e, =0 (35)
i-1
e[ <A +Z;B” ‘ej‘,
]=

where, according to Lemma 3.2,
A = max max 2[E,  ((x, ~t)"k (x;,t.u ),
and
B; =2Lh(x; —x;)"
By substituting A,B; in relation(35)and by means of estimates (20),(30)and
lemma 3.2, the theorem is proved. O

4 Numerical Examples

In this section, we apply the algorithm 1 to solve the following examples. The
programs have been provided with Maple 11. We can observe that the Navot-
Simpson's algorithm which is used in the examples, has two following
advantages:

1-The accuracy of the solution in Navot-Simpson's algorithm is almost the same
as Navot-trapezoidal algorithm by extrapolation which has been used in [5] but,
the cost of operations in Navot-Simpson's algorithm is less than Navot-
trapezoidal algorithm by extrapolation in [5].

2-The error estimate in Navot-Simpson's rule from the theorem 3.2 is
O (h?*™*), 1 >1, while the most error estimate in Navot—trapezoidal rule by

extrapolation is O (h*“)[1]. This implies that the order of convergence of

Navot-Simpson's quadrature is faster.
Example 5.1 We consider the Linear Volterra integral equation with algebraic
singularity presented in [5]:
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Navot-Trapezoidal

U(S)I%ES +J§+j—%dt,

Numerical Solution of the Second Kind

o Vst

The exact solution is u(s) =+/s . For transformation y(t) =t?and comparison of

0<t<s<l

quadrature by extrapolation [5] and Navot-Simpson's

quadrature, the errors of approximations at s =1.0 are shown in table 1.

Table 1: Comparison of approximation solutions and errors of Navot-

Trapezoidal rule by extrapolation and Navot-Simpson's rule

N  Trapezoidal by Error Navot-Simpson Error
extrapolation
10  1.070622162  7.0622162E-2 1.082015673 8.2015673E-2
20  1.026319894  2.6319894E-2 1.068952010 6.8952010E-2
40 1.008649377 8.649377E-3 1.035496745 3.5496745E-2
80  1.003790518  3.790518E-3 1.001790922 1.790922E-3
Example 5.2 We consider the singular integral equation in [8]:
1
S £3.4
u(s)zl—ﬁj%dt, 0<t<s<l,
VA

with exact solution that likes behave

(s -t)?

2

u()=t? at the singularity t =0.For
transformationq =2,a =0, the errors of the approximations for modified
Trapezoidal rule and modified Simpson's rule at S =0 are shown in table 2.

Table 2: Approximations and errors for Navot-Trapezoidal and Navot-Simpson's rules.

N  Trapezoidal by Error Navot- Error
extrapolation Simpson

10  0.9387219650 6.1278035E-2 0.9528281752  4.71171824E-2

20  0.993963696  6.036304E-3 0.9791345916  2.0865408E-2

40 1.00189888 1.89888E-3  0.9912994100 8.70059E-3

80  0.999499586 5.00414E-4  0.9964753672 3.524632E-3
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4  Conclusion

Many of mechanical and physical problems are converted to a type of second kind
singular Abel integral equation. In this work, for solving these kinds of integral
equations, we presented a numerical method to approximate the solution by means
of Navot’s quadrature and Simpson's rule. We apply the integral equation which
has a singularity at one of the endpoints. One can improve this technique to use
the Navot's quadrature and modify it for the case that there are singularity at
both of the endpoints of the integration interval.

5 Open Problem

We can develop the idea for integral equation of the first kind and singular
integral equation with Cauchy kernel and integro-differential equations.
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