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Abstract

In [4] the authors introduced a multiplier transformation
operator D{),/\f. In the present investigation, we obtain some
Differential Subordination and Superordination results involv-
ing this operator for certain normalized analytic functions in
the open unit disk. These results are obtained by investigating
classes of admissible functions. Sandwich-type results are also
obtained.
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1 Introduction

Denote by U the unit disk of the complex plane:
U={z€C:|z| <1}

Let H(U) be the space of analytic function in U.

Let
An:{f EH(U>7 f(Z) :Z+an+1zn+1+"'7 (Z EU)}
with .Al - .A

For a € C and n € N we let

Hla,n] = {f € HU), f(2) =a+a,z" + ap 12" +---, (z€U)}.
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If functions f and F' are analytic in U, then we say that f is subordinate to
F, and write f < F, if there exists a Schwarz function w analytic in U with
|lw(z)] <1 and w(0) = 0 such that f(z) = F(w(z)) in U. Furthermore, if the
function F is univalent in U, then f(z) < F(2)(z € U) & f(0) = F(0) and
f(U) c F(U).

A function f, analytic in U, is said to be convex if it is univalent and f(U)
is convex.

Let p,h € H(U) and let ¢(r, s,t;2) : C3xU — C. If pand ¢ (p(2), 2p'(2), 2%p"(2); 2)
are univalent and if p satisfies the (second-order) differential superordination

h(z) < 9(p(2), 20/ (2), 2°p"(2);2), (2 € U) (1.1)

then p is called a solution of the differential superordination (1.1). (If f sub-
ordinate to F', then F is superordinate to f).

An analytic function ¢ is called a subordinant of the differential superodination,
if ¢ < p for all p satisfying (1.1). A univalent subordinant g that satisfies
q < ¢ for all subordinants ¢ of (1.1) is said to be the best subordinant. (Note
that the best subordinant is unique up to a rotation of U). Recently Miller
and Mocanu [12] obtained conditions on h, ¢ and ¢ for which the following
implication holds:

h(z) < ¥(p(2), 20/ (2), 2°p"(2); 2), = q(z) < p(2) (z € U).
We now state the following definition.

Definition 1.1 /4] Let the function f in A, then for j € C, b€ C\Z~ and
A > —1, we define the following operator:

DJ f(z)—z—l—io: kb jC’()\ ka2, (2 € V)
b, - £ 1+0b ) k< 5

where C(\, k) = (Hf\‘_l).

Obviously, we observe that
D] \(Dyy(2)) =D f(2) (meC,beC\Z, A>-1;z € ).
It is clear that Dli , is multiplier transformation. For j € Z, b =1 and A = 0

the operators D{ , = I; were studied by Uralegaddi and Somanatha [1], and
for j € Z, A\ = 0 the operators Dg,o = Ig are closely related to the multiplier
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transformations studied by Flett [14], also, for j = —1, A = 0, the operators
Dy, 5 = I, is the integral operator studied by Owa and Srivastava [10]. And for
any negative real number j and b = 1, A = 0 the operators DiO = [’ is the
multiplier transformation studied by Jung et al. [2], and for any nonnegative
integer j and b = A = 0, the operators D%,o = S7 is the differential operator
defined by Salagean [3]. Furthermore , for j = 0 and A € Ny = N U {0}, the
operators Dy, = R* is the differential operator defined by Ruscheweyh [13].
For j,A € Ny and b = 0 the operator Dg’/\ = @f\ is the differential operator
defined by the authors [5]. Finally, for different choices of j, b and A we obtain

several operators investigated earlier by other authors see, for example [8],[7]
and [6].

In order to prove the original results we shall need the following definition and
theorems.

Definition 1.2 [11, Definition 2.2b p%]/ Denote by Q, the set of all func-
tions q that are analytic and injective on U\ E(q), where

Blg) = {¢ € 0U : limg(2) = oo}

and are such that ¢'(¢) # 0 for ¢ € OU\ E(f). Further, let the subclass of @
for which q(0) = a be denoted by Q(a) and Q(1) = Q.

