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Abstract

It is a well-known result that for g € (1, 1+2‘/5) and =z € (0, ﬁ), there exist

uncountably many (¢;)2; € {0, 1}" such that z = Y 7, ;87°. When j3 € (#, 2]
there exists € (0, ﬁ) for which there exists a unique (¢;)2; € {0,1}" such that
T = 221 ;47" In this paper we consider the more general case when our sequences
are elements of {0,...,m}". We show that an analogue of the golden ratio exists
and give an explicit formula for it.

1. Introduction

Let m e N, 8 € (1,m+ 1] and I, = [0, %] Each z € Ig ,, has an expansion of
the form o
€;
xr = Z —,
=p
for some (;)22, € {0,...,m}". We call such a sequence a 3-expansion for x. Given

x € Ig m we denote the set of S-expansions for x by ¥z, (2), i.e.,

Spm(@) = {(ei);‘il e {0,...,m}": i;_ - }

In [6] the authors consider the case when m = 1. They show that for 8 € (1, 1+2‘/5)

the set ¥ 1(z) is uncountable for every = € (0, ﬁ) The endpoints of [0, ﬁ]
trivially have a unique -expansion. In [5] it was shown that for § € (#, 2] there
exists € (0, ﬁ) with a unique B-expansion.

Given m € N we say that G(m) € R is a generalized golden ratio for m if: for
B € (1,G(m)) the set ¥g,m(x) is uncountable for every z € (0, 727), and for every
B € (G(m), m + 1] there exists z € (0, 3%7) for which [Eg,(z)] = 1.

In [11] the authors consider a similar setup. They consider the case where [-
expansions are elements of {a1, as,az}", for some ay,az,a3 € R. They show that
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for each ternary alphabet there exists a constant G € R, for which there exists
nontrivial unique S-expansions if and only if 5 > G. Moreover they give an explicit
formula for G.

Our main result is the following.

Theorem 1.1. For each m € N a generalized golden ratio exists and is equal to:

G(m) = @ if m=2k+1. o

Remark 1.2. G(m) is a Pisot number for all m € N. Recall a Pisot number is a
real algebraic integer greater than 1 whose Galois conjugates are of modulus strictly
less than 1.

In Section 6 we include a table of values for G(m). We prove Theorem 1.1 in
section 3. In Section 4 we consider the set of numbers with unique S-expansion for
B € (G(m), m+ 1], and in section 5 we study the growth rate and dimension theory
of the set of S-expansions for 5 € (1,G(m)).

2. Preliminaries

Before proving Theorem 1.1 we require the following preliminary results and theory.
Let m € N be fixed and 8 € (1,m + 1]. For each i € {0,...,m} we fix T ;(x) =
Bx — i. The proof of the following lemma is trivial and therefore omitted.

Lemma 2.1. The map T3, satisfies the following:

o T ; has a unique fized point equal to ﬁ,

Tsi(x) > for all x > ﬁ,

Tsi(x) <z forall x < ﬁ,

|Ts,i(x) — Tﬁz(ﬁﬂ = Blz — ﬁb for all x € R. That is, Ts,; scales the

)

distance between the fized point 71 and an arbitrary number by a factor 3.

Understanding where in I3 ,,, these fixed points are will be important in our later
analysis.
We let

Do) = {(a5)21 € {To00- -, Tom}' s (an 0107+ 0.01)() € Ty

for all n € N}.



INTEGERS: 14 (2014) 3

Similarly we define
Qg,mn(T) = {(ai)?zl E{T5,0,---,Tpm}t" : (anoap-10---0ar)(z) € Iﬁ’m}'

Typically we will denote an element of Qg ,, »(x) or any finite sequence of maps by
a. When we want to emphasise the length of a we will use the notation a(™. We
also adopt the notation a(™ (x) to mean (a, o a,_10---o0a1)(z).

Remark 2.2. It is important to note that if for some finite sequence of maps a we
have a(z) ¢ Ig.,. Then we cannot concatenate a by any finite sequence of maps b
such that b(a(x)) € Ig m.

Remark 2.3. Let 5 € (1, m+1]. For any « € Ig,, there always exists i € {0,..., m}
such that T ;(x) € Ig . For > m + 1 such an ¢ does not always exist.

Lemma 2.4. |Yg ., (x)] = [Qa,m(x)].

Proof. 1t is a simple exercise to show that

Yam(z) = {(ei)fil c{0,....mI"N:x— Zi € [O, %] for alln € N}.

Following [8] we observe that
5 — {(e)® omiV iz =S e Jo,————| for all
8.m(T) {(61)111 €{0,....m}" "z ; 5i € [O, 5705 = 1)} oralln € N}

= {(ei)fil €{0,...,m}"N: pg"nx — Zelﬂ"*i € lg .y foralln e N}

i=1

- {(ei);‘il € {0, .., m}N: (The, 00 Tse,)(x) € Lgm for all n e N}.
Our result follows immediately. O

By Lemma 2.4 we can rephrase the definition of a generalized golden ratio in
terms of the set Qg (x). This equivalent definition will be more suitable for our
purposes. The set Qg n(z) will be useful when we study the growth rate and
dimension theory of the set of S-expansions.

