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Abstract

We give an alternative proof of an identity that appeared recently in Integers. By using
the concept of Riordan arrays we obtain a short, elementary proof.

The identity
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was originally proved in the paper [5] using double recursions; recently, in [3] a more
pleasant and shorter proof appeared based on the concept of generating functions. We
propose an alternative, simple proof which uses the concept of Riordan arrays.

We only need to reintroduce from [4] the concept of a Riordan array. A Riordan array
is an infinite lower triangular array D = {dn,k}n,k∈N defined by two formal power series
D = (d(t), h(t)), for which we have:

dn,k = [tn]d(t)(th(t))k ∀n, k ∈ N.

An important result is that the generating function for a sum
∑n
k=0 dn,kfk, involving the

Riordan array D, is given by d(t)f(th(t)), f(t) being the generating function for the
sequence fk. For example, by using well known properties of binomial coefficients we
have (b < 0):

dn,k =

(
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)
= [tn+bk](1 + t)r+ak = [tn]t−bk(1 + t)r+ak = [tn](1 + t)r
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,
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and consequently the Riordan array:

D =

(
(1 + t)r,

(1 + t)a

tb+1

)
.

Hence, for all sequences fk having f(t) as generating function we find:

n∑
k=0

(
r + ak

n+ bk

)
fk = [tn](1 + t)rf(t−b(1 + t)a), b < 0, (2)

For what concerns identity (1), we immediately recognize in dm,i =
(
x+y+i
m−i

)
and d̄m,i =(

x+i
m−i

)
the two Riordan arrays:

D =
(
(1 + t)x+y, 1 + t

)
, D̄ = ((1 + t)x, 1 + t) .

Moreover, the generating function f(t) for the sequence fi =
(
y+2i
i

)
(−1)i can be easily

found by the Lagrange inversion formula (see, e.g., [1, p. 17]):(
y+2i
i

)
(−1)i = [ti](1− t)y(1− t)2i

= [ti]
[
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]

= [ti] (
√
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(2t)y
√

1+4t
;

this generating function is obviously well known and can be found for example in [2, p.
203]. The generating function f̄(t) for the f̄i = (−4)i is simply 1/(1 + 4t). Now, by using
formula (2) and after obvious simplification we have:

[tm]
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and
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.

The (1 + 2t)2 in the second formula suggests differentiation, hence

Sm = (x+ 1)[tm] (1+t)x

1+2t
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1+2t
− [tm] (1+t)x
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d t
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The denominator (1 + 2t)2 now simplifies; by performing the final sum it completely
disappears and we get:

Sm = [tm]x(1 + t)x−1 = x
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