Definition 1.3 [11, Definition 2.3a p.27] Let Q be a set in C, ¢ € Q and
n be a positive integer. The class of admissible functions W, [S2, q] consists
of those functions 1 : C> x U — C that satisfy the admissibility condition
W(r, s, t;2) & Q whenever r = q(¢), s = k(q' (), and

%{§+1}Zk%{gj’/;(§§)+l}’ (€U, €U\ E(q), k >n).

We write W[, q] as V[, q].

In particular when q(z) = M%f:g;, with M > 0 and |a| < M, then q(U) =
Uy = {w : |w| < M}, q(0) = a, E(q) = 0 and ¢ € Q(a). In this case, we
set W,[Q, M, a] = W, [, q], and in the special case when Q@ = Uy, the class is

simply denoted by V,[M, al.

Definition 1.4 [12, Definition 3 p.817] Let Q be a set in C, q(z) € Hla,n]
with ¢'(z) # 0. The class of admissible functions V,[Q,q] consists of those
functions ¢ : C*> x U — C that satisfy the admissibility condition ¥ (r,s,t;() €

Q whenever r = q(z), s = %,

it Lo Lglad® U (€U, CedU,1<n<m).
m q'(2)

and
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In particular, we write W[, q] as ¥'[Q, q].

Theorem 1.5 [11, Theorem 2.3b 3 p.28] Let ¢ € ¥, [Q, q] with q(0) = a.
If the analytic function p(z) = a + a,2" + a, 12" + ... satisfies

V(p(2), 20 (2), 220" (2); 2) € Q,
then p(z) < q(2).

Theorem 1.6 [12, Theorem 1 p.818] Let ¢ € V! [Q,q] with ¢(0) = a. If
p(2) € Q(a) and Y(p(z), zp'(2), 220" (2); ) is univalent in U, then

Q C {¢(p(2), 29/ (2), 2°p"(2); 2) : 2 € U}
implies q(z) < p(z).
In the present paper, we shall use the method of differential subordination
introduced by Miller and Mocanu [11, Theorem 2.3b 3 p.28] and [12, Theorem
1 p.818] to derive certain properties of multiplier transformation Dﬁ, \f- Addi-

tionally, the corresponding differential superordination problem is investigated
and several sandwich-type results are obtained.

2 Subordination Results
First, the following class of admissible functions is required in our first result.

Definition 2.1 Let Q2 be a set in C and q(z) € Q1 N'H][q(0),1]. The class
of admissible functions ®,[Q,q] consists of those functions ¢ : C> x U — C
that satisfy the admissibility condition

o(u,v,w; z) ¢ Q
whenever
vma@), o= OO0
A+2)(w—u) ¢q"(¢)
o) fera )

(€U, €U\ E(q), k>1).

Now , we will derive our first result.
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Theorem 2.2 Let ¢ € 9,[Q,q|. If f(2) € A satisfies

(D), (D f), (Dl paf(2)i2) sz €U c 0, 2)

then

(D), f(2)) =< a(2).
Proof. Define the analytic function p in U by

p(z) = (D] \f(2))" (2.2)

In view of the relation

2(D],f(2)) = A+ D)D), 1 f(2) = ADL, f(2), (2.3)

from (2.2), we get

2p/(2) + A+ Dp(2). (2.4)

(DZ,A+1f<Z))/ = M+ 1

Further, a simple computation shows that

2 //( )+2()\+2)zp’(2)+()“"1)()“"2)1)(2).