Given = € Ig,, we can take i to be the first digit in a S-expansion for z if and
only if Sz — i € Ig . This is equivalent to

i if+m—i
reliBrmoi)
B BB-1)
As such we refer to the interval [%, ’g('yfl_)’] as the ¢-th digit interval. Generally

speaking we can take i to be the j-th digit in a S-expansion for x if and only if
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there exists a € Qg,m,;j—1(x) such that a(z) € [%, zg(;"fl_)z] When z or an image
of = is contained in the intersection of two digit intervals we have a choice of digit
in our B-expansion. Generally speaking any two digit intervals may intersect for
B sufficiently small, but for our purposes we need only consider the case when the
i-th digit interval intersects the adjacent (¢ — 1)-th or (i + 1)-th digit intervals. Any
intersection of this type is of the form

[ﬁ (i—l)ﬂ—i—m—(i—l)}
B’ B(B-1) ’

for some i € {1,...,m}. In what follows we refer to the interval |

i (ifl)ﬁerf(ifl)]
. e . g BB-1)
as the i-th choice interval. Both T3, and T3, map the i-th choice interval into

I m. These intervals always exist and are nontrivial for 8 € (1,m + 1).

Proposition 2.5. Suppose for any x € (O,%) there always exists a finite se-
quence of maps that map x into the interior of a choice interval. Then Qg (x) is
uncountable.

The proof of this proposition is essentially contained in the proof of Theorem 1
in [17].

Proof. Let x € (0, 3%7). Suppose there exists n € N and a € Qg () such that
a(x) € (%, %%), for some i € {1,...,m}. As a(x) is in the interior of
a choice interval both Tz ;—1(a(z)) € (0, 3%;), and Tpi(a(z)) € (0, 7%7). As such
our hypothesis applies to both T ;_1(a(z)) and T3 ;(a(x)), and we can assert that
there exists a finite sequence of maps that map these two distinct images of = into
the interior of another choice interval. Repeating this procedure arbitrarily many

times it is clear that Qg ., (x) is uncountable. O

By Proposition 2.5, to prove Theorem 1.1 it suffices to show that for 5 € (1,G(m))
every x € (0, %) can be mapped into the interior of a choice interval, and for
B € (G(m), m + 1] there exists z € (0, %) that never maps into a choice interval.

We define the switch region to be the interval

1 (m-1)p+1
[5’ B(B—1) ]

The significance of this interval can be seen as follows. If z has a choice of digit in
the j-th entry of a S-expansion then there exists a € Qg ;—1(z) such that a(z) €
[%, %] The following lemmas are useful in understanding the dynamics of
the maps T ; around the switch region. Understanding these dynamics will be
important in our proof of Theorem 1.1.

Lemma 2.6. For 3 € (1, »vn—+4 V2mz+4) and x € (0, B_Tl) there exists a finite sequence
of maps that map x into the interior of our switch region.
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Proof. If x is contained within the interior of the switch region we are done. Let
us suppose otherwise. By the monotonicity of the maps Tz o and T}, it suffices to
show that

1 (m—-1)8+1 (m—-1)8+1 1

Teol=) < —————and Tgm(————-—) > =.

0(3) B(B-1) sn( B(B-1) )3
Both of these inequalities are equivalent to 32 —mf3—1 < 0. Applying the quadratic
formula we can conclude our result. O

Remark 2.7. When m = 1 the switch region is a choice interval. An application
of Lemma 2.4, Proposition 2.5 and Lemma 2.6 yields the result stated in [6], i.e, for

Be (1, ”2—‘/5) and z € (0, ﬁ) the set ¥ 1(z) is uncountable.

Lemma 2.8. For € (1,’”7"’2) every x in the interior of the switch region is
contained in the interior of a choice interval.

Proof. Tt suffices to show that for each ¢ € {1,2,...,m — 1} the (i — 1)-th and
(i + 1)-th digit intervals intersect in a nontrivial interval. This is equivalent to

i+l _(i-1p+m—(i-1)
B BB —1)
m—+2

A simple manipulation yields that this is equivalent to 3 < ™5=. O

m+2

We refer the reader to Figure 1 for a diagram depicting the case where 8 < #5-=.

Forie {1,2,...,m—1} and 8 > mTJrQ the interval

[@—Uﬁ+m—@—mi+w
BB —1) "B

is well defined. We refer to this interval as the i-th fixed digit interval. The signif-
icance of this interval is that if = is contained in the interior of the i-th fixed digit
interval only T3 ; maps « into Ig . Similarly we define the 0-th fixed digit interval
to be [0, %] and the m-th fixed digit interval to be [%, 77]- Understanding
how the different Tz ;’s behave on these intervals will be important when it comes
to constructing generalized golden ratios in the case where m is odd.

3. Proof of Theorem 1.1

We are now in a position to prove Theorem 1.1. For ease of exposition we reduce
our analysis to two cases: when m is even and when m is odd.
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/

(m—1)+1 _m_
A1) b=

=
=

Figure 1: The case where 8 € (1, mT“)

3.1. Case Where m Is Even
In what follows we assume m = 2k for some k € N.

Proposition 3.1. For 8 € (1,k + 1) every x € (0, %) has uncountably many
[B-expansions.

Proof. By Lemma 2.4 and Proposition 2.5 it suffices to show that every = € (0, %)
can be mapped into the interior of a choice interval. It is a simple exercise to show
that mT” < mivme+d V2m2+4 for all m € N. Therefore, for § € (1,k + 1) we can apply
Lemma 2.6 and conclude that there exists a sequence of maps that map z into the
interior of the switch region. However, by Lemma 2.8 every number in the interior
of our switch region is contained in the interior of a choice interval. O

Proposition 3.2. For g € (k+ 1,m + 1] there exists x € (0, %) with a unique
[B-expansion.

Proof. Tt suffices to show that there exists x € (0, %) that never maps into a

choice interval. We will show that % never maps into a choice interval. This
number is contained in the k-th digit interval and is the fixed point under the map
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_m_

51 B-1

Figure 2: A number with unique S-expansion for g € (k + 1,m + 1].

T3,k To show that it has a unique [-expansion it suffices to show that it is not
contained within the (k — 1)-th or (k + 1)-th digit intervals. This is equivalent to

k-1f+m—(k-1) k  k+1
BB—1) SEo1T TR

Both of these inequalities are equivalent to 3 > k + 1. O

Figure 2 describes the construction of a number with unique B-expansion for
B € (k+1,m+1]. By Proposition 3.1 and Proposition 3.2 we can conclude Theorem
1.1 in the case where m is even.

3.2. Case Where m Is Odd

The analysis of the case where m is odd is somewhat more intricate. In what follows
we assume m = 2k + 1 for some k € N. Before finishing our proof of Theorem 1.1
we require the following technical results.

Lemma 3.3. For 5 € (1,k + 2) the fized point of Tg; is contained in the interior

of the choice interval [%, %] fori € {1,...,k}, and in the interior of

the choice interval [%, zg(gf;)z] forie{k+1,...,m—1}.




INTEGERS: 14 (2014) 8

Proof. Let i € {1,...,k}. To show that the fixed point == is contained in the

-1
interior of the interval [%, %] it suffices to show that

i _(i=Dfrm—(i-1)
B—1 BB —1)
This is equivalent to § < m+1—i; which for § € (1, k+2) is trueforalli € {1,... k}.
The case where ¢ € {k+1,...,m — 1} is proved similarly. O

Corollgry 3.4. For B € [2EE2 k + 2) the map Tp, satisfies: Tp;(z) — ﬁ
Blx— 511) for all x contained in the i-th fized digit interval, for i € {1,...,k}, and

T~ Ts(x) = 6(51 1 — ) for all x contained in the i-th fized digit interval, for

ief{k+1,...,m—1}.

Proof. Let i € {1,...,k}. By Lemma 3.3 the i-th fixed digit interval is to the right
of the fixed point of T} ;, and by Lemma 2.1 our result follows. The case where
i€{k+1,...,m—1} is proved similarly. O

Lemma 3.5. Suppose 3 € [2k2+3, k+1+”§2+6k+5) and x is an element of the i-th

fized digit interval for some i € {1,...,m —1}. Fori € {1,...,k}

kEB+m—k

Tﬂ,i($)<m,
and fori e {k+1,...,m—1}

k+1
—5 .

Proof. By the monotonicity of the maps T ; it is sufficient to show that

Tﬁﬂ;(.l?) >

5 <Gt

forie{1,...,k}, and

Tp,i

(—1)B+m—(G—1)\ k+1
( BB—1) ) > B

fori € {k+1,...,m — 1}. Both of these inequalities are equivalent to 3% — (k +
1) —(k+1) < 0. Our result follows by an application of the quadratic formula. O

Proposition 3.6. For g € (1, k1t VA 6kt W’) every z € (0, %) has uncountably
many B-expansions.
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Proof. The proof where g € (1, %TH) is analogous to that given in the even case.
ki3 htlty §2+6k+5). We remark that

Therefore in what follows we assume S € |

kE+14+Vk2+6k+5 < m+vm?+4

2 2
and
E+1+VEk*+6k+5
5 <k+2,
for all k € N. We may therefore use Lemma 2.6 and Corollary 3.4. Let « € (0, %)

We will show that there exists a sequence of maps that map x into the interior
of a choice interval, and by Lemma 2.4 and Proposition 2.5 our result will follow.
By Lemma 2.6 there exists a finite sequence of maps that map z into the interior
of the switch region. Suppose the image of = is not contained in the interior of a
choice interval. Then it must be contained in the i-th fixed digit interval for some
i€ {l,...,m—1}. By repeatedly applying Corollary 3.4 and Lemma 3.5 the image
of z must eventually be mapped into the interior of a choice interval. O

We refer the reader to Figure 3 for a diagram illustrating the case where m =
2k +1and B € [2k2+3 k+1+\/l§2+6k+5).

Proposition 3.7. For f§ € (AHLE/E2+6k45 W,m + 1] there exists x € (0, g27) with a
unique [3-erpansion.

Proof. We will show that the numbers

k
B+ (k+1) and (k+1)8+k
71 71
have a unique (-expansion. The significance of these numbers is that

KB+ (k+1)\  (k+1)B+k
TM( B2 —1 )_ B2 —1

and

E+DB+k\ KB+ (k+1
Tﬁvk“(( 52)—1 ): 52(—1 3

To show that these numbers have a unique S-expansion it suffices to show that

kﬁgz(ﬁ'l) and (k;iﬁﬁk belong to the k-th and (k + 1)-th fixed digit intervals, re-

spectively. That is,

(k=1B+m—(k=1) _k8+(k+1) _k+1
BB -1) p?—1 g7

(2)

and

B+ (m—k) _(k+1)B+k _k+2
BB —1) B -1 B
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kil kftm—k  (m—1)p+1 .
5 B-D BG-D

ol

Figure 3: A diagram of the case where m =2k + 1 and 8 € [2"’;3, ktlty ’;2+6k+5)

The left-hand side of (2) is equivalent to 0 < 82 — kB8 — (k + 2). The quadratic
formula yields that this is equivalent to

k++vVk?+4k+8
5 <

8.

However
E+VEk2+4k+8 k+14++Vk2+6k+5
<
2 2

for all k& € N. Therefore the left-hand side of (2) holds. The right-hand side of (2)
is equivalent to 0 < 32 — (k +1)3 — (k +1). So (2) holds by the quadratic formula.