D) "= 2.5
Duraf(2)) = A +2)(A+ 1) (25)
Define the transformations from C? to C by

s+ (A+1)r

et t =

u(r7 S? t) T’ /U(r7 S? ) )\ + 1 9

t+2 2 1 2

w(r, s, t) = 20+ Ys+ A+ DA+ (2.6)

A+2)(A+1)
Let

W(r, s, t;2) = o(u,v,w;2)

5 Ts+()\—|—1)7" t+2()\+2)3+()\—|—1)()\~|—2)7‘.z 2.7)
oA+ (A+2)(A+1) A

The proof shall make use of Theorem 1.5. Using equations (2.2), (2.4) and
(2.5), from (2.7), we obtain

U(p(2), 20/ (2), 220" (2): 2) = O((D),f(2))s (Dlys f(2)) (D iaf(2))52) (2.8)

Hence (2.1) becomes

S((D)f(2))s (D y 1 f(2) (D] 510 (2))'; 2)
= 0 (p(2),20'(2), 2" (2); 2) € . (2.9)
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The proof is complete if it can be shown that the admissibility condition for
¢ € D,[Q,q| is equivalent to the admissibility condition for i as given in
Definition 1.3.
Note that

t (A +2)(w — u)

__|_1:
S v—Uu

— 2\ +3),

and hence 1) € W[Q2, g]. By Theorem 1.5, p(z) < q(z), or (D}, f(2))' < q(z).

We next consider the special situation when €2 # C is a simply connected
domain. In this case 2 = h(U) for some conformal mapping h of U onto 2. In
this case the class @, [h(U), ¢ is written as ®,[h, q].

The following result is an immediate consequence of Theorem 2.2.

Theorem 2.3 Let ¢ € O, [h,q] with q(0) = 1. If f(2) € A satisfies

(DT (DY S (Dl ()32) < h(2), (2.10)
then

(Dif(2)) < a(2).

Our next result is an extension of Theorem 2.2 to the case where the behavior
of ¢ on OU is not known.

Corollary 2.4 Let Q C C and let q be univalent in U, q(0) = 1. Let
¢ € ©,[Q,q,] for some p € (0,1) where q,(2) = q(pz). If f € A and

O((Dinf (), (Dhra ()Y (Do (2))'52) €9,
then
(D) < al2).

Proof. Theorem 2.2 yields (DgAf(z))’ < ¢,(2). The result is now deduced
from ¢,(z) < q(2).

Theorem 2.5 Let h and q be univalent function in U, with q(0) = 1 and
set q,(2) = q(pz) and h,(z) = h(pz). Let ¢ : C* x U — C, satisfy one of the
following conditions:

(i) ¢ € ®y[h,q,), for some p € (0,1), or
(1) there exists py € (0,1) such that ¢ € ®y[h,,q,], for all p € (po, 1).
If f € A satisfies (2.10), then (DZ’/\f(z))’ < q(z2).
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Proof. By using the same methods given by [11], we have

(i) By applying Theorem 2.2 we obtain (Dj , f(2))" < q,(2). Since g,(2) < ¢(2)
we deduce (Dj , f(2)) < q(2).

(i) T we let (D], f,(2))’ = (DL f(p2))’, then

O (DIt (D fol2)) (D afol2)'502)

= (DS (02))' (D1 F(92)) (D af (92))'s ) € By(U).

By using Theorem 2.2 and the comment associated with (2.9) with w(z) = pz,
we obtain (D, f,(2))" < q,(2), for p € (po,1). By letting p — 17, we obtain

(DIAf(2)) < a(2).
The next two theorems yield best dominants of the differential subordination
(2.10).

Theorem 2.6 Let h be univalent in U, and ¢ : C> x U — C. Suppose the
differential equation

y (q(z) 2q'(2) + (A +1)g(z) 22¢"(2) + 2N +2)2¢'(2) + A+ 2)(A+ 1)g(2) z)
’ A1 ’ A+2)(A+1) ’

has a solution q with q(0) = 1 and satisfy one of the following conditions:

(i) ¢(z) € Q and ¢ € p[h, ],

(11) q(2) is univalent in U and ¢ € ®,[h,q,|, for some p € (0,1), or

(111) q(z) is univalent in U and there exists py € (0,1) such that ¢ € ®,[h,,q,),
for all p € (po, 1).