The right-hand side of (3) is equivalent to 0 < 8% — kB — (k + 2). We know
this is true by the above. Similarly the left-hand side of (3) is equivalent to 0 <
B%—(k+1)B— (k+1), which we also know to be true. It follows that both kB4 (ki)

A1
(k+1)ﬁ+k . . . . .
and 5z arenever mapped into a choice interval and have a unique -expansion

for g € (EHLEVA$0kES v’§2+6k+5,m—|—1]. O

We refer the reader to Figure 4 for a diagram describing the numbers we con-
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0 kB4 (k1) (ht1)B+k yomy

F2—1 571

Figure 4: A number with unique S-expansion for § € (EF1EVA+6k+5 W, m+ 1].

BELEVEREORES iy 4+ 1). By

structed with unique S-expansion for 8 € ( Proposition

3.6 and Proposition 3.7 we can conclude Theorem 1.1.

4. The Set of Numbers with Unique B-Expansion

In this section we study the set of numbers with a unique (S-expansion for § €
(G(m), m + 1]. Let

Usan = {@ € Iym| [Sp.m(@) = 1}

and
Wam = {o e (P22 )] [2pma)l =1},
8—1
The significance of the set Wg ,, is that if x € Ugy, then it maps to W3 ,,, under a
finite sequence of T3 ;’s. In [9] the authors study the case where m = 1. They show
that the following theorems hold.
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Theorem 4.1. The set Ug; satisfies the following:

1 [Usa] = o for B € (255, 8,)
2. [Usa| =2% for B =5
3. Ug,1 is a set of positive Hausdorff dimension for 8 € (B, 2].

Theorem 4.2. The set Wg 1 satisfies the following:

1. [Wgi| =2 for B € (H'Q‘/g,ﬂf], where By is the root of the equation

2 — 227+ 2 —1=0, By = 1.75487...

2. |[Wga| =R for B € (By, Be)
3. [Wpa| = 2% for f =B,
4. Wg1 is a set of positive Hausdorff dimension for 5 € (B¢, 2].

Here 3. ~ 1.78723 is the Komornik-Loreti constant introduced in [12]. It is the
smallest value of 5 for which 1 € Ug ;. Moreover S, is the unique solution of the

equation
IEEE
il

Where (A;)$2, is the Thue-Morse sequence (see [3]), i.e. A\g = 0 and if \; is already
defined for some ¢ > 0 then Ay; = A; and Ay;11 = 1 — A;. The sequence (\;)$2,
begins

(Ai)i2y = 0110 1001 1001 0110 1001 ....

In [2] it was shown that f3. is transcendental. For m > 2 we define the sequence
(Ai(m))2; € {0, ...,m} as follows:

A(m) = E+ X — Ny ifm=2k
A= kN if m = 2k + 1.

We define S.(m) to be the unique solution of

In [13] the authors proved that 5.(m) is transcendental and the smallest value of 8
for which 1 € Ug,y,. In section 6 we include a table of values for 8.(m). We begin
our study of the sets Ug,,, and Wp ,, by showing that the following proposition
holds.

=1.
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Proposition 4.3. |Ug.,| > Ng for 8 € (G(m), m + 1].

In [14] the following statements were shown to hold: if 5 € (1, 5.(m)) then Ug
is countable, Ug_(m),m has cardinality equal to that of the continuum, and for 5 €
(Be(m), m+1] the Hausdorff dimension of Ug , is strictly positive. Combining these
results with Proposition 4.3 the following analogue of Theorem 4.1 is immediate.

Theorem 4.4. For m > 2 the set Ug,p, satisfies the following:
1. |Ugm| = Ro for B € (G(m), Be(m))
2. |Ug.m| = 2% for B = B.(m)
3. Ug,m is a set of positive Hausdorff dimension for 5 € (8.(m), m + 1].

Proof of Proposition 4.3. To begin with, let us assume m = 2k for some k € N. In
this case G(m) = k + 1. It is a simple exercise to show that for 5 € (k+ 1,m + 1]

kN K 1
1) =50 <5 )

for all n € N. By the proof of Proposition 3.2 we know that % has a unique f-

expansion. It follows from (4) that T} (%) is never mapped into a choice interval
and therefore has a unique S-expansion. As n was arbitrary we can conclude our
result. The case where m = 2k + 1 is proved similarly. In this case we can consider

preimages of % . O

We also show that the following analogue of Theorem 4.2 holds.
Theorem 4.5. If m = 2k the set W3, satisfies the following:

1. |Wa,m| =1 for 8 € (G(m), B(m)], where B5(m) is the root of the equation

k14 VEZ 6+

2 —(k+ 1)z —k=0, 8;(m) 5

2. [Wam| = Ro for B € (Br(m), Be(m))

3. [Wam| = 2% for = B.(m)

4. Wa,m is a set of positive Hausdorff dimension for 8 € (B.(m), m + 1].
If m =2k + 1 the set Wg,,, satisfies the following:

1. [Wam| =2 for B € (G(m), Br(m)], where B;(m) is the root of the equation

= (k+2)22 +z—-(k+1)=0
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2. [Wa,m| =Ro for B € (By(m), Be(m))

3. |Wgm| = 2% for B = B.(m)

4. Wgm is a set of positive Hausdorff dimension for 8 € (8.(m), m + 1].
Remark 4.6. 8¢(m) is a Pisot number for all m € N.

By Theorem 4.4 to prove Theorem 4.5 it suffices to show that statement 1 holds
in both the odd and even cases, and |W3 | > Rg for § > B¢(m) in both the odd
and even cases. In section 6 we include a table of values for B¢(m).