If f(z) € A satisfies (2.10), then (Dg)\f(z))’ < q(z) and q(z) is the best

dominant.

Proof. By applying Theorems 2.3 and 2.4, we deduce that ¢ is a dominant of
(2.10). Since ¢ satisfies (2.11), it is a solution of (2.10) and therefore g will be
dominated by all dominants of (2.10). Hence ¢ will be the best dominant of
(2.10).

Theorem 2.7 Let the function h be univalent in U and let ¢ : C* — C.
Suppose that the differential equation

s (q(z), nzq'(z) + (A + 1)q(2)

A+1 ’

n(n — 1)z¢'(2) + n2%q" () + 200 + Qnz'(2) + (A + 2)(A + Dgl2)
Ar2)A+1)
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has a solution q with q(0) = 1, and one of the following conditions is satisfied:
(i) q(z) € Q and ¢ € Py[h, ],

(11) q(2) is univalent in U and ¢ € ®,[h,q,|, for some p € (0,1), or

(111) q(z) is univalent in U and there exists py € (0,1) such that ¢ € ®,[h,,q,),
for all p € (po,1). . '

If f(2) € A, ¢((D)f(2)), (D)1 f(2)), (D} s 10 f(2))') is analytic in U and
(Di’)\f(z))’ satisfies

S((Df(2)), (D f(2))s (D} pia f(2))) =< Bl2), (2.13)
then (DZ)\f(z))’ < q(z) and q(z) is the best (1,n)—dominant.
Proof. By applying Theorems 2.3 and 2.4 we deduce that ¢ is dominant of

(2.13). If we let (D], f(2)) = q(z"), then (D], f(z)) = "LEHEHIE 4pg

A1
j n(n—1)zq' (2)+n222¢" (2)+2(A+2)nzq (2)+(A+2)(A+1)q(z
E?éé\;zf(z))]; = nn-led) . (()/\+2()(>\+)1) C@ 2O - Therefore from
.12), we obtain

S((DYAf(2) (DY pin f(2))s (D 2f (2))) = A(=") < h(z).

Since (DZAf(IU))/ = ¢(U), we conclude that ¢ is the (1,7)—best dominant.

In the particular case q(z) = 1+ Mz, M > 0, and in view of Definition 2.1, the
class of admissible functions ®,[€2, ¢], denoted by ®,[2, M], can be expressed
in the following form:

Definition 2.8 Let Q be a set in C and M > 0. The class of admissible
functions ®,[Q, M| consists of those functions ¢ : C* x U — C, such that:

(K+A+1)Me®
A+1 ’

LT RO+ + A+ A+ DIME? A
G120 )R

qs(l + Me* 1+

1+

whenever K > nM, R[Le ] > (n— 1)K, 2 € U and € R.
From above definition and Theorem 2.2 we have

Corollary 2.9 Let ¢ € 9,[Q, M]. If f(2) € A satisfies
S((DIAS(2))s (DY rn [(2))s (D0 (2)) € 2,

then \(DZ,Af(z))’ -1 < M.
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In the special case Q = ¢(U) = {w : jw—1] < M}, the class ®,[2, M] is simply
denoted by ®,,[M].

Corollary 2.10 Let ¢ € O,[M]. If f(z) € A satisfies
6((DIAf(2)) (D a1 f(2))s (Do f(2))52) = 1] < M,
then |(D \ f(2)) — 1| < M.
Corollary 2.11 If M > 0 and f(z) € A satisfies

M

Dyt~ (Pl < 12

(DyAf(2)) = 1] < M.

Proof. This follows from Corollary 2.9 by taking ¢(u,v,m;z) = v — u and
Q = h(U), where h(z) = /\ﬂﬂz, (M > 0). To use the Corollary 2.9 we need to
show that ¢ € ®,,[S2, M], that is the admissibility condition (2.14) is satisfied.

This follows since

(K+ X+ 1)Me®

. L+2A+2)K + (A +2)(A+1)|Me®
14+ Me? 1 1 ;
¢< R A W R OC+2)+ 1) 2

K M
= >
A1 7 A+1

whenever z € U, K > nM, R[Le ] > (n — 1)K and § € R. The required
result now follows from Corollary 2.9.

Theorem 2.7 shows that the result is sharp. The differential equation

2q'(z) B
A+1 A +1

has a univalent solution ¢(z) = 1+ Mz. It follows from Theorem 2.7 that
q(z) = 1+ Mz is the best dominant.

A+1< M)

By taking b = 0, j = 1 and A = 0, Corollary 2.10 shows that for f € A, if
2f"(z) <14+ Mz, then f'(2) <1+ Mz.

Now we have the following:

Definition 2.12 Let Q be a set in C and q(z) € Q NH[q(0),1]. The class
of adissible functions ®, [, q| consists of those functions ¢ : C> x U — C that
satisfy the admissibility condition

¢(u7 U? w; Z) ¢ Q?
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whenever

0, v=15( Ve +1+ (4(C) #0),

At 2
{ A+3)w— (A+2)v — 1A+ 2)v

Md@»
q(¢) /’

—2A+Dr+1—-(A+ 2)1}]}

A+2)v—[(A+1Dr+1]

zk%{@é? },(zéUCG@U\E@LkZl}

Theorem 2.13 Let ¢ € ©,,1[Q,¢q|. If f € A satisfies

{¢<<Dz,§+1f(z))/7 (D;,A+2f<z))/7 (,Dl];:,x+3f(z)),; Z) e U} cQ, (2.15)
(Dypf(2)) (Dyasaf(2)) (Dyosaf(2))

(D sa ()
(D] JG)Y

then < q(z).

Proof. Define the analytic function p in U by:

(D) a1 f(2))
p(z) = W (2.16)
Then, by using (2.3), we get
(D)o f(2)) 1 2p'(2)
DLy ~ X2+ o) 1+ (217)

Differentiating logarithmically (2.17), and further computations show that
(DZ,)\+3f(2)), _ 1 zp'(2)
(Dypiaf (2)) A3 p(2)
W) A (#@))
[+ Dp(=) + 155 + 2 - (58)
(A+)p(z) + 1+ 2L

%A+UM@+2+

Define the transformations from C3 to C by

1
u:r,v—)\+2(()\+1)7“—1—1—|— >
1 s [(A+Dr+1]2+1L— (E)2
=——(A+1 2+ - - L .
v A+3<(+ r+2+ o4 A+ Dr+1+2
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Let
U(r,s,t;2)

- (b(u? U, W; Z)

= qb(r,%”(()\—l—l)r—i—l-%;),

! (()\—1—1)7“—1-24-;—{-[<)\+1)T+1]7§"+$_($) ),z)

A+3 A+Dr+142

Using (2.16), (2.17) and (2.18), from (2.20), it follows that

V(p(2), 20(2), 29" (2); 2) |
_ ¢<<Dz,%+1f<z>>'7 (Dl () (Dhnesf ) ) o)
(Diaf(2) (Dyaaf(2)) (Dyapaf(2))
Hence (2.15) implies ¥(p(z), zp'(2), 2%p"(2); z) € Q. The proof is complete if it

can be shown that the admissibility condition for ¢ € ®,,1[€2, ¢] is equivalent
to the admissibility condition for ¢ as given in Definition 1.3.

For this purpose, note that

éz()\—l—Q)v—[()\—i-l)u—i-l],
;:[()\+3)w—()\+2)v—1](>\+2)v—[(/\+2)U—2;]§=
and thus
t o [(A+3w—(A+2v—1A+2v - v
Sti= 00— [0t Dat1] A+ Du+1— (A +2)v].