4.1. Proof of Theorem 4.5

The proof of Theorem 4.5 is more involved than Theorem 4.4 and as we will see
requires more technical results. The following is taken from [14]. First of all let
us define the lexicographic order on {0,...,m} : we say that (z;)52; < (v:)2,
with respect to the lexicographic order if there exists n € N such that z; = y;
for all i < n and x, < yn, or if 1 < y1. For a sequence (r;)2, € {0,...,m}" we
define (Z;)52, = (m—x;)52,;. We also adopt the notation (€1, ..., €;)* to denote the
element of {0, ..., m}" obtained by the infinite concatenation of the finite sequence
(€1,...,€;). Let the sequence (d;(m))2; € {0,...,m} be defined as follows: let
dy1(m) be the largest element of {0,...,m} such that % < 1, and if d;(m) is
defined for 7 < n then d,,(m) is defined to be the largest element of {0, ..., m} such
that Y1, d"’ézn) < 1. The sequence (d;(m))52, is called the quasi-greedy expansion
of 1 with respect to (; it is trivially a B-expansion for 1 and the largest infinite
B-expansion of 1 with respect to the lexicographic order not ending with (0)>°. We

let

Spm = { (€)1 € {0,...,m}" 2;— € Wom |-

It follows from the definition of W3, that |W3 | = |S3,m|, and to prove Theorem
4.5 it suffices to show that equivalent statements hold for Sg ,,. The following lemma
which is essentially due to Parry [15] provides a useful characterisation of Sg .

Lemma 4.7. We have
Spm = {(ei);’il € {0,...,m: (er,€ir1,...) < (di(m),da(m),...) and
(di(m), da(m),...) < (&, €ir1,...) for alli € N}.

Remark 4.8. If 3 < 8’ then the quasi-greedy expansion of 1 with respect to § is
lexicographically strictly less than the quasi-greedy expansion of 1 with respect to
B’. As a corollary of this we have Sg.,,, C S, for 5 < f'.
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Proposition 4.9. For € (G(m), Br(m)] the following holds: |Sg.m| =1 when m
is even, |Sg,m| =2 when m is odd, and |Sg.m| > Vo for f € (Bf(m), m + 1].

By the remarks following Theorem 4.5 this will allow us to conclude our result.

Proof. We begin by considering the case where m = 2k. When 3 = S¢(m) we have
(di(m))2, = (k4 1,k —1)*, and by Lemma 4.7

Sﬂf(m),m = {(ei)fil € {07 . -7m}N : (61',61‘4_1, .. ) < (k+ 1ak - 1)00 and
(k—1,k+1) < (&, €41,...) for all i € N}.

By our previous analysis we know that for g € (G(m), m + 1] the number % has
a unique S-expansion. The S-expansion of this number is the sequence (k)*°. By
Remark 4.8, to prove |Sg.m,m| = 1 for 5 € (G(m), Br(m)] it suffices to show that
Sppmym = {(k)>}. If ()21 € Sp;(m),m then clearly e; must equal k — 1,k or
k+ 1. If ¢ = k+ 1 then by Lemma 4.7 ¢;;7 = k — 1. Similarly if ¢, = k£ — 1
then €;41 = k + 1. Therefore, if ¢; # k for some i then (e;,€;41,...) must equal
(k—1,k+ 1) or (k+ 1,k — 1)>. By Lemma 4.7 this cannot happen and we
can conclude that Sg (m).m = {(k)>}. For 8 € (8¢(m), m + 1] we can construct a
countable subset of Sg ,,; for example, all sequences of the form (k)7 (k+1,k—1)>
where 57 € N.

We now consider the case where m = 2k + 1. When g = [¢(m) we have

(di(m)2, = (k+1,k+ 1,k k) and

Sy tmym = {(ei)fil € {0,....mV: (e, eia1s.. ) < (k+1,k+ 1,k k)™ and

(k ko k+ 1,k + 1) < (&, €ip1,...) for all i € N}.

By our earlier analysis we know that {(k,k + 1), (k + 1,k)>} C Sg,m for 8 €
(G(m), m +1]. By Remark 4.8, to prove |Sg..,m| = 2 for 5 € (G(m), By(m)] it suffices
to show that Sg (;m),m = {(k, k+1)°°, (k+1, k)>}. By an analogous argument to that
given in [9] we can show that if (€;)5%; € Sp;(m),m then €; = k implies €;11 =k +1,
and ¢; = k+1 implies €;11 = k. Clearly any element of Sg, ;) ,n must begin with k or
k+1, and we may therefore conclude that Sg (;m).m = {(k, k+1)>, (k+1,k)>}. To
see that |Wg m| > Ng for § > r(m), we observe that (k+1,k)? (k+1,k+1,k, k) €
Sa.m for all j € N, for 5 > S;(m). O

4.2. The Growth Rate of G(m), Bs(m), and B.(m)

oo

In this section we study the growth rate of the sequences (G(m))So_;, (87(m))oo_;
and (B.(m))2_;. The following theorem summarizes the growth rate of each of these
sequences.
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Theorem 4.10. 1. G(2k) =k + 1 for all k € N.
2. By(2k) — (k+2) = O($).
3. Be(2k) — (k+2) = 0 as k — oo.
4. G2k +1) — (k+2) = O(3).
5. Br(2k+1)— (k+2) =0 as k — oo.
6. Bc(2k+1)—(k+2) = 0 as k — oo.

The proof of this theorem is somewhat trivial but we include it for completion.
To prove this result we firstly require the following lemma.

Be(m) _
o R 1.

Lemma 4.11. The sequence B.(m) is asymptotic to 3, i.e., limpy, o0

Proof. Suppose m = 2k. It is a direct consequence of the definition of \;(m) and
Be(m) that the following inequalities hold

k-1 k41
) By < Pelm) < ; T

=0

This is equivalent to
k—1 k+1
< ) <

1 S
Be(m) Be(m)

Dividing through by m/2 and using the fact that 8.(m) — oo we can conclude our
result. The case where m = 2k + 1 is proved similarly. O

We are now in a position to prove Theorem 4.10.

Proof of Theorem 4.10. Statements 1,2 and 4 are an immediate consequence of
Theorem 1.1 and Theorem 4.5. It remains to show statements 3 and 6 hold; state-
ment 5 will follow from the fact that G(2k + 1) < B7(2k + 1) < B.(2k + 1). It is
immediate from the definition of A;(m) that if m = 2k then

k > >\i+1(m)
o 2 By

c

o Aigji(m)

It is a straighforward consequence of 1 € Ug,(m),m that | > .=, ERCOL < 1, for all
j,m € N. Therefore Y, )/‘B%w(g@) — 0 as m — oo. Combining this statement with

Lemma 4.11 we may conclude our result when m = 2k. The case where m = 2k +1
is proved similarly.
O
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5. The Growth Rate and Dimension Theory of X3 ,,(x)
To describe the growth rate of S-expansions we consider the following. Let

Esmm(T) = {(61, ... en) €{0,...,m}" : there exists (€ns1,€nta,...) € {0,...,m}"
such that - = Jc}
25

We define an element of €5, () to be an n-prefiz for x. Moreover, we let

Nomn(x) = [E,m.n(2)|
and define the growth rate of Ng m n(x) to be

lim log,,+1 Nﬂ,m,n(x)

n—00 n

)

when this limit exists. When this limit does not exist we can consider the lower
and upper growth rates of N n(x); these are defined to be

I m.n 1 m,n
i ing 208m 1 Nmn(®) lim sup O8m 1N mn ()

n—ro0 n n—o0 n

respectively.
In this paper we also consider ¥, (x) from a dimension theory perspective. We
endow {0,...,m}" with the metric d(-,-) defined as follows:

m+ 1)@y if ¢ , where n(xz,y) = inf{i : x; i
d(x,y)—{é ) ifxiz, (z,9) { # i}

We will consider the Hausdorft dimension of Xz ,,,(x) with respect to this metric.
It is a simple exercise to show that the following inequalities hold:

1 Npmm ! N .mn
dimpg (25,1, (2)) < liminf %8m +1Ngm.n (@) < lim sup Bmt17Vm, (x) (5)

n—00 n n—o00 n

The case where m = 1 is studied in [4], [8] and [10]. In [4] and [8] the authors show
that for 8 € (1, 1+2‘/5) and z € (0, ﬁ) we can bound the lower growth rate and

Hausdorff dimension of X3 1(x) below by some strictly positive function depending
only on §. In [10] the growth rate is studied from a measure-theoretic perspective.
Our main result is the following.

Theorem 5.1. For 8 € (1,G(m)) and x € (0, 327), the Hausdorff dimension of
Xa.m(x) can be bounded below by some strictly positive constant depending only on

By (5) a similar statement holds for both the lower and upper growth rates of
N3 m.n(z). Replicating the proof of Lemma 2.4 it can be shown that the following
result holds.
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Proposition 5.2. N, n(2) = [Qs,m,n(2)]

By Proposition 5.2 we can identify elements of Qg ., n(x) with elements of
E8,m,n(x). Therefore, we also define an element of Qg .., n(x) to be an n-prefiz for
x. To prove Theorem 5.1 we will use a method analogous to that given in [4]. We
construct an interval Zg C Ig,,, satisfying the following: for each z € I3 we can
generate multiple prefixes for = of a fixed length depending on [3; moreover these
prefixes map z back into Zg. As we will see Theorem 5.1 will then follow by a
counting argument. As was the case in our previous analysis we reduce the proof
of Theorem 5.1 to two cases.

5.1. Case Where m Is Even

In what follows we assume m = 2k for some k € N. To prove Theorem 5.1 we require
the following technical lemma.

Lemma 5.3. For each B € (1,k+1) there exists eq(8) > 0 satisfying the following:
if v € [5,% + eo(B)) then Tao(x) € [ + eo(B), Bzl — ()], and if = €

(B — e(8), B8 then Tg () € [ + co(B), S — eo(B)).

Proof. This follows from Lemma 2.6 and a continuity argument. |

Foreachi € {1,...,m—1} welet ¢;(8) = %(%—%) If8 e (1,k+1)

then €;(8) > 0 for each i € {1,...,m —1}. We define the interval Zg = [L(3), R(5)]
where L(8) and R(fS) are defined as follows:

L(8) = min {Tm(l + o)) Toior (S5 + eiw))}

min
ie{l,....,m—1}

P 3
and
_ (m-1)B+1
R(B) = max {Tﬁm—l(m —(8)),
i+1
ie{llf.l.é?v)i—l} Tﬁ’ifl( B + 61(5)) }

We refer to Figure 5 for a diagram illustrating the interval Zg in the case where
m=2and § € (1,2).

Proposition 5.4. Let g € (1,k + 1). There exists n(8) € N such that for each
x € Ig there exists two distinct elements a,b € Qg sy (x) satisfying a(x) € Ip
and b(z) € Zg.

Proof. Let x € Zg. Without loss of generality we may assume that eg(8) is suffi-
ciently small such that Zg contains the switch region. By Lemma 2.6 there exists a
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AN

LI I T

tal)  2tal) -« RE)

|-

L(B)

Figure 5: The interval Zg in the case where m = 2 and 8 € (1, 2).

sequence of maps a that map x into the interior of our switch region. By Lemma
5.3 we may assume that a(x) € [% + eo(8), % —€o(B)]-

The distance between the endpoints of Zg and the endpoints of Ig ,, (the fixed
points of the maps T ¢ and T3 ,,,) can be bounded below by some positive constant.
By Lemma 2.1 T ¢ and T} ,, both scale the distance between their fixed points and
a number by a factor 5. Therefore, we can bound from above the length of our
sequence a by some constant ng(3) € N that does not depend on xz. We will show
that we can take n(8) = ns(8) + 1.