Hence ¢ € W[Q, q] and by Theorem 1.5, p(z) < ¢(z) or %’j*—m < q(2).
PTASS

In the case Q # C is a simply connected domain with Q = h(U) for some
conformal mapping h(z) of U onto €, the class ®,;[h(U),q| is written as
®,,1[h, q]. The following result is an immediate consequence of Theorem 2.13.

Theorem 2.14 Let ¢ € ®,,1[h(U), ¢] with ¢(0) = 1. If f € A satisfies

¢<(DZ,A+1f(Z))/ (DZ,A+2f(Z>>, (DZ,,\+3f(Z)),
(DA f(2)) (D) i f(2)) (D) af(2))

(,Dg,A_;,_lf(Z)),
then O < q(2).

In the particular case q(z) = 1+ Mz, M > 0, the class of admissible functions
D,,1[€2, q|, is simply denoted by , [, M].

;z) =< h(z2), (2.22)
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Definition 2.15 Let €2 be a set in C and M > 0. The class of admissible
functions ®,,1[Q, M| consists of those functions ¢ : C* x U — C such that

A+ 1)(1+ Me®) + K - K+ A+ 1)(1+ Me?)
N+ 2)(1+ Me?) € N+ 3)(1 + Me?)

(M +e ) [[(AN+1)(1+ Me®) + 1]KM + Le ] — K2M* 20
A+ 3)(M + e~ [(M + -0 [(1+ Me?) + 1] + KM] ) 7"

¢<1 + Me? 1+

(2.23)

whenever K > nM, R[Le ] > (n— 1)K, 2 € U and € R.
Corollary 2.16 Let ¢ € ©,,1[Q2, M]. If f € A satisfies

¢<<Dz,%+lf<z>>' (D}t () (Di,Maf(Z))’_Z) .
OIS G Dl @) Daaf ) )

(D i1 F2))
(D) I )

then —1’<M.

In the special case 2 = ¢(U) = {w : |w — 1] < M}, the class ®,,1[Q2, M] is
defined by ®,,;[M], and Corollary 2.16 takes the following form:

Corollary 2.17 Let ¢ € ©,1[M]. If f € A satisfies

‘ ¢<(Dz’,§+1f<z>>' (D) af (2)) (Di:,mf(Z))’,Z) B
(DL @) (Dl ()

< M,

(DI 11 F(2))

then | = ey

—1‘<M.

Corollary 2.18 Let M > 0, and f € A satisfies

M2

(Diaiaf () (Plan ()| _
A+ 1)(1+ M)

(Dipf () (DAf(2)

(D) 51 ()
(D] \f(2))!

then —1‘<M.

Proof. This follows from Corollary 2.16 by taking ¢(u,v,w;z) = v — u and

2 = h(U) where h(z) = %z, M > 0. To use Corollary 2.16, we need to
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show that ¢ € ®,,1[M], that is the admissability condition (2.23) is satisfied.
This follows since

K4+ \+1)1+ Me? y

: 1 — Me? — 1 — Meé'

[(u, v, w; 2)] T O ey € ‘
B ‘ (1+ Me') ’ ) +M)‘

A +2 1+ Mett T A+2 1+ M

M2
, —1’: .
/\+2‘1+M619 A+2)(1+ M)

K>nM, K #1+4+ M, z € U and # € R. Hence the result is easily deduced
from Corollary 2.16.

3 Superordination and Sandwich Results

The dual problem of differential subordination, that is differential superordi-
nation of the multiplier transformation is investigated in this section. For this
purpose the class of admissible functions is given in the following definition.