We remark that:
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1. gy m=-DB+1 o7 1 o 2
5+ o(8), 3G -1) 0(5)} LB + €o(B), 5
(m—=2)+2 (m—-1)+1

C

ey meen W)

" —1)B+m—(i—1) i+2
!1{ BB -1) © B }
m_l[z’+1 (i—l)ﬂ—km—(z’—l)}
(AN B(B—1)

We now proceed via a case analysis.

o If a(x) € [% + €0 (), %] then T o(a(x)) € Zg and T 1(a(x)) € Zgs.

o Tfa(z) € U252, U2l — e (8)] then Tg 1 (a(w)) € Zg and Ts m(a(x)) €
Is.

o Ifa(z) € [%, %] for somei € {1,...,m—2} then Tp ;(a(z)) € Z3
and Tg;11(a(z)) € Zp.

[%17 (-Dftm (1) 1)’6(;“21)(1 1)] for somei € {1,...,m—
1} to two subcases. If a(x) [i +1 + ¢;(8)] then by the monotonicity
of our maps both T3,_1(a(z)) € Ig and Tsi(a(x)) € Zg. Similarly, in the
case where a(z) € [“51 + (), MG poth Ty ,(a(z)) € Zs and

B(B—1)
Ts,i41(a(x)) € Zp.

We have shown that for any x € Zg there exists n(z) < ns(8) + 1 such that two
distinct elements of Qg n(oy(7) map = into Zg. If n(z) < ne(B) + 1 then we
can concatenate our two elements of Qg ,,, (»)(2) by a sequence of maps of length
ns(8) + 1 — n(x) that map the image of = into Zg. This ensures that we can take
our sequences of maps to be of length ns(8) + 1. O

e We reduce the case where a(x) €
S

For B € (1,k+1) and = € (0, %) we may assume that there exists a sequence
of maps a that maps z into Zg. We denote the minimum number of maps required
to do this by j(z). Replicating arguments given in [4] we can use Proposition 5.4
to construct an algorithm by which we can generate two prefixes of length n(g) for
a®)(z). Repeatedly applying this algorithm to successive images of a\/(*)) () we
can generate a closed subset of g ,,(z). We denote this set by o, () and the set
of n-prefixes for x generated by this algorithm by wg m (). Replicating the proofs
given in [4] we can show that the following lemmas hold.

Lemma 5.5. Let x € (0, %) and assume n > j(x). Then

n—j(x)
|Wgmom ()| > 277 L,
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Lemma 5.6. Let x € (0, 377). Assume | > j(x) and b € wg mi(x). Then forn >1

n—1
Ha = (a))?) € wgmm(x) s a; = b; for 1 <i <} <20® 2

With these lemmas we are now in a position to prove Theorem 5.1 in the case
where m is even. The argument used is analogous to the one given in [4]. This
argument is based upon Example 2.7 of [7].

Proof of Theorem 5.1 when m = 2k. By the monotonicity of Hausdorff dimension
with respect to inclusion it suffices to show that dimpg(og,m(x)) can be bounded
below by a strictly positive constant depending only on 3. It is a simple exercise to
show that og ., () is a compact set; by this result we may restrict to finite covers
of 0g.m (). Let {U,})_; be a finite cover of o ,,,(z). Without loss of generality we
may assume that all elements of our cover satisfy Diam(U,) < (m + 1)77(*). For
each U, there exists [(n) € N such that

(m + 1)~ < Diam(U,) < (m +1)71™),

It follows that there exists (™) € {0,..., m}(™ such that y; = zi(n) for 1 <4 <l(n),
for all y € U,,. We may assume that z(") Wa,m,i(n) (), if we supposed otherwise
then og.m(z) NU, = 0 and we can remove U,, from our cover. We denote by C,
the set of sequences in {0,...,m}Y whose first I(n) entries agree with z("), i.e.

Cp = {(ei)ggl e {0,...omig=2"for1<i< l(n)}.

Clearly U,, C C,, and therefore the set {C,,})__; is a cover of o4, ().

Since there are only finitely many elements in our cover there exists J € N such
that (m+1)~/ < Diam(U,,) for all n. We consider the set wg (). Since {C,}N_;
is a cover of o ,(x) each a € wg m, s(z) satisfies a; = zi(n) for 1 < ¢ < I(n), for
some n. Therefore

N
|wg,m..7()] < Z ‘{a € wg,m, () 1 a; = zi(n) for 1 <i<lI(n)}|.

n=1
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By counting elements of wg r,, 7(x) and Lemmas 5.5 and 5.6 we observe the following:
J—j(@) _
270 < W (0)

N
< Z ‘{a € wgm,i(z) 1 a; = zi(n) for 1 <i<lI(n)}
n=1

J—1(n)

N
< E 2w 12
n=1

N
J+1 +2 —((n)+1)
— 2n(B) § 2 n(®
n=1

logm41 2

N
J+1 .
< 2uie) 2 E Diam(U,)™ »®

n=1

e e JHL o
Dividing through by 2=® " yields

logm 412 —j(z)—3n(B)—1

N
ZDiam(Un) n@ > 9 )
n=1

The right-hand side is a positive constant greater than zero that does not depend
on our choice of cover. It follows that dimgy(ogm(z)) > %, and our result

follows. O

5.2. Case Where m Is Odd

In what follows we assume m = 2k + 1 for some k € N. For S € (1, %TH) the proof
of Theorem 5.1 is analogous to the even case. As such, in what follows we assume
B e [2hE3 ktliy §2+6k+5). The significance of 3 € [2E3 | ALty ’;2+6k+5) is that for
i€ {l,...,m — 1} the i-th fixed digit interval is well-defined.