Definition 3.1 Let Q be a set in C, q(z) € H[q(0), 1] with z¢'(z) # 0. The
class of admissible functions ®' [Q, q] consists of those functions ¢ : C3xU — C
that satisfy the admissibility condition

o(u,v,w,C) € Q
whenever
B _ 2q'(2) + mAq(2)
w=q(z), v (A+1)

%{(A +f)_<“;_“) - (2)\+3)} < %%{Zj,/;(;)) + 1},
(€U, ¢edU,m=>1).

Theorem 3.2 Let ¢ € 9] [, q|. If f € A, (D&/\f(z))/ € @ and

S((DAf(2)) (D} p 1 f(2)), (D) ay2f (2))'52)

1s unwalent in U, then

0 C{6((DLf (), (Phpaf(2)) (Dl (2))52) -2 €T} (31

implies q(z) < (Da/\f(z))/.
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Proof. Let p be defined by (2.2) and ¢ by (2.7). Since ¢ € @[, ¢|, (2.8) and
(3.1) yield

Q C {¢(p(2),p'(2),0"(2); 2) : z € U},

From (2.6), the admissibility condition for ¢ € @ [, ¢] is univalent to the
admissibility condition for ¢ as given in Definition 1.4. Hence 1 € ¥ [€2, ¢,
and by Theorem 1.6, q(2) < p(2) or q(z) < (D}, f(2))".

If Q@ # C is a simply connected domain, and 2 = h(U) for some conformal
mapping h(z) of U onto €2, the the class @, [h(U), ¢| is written as @/ [h, q]. Pro-
ceeding similarly as in the previous section, the following result is an immediate
consequence of Theorem 3.2.

Theorem 3.3 Let q(z) € H[q(0),1], h(2) be analytic in U and ¢ € @, [h, q].
If f €A (D] \f(2)) € Qr and

(ﬁ((Di’Af(Z))/, (DIZ,,\+1f(Z))/? (DZ,A+2f(Z)),5 Z)

18 univalent in U, then

h(z) < 6((D}\f(2)), (D) s f(2))s (D \12f(2))'5 2) (3.2)
implies q(z) < (Dg’/\f(z))’.

Theorems 3.2 and 3.3 can only be used to obtain subordinants of differential
superordination of the form (3.1) or (3.2). The following theorem proves the
existence of the best subordinant of (3.2) for an appropriate ¢.

Theorem 3.4 Let the function h be analytic in U and ¢ : C3> x U — C.
Suppose that the differential equation

¢< (2, 20+ Ot D) 29"(2) +200+2)2/(2) + O+ DO+ (), Z)
N A+ 1 ’ A+2)(A+1) ’

has a solution q € Q1. If ¢ € @/ [h,q], f € A, (Div/\f(z))’ €@y and

S((Dhf(2), (Dh s f(2)) (D) 50 f(2))'52)

18 univalent in U, then

h(z) < o((DhAf(2)) (Dhaia f(2)) (D) s 2f (2))':2)

implies q(z) < (D;/\f(z))/, and q(z) 1is the best subordinant.
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Proof. The proof is similar to the proof of Theorem 2.6 and is omitted.

Combining Theorem 2.3 and 3.3, we obtain the following sandwich-type theo-
rem.

Corollary 3.5 Let hi(z) and q1(2) be analytic functions in U, ho(z) be uni-
valent in U, g € Q1 with q1(0) = ¢2(0) = 1, and ¢ € @y, [ha, q2] N P}, [h1, q1]. If
feA (D, f(2) € H[g(0),1]N Q1 and

¢((D§,/\f(z))’, (DZ,AHJC(Z))/’ (DZ,A+2f(Z))’S Z)

1s univalent in U, then

h(2) < S((Dhaf (), (Dhnir (2 (Do (2))'52) < hal2)
implies q.(2) < (D, f(2)) < @(2).

Definition 3.6 Let Q be a set in C, and q(z) € H[q(0), 1] with z¢'(z) # 0.
The class of admissible functions ®;, |[S2, q] consists of those functions ¢ : C3 x
U — C that satisfy the admissibility condition

¢(u, v, w; ¢) € Q

whenever

%” ((A +1)g(2) + 1+ 20 (2) ) (4(=) # 0),

mq(z)
(A +3)w—(A+2)v—1](A+2)v
3‘%{ Ot 20— [0+ Dr 1] —[2()\+1)r+1—(/\+2)v]}

u=gq(z), v=

m q(2)

Now we will give the dual result of Theorem 2.13 for differential superordina-
tion.

i
glﬁ%{zq () +1}, (z €U, ¢ €U, m > 1).

Theorem 3.7 Let ¢ € (I);l’l[Q, ql. If f € A, (D}, A+}{

(b((Dl]))\-i-lf(Z))/ (DZ,A+2f(Z)), (D b>\+3f< z)) )
(DIAf(2) T (Dhaf(2) (D] mf(Z))”
1s univalent in U, then
_ { ¢<<D5,A,+1f<z>>' (Dipa () <D5,A+3f<z>>',z> :ZGU} 0
(DIAf(2) (D s f(2) (DY g0 (2)) ’

(D)1 (2))
DL @)

€ @ and

implies q(z) <
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Proof. Let p be defined by (2.16) and ¢ by (2.20). Since ¢ € @/ [, q], (2.21)
and (3.3) yield

Q C {o(p(2),7'(2),0"(2);2) : z € U}.

From (2.19), the admissibility condition for ¢ € ®; ,[Q2, q] is equivalent to the
admissibility condition for 1 as given in Definition 1.4. Hence ¥ € W! [, ¢,
(Di,)ﬂqf(z))/

and by Theorem 1.6, ¢(z) < p(z) or ¢(z) < —= :
(D57Af(z))l

If @ # C is a simply connected domain, and 2 = h(U) for some conformal
mapping h(z) of U onto €, the the class @] ;[h(U),q] is written as @] ,[h, q].
Proceeding similarly as in the previous section, the following result is an im-
mediate consequence of Theorem 3.7.

Theorem 3.8 Let q(2) € H[q(0), 1], h(2) be analytic inU and ¢ € ¥, ,[h, q].

(D] s 1 /()
If f € A, NN € Q, and

¢<(DZ,A+1f(Z))/ (Di,AmJC(Z))/ (Dg’/\ﬁf(z))" z)
(DyAf(2) (D) f(2) (D)0 (2))

18 univalent in U, then

h(z) < ¢<(DZ,;+1f(Z))/, (Dé,/\wf(z)):’ (Dé,/\+3f(z)):; z)
(Dyaf(2)) (D a1 f(2) (Dypiaf(2))

(D} i1 7))

DL @)
Combining Theorem 2.14 and 3.8, we obtain the following sandwich-type the-
orem.

(3.4)

implies q(z) <

Corollary 3.9 Let hy(z) and q;(2) be analytic functions in U, hy(z) be uni-
valent in U, g € Q1 with ¢1(0) = ¢2(0) =1, and ¢ € @y, 1[h, q2] NP}, 1[I, ¢1]-

if f e A Pt cg4100) 110 Q) and
(’Dby/\f(z))’

¢<(DIZ,>\+1f<Z)), (DZ,A+2f(2))’ (DZ,H;»,J”(/Z))’, Z)
(DIAf(R)) (D f(2) (D) \ o f(2))"
15 univalent in U, then
) < ¢<(DZ,5+J(2))” (Dhoiaf () (Phasof () ) )
(D{,,Af(z))’ (Dl]),)\—&-lf(z))/ (Dl’)’/\+2f(z))’

(D psn F2))
(DI S

implies q1(z) < =< @2(2).
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4 Open Problem

From the Definition 1.1 we have the following relation:

ADiaf(2)) = (1+0)Dj, 1 f(2) = bD) £ (2).

One can use this relation and the same techniques to prove the earlier results to
obtain a new set of results. Compare these results with the results given by [9].
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