Before defining the interval Zg we require the following. We let

1 (G=1)B+m—(i—1) 4 P
Ei(ﬂ): E(W 1311 lfle{l,...7k}
%(611—% ifie{k+1,...,m—1}

By Lemma 3.3 ¢;(8) > 0 for all ¢ € {1,...,m — 1}. Before proving an analogue of
Proposition 5.4 we require the following technical lemmas. It is a simple exercise
to show that the following analogue of Lemma 5.3 holds.

Lemma 5.7. For each 8 € [2k2+3, ktlty ’§2+6k+5) there exists eo(8) > 0 satisfying
the following: if x € [%, %—f—eo(ﬂ)) then T 0(x) € [% +eo(B), 8L _((8)], and

B(B-1)
if v € (258 — e(8), U5 then Tpm(@) € [4 + €0(8), U525t — eo(B)).
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Lemma 5.8. Let 8 € [2£t3, k+1+V§2+6k+5). For each i € {1,...,k — 1} there

exists € () > 0 such that if z € [% —€(0), % +e:(B)] then Tpi(x) <
% + €xt1. Similarly, for i € {k+2,...,m — 1} there exists €/ (8) > 0 such that if

x e (LTl — c(8), S+ €(8)] then Tp,i(x) > ELZEmtl) ¢,

Proof. By the analysis given in the proof of Lemma 3.5 for i € {1,...,k — 1}
we have Tp,;() < BoEmk for g ¢ (1, kAltv/R2H0kES )

B B(B-1)
[2]“;3, ktlty ’§2+6k+5) we have kg;gf;)k < % The existence of € (5) then fol-

However, for g €

lows by a continuity argument and the monotonicity of the maps T ;. The case
where i € {k+2,...,m — 1} is proved similarly. [l

We are now in a position to define the interval Zg. Let Zg = [L(8), R(8)] where

Ifﬂ—i—/ﬁ:—i—l)7

L(B) = min{Tﬁ,l(l + eo(ﬂ)),Tﬁ,kﬂ( o1

B

ie{gl,i..r.l,k} {T’M(% * 6:_1(5)) }’ ie{kg,r.l..,m} {Tﬁ’i (% * €i_1(ﬁ)) }}

and
R(8) = max {Tﬁ,k((’“;j#) Tomer (VL (s)),
max {Tm_l((z - 1)2(‘;77_1 1—)(@ -1 6i(5)>
ik 2m—1} {Tﬁ’H((Z - 1)65(;”—1 1_) e Er(ﬂ))}}.

For ease of exposition in Figure 6 we give a diagram illustrating the interval Zz in
the case where m = 3 and 3 € [3,1+ V/3).

Proposition 5.9. Let 5 € [2’“;37 ktlty ’;2+6k+5). There exists n(f3) € N such that
for each x € Ig there exist two distinct elements a,b € Qg n n(p)(x) satisfying
a(x) € Ig and b(z) € .

Proof. Without loss of generality we may assume that €y(8) is sufficiently small
such that Zg contains the switch region. By Lemma 2.6 there exists a sequence
of maps a that map z into the switch region. As the endpoints of Zg are a
bounded distance away from the endpoints of I ,,, we can bound the length of
a above by some ng(8) € N. Moreover, by Lemma 5.7 we may assume that

a(z) € [% + €0(P), % — €o(B)]. As in the even case it is useful to treat
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el mpm-a@®rET B Freld) st -l
Figure 6: The interval Zg in the case where m =3 and 8 € [g, 1++/3).
[% + eo(P), % — €0(B)] as the union of subintervals. We observe that:
1 =D+ Tl gy ™
5+ 5y —w®)] =[5 +«) g ~ @)
m—1 1
U[5 + () 2 o)
U [( — Dg(;TI_)% 1) —ek(ﬂ)7k;2+6k+1(5)]
k
L« (i—1)B+m—(i—1)
Ul +ee—55g — -]
T (i-DB+m—(i-1) .
u (5 +a0 5 [8)]
k-1
(-Df+m—(i=1) _oitl
g[ 5T —a(B), = +el(9)]
=B +m—(i—1) ., i+l
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Without loss of generality we may assume that eg(3), €;(8) and € (5) are all suffi-
ciently small such that each of the intervals in our union is well-defined and non-
trivial. We now proceed via a case analysis.

o Ifa(x) € [%—l—eo(ﬁ), IR —e€1(B)], then T o(a(z)) € Zg and T 1(a(x)) € Is.

o If a(x) € [2 + em 1(8), Bz T — €(B)], then Tpm 1(a(x)) € Iy and
T@m(a(x)) S Iﬂ.

e Suppose that a(z) € [w — e(8), B2 + €1 (B)). If a(z) €

B(B-1) » B
[AOERL O DPER) then Ty i(a(2)) € Tp and Tpkia(a(z)) € Ly, If a(z) €
[W —ex(B), %], then we are a bounded distance away from

the fixed point of the map Tj3. By Lemma 2.1 we know that T}, scales the

distance between a(x) and the fixed point of T3 ;; by a factor 5. Therefore we
kBtk+1 (k+1)ﬁ+k]

BZ=1 > BZ2—1 .
+ ex+1(08)] we can bound the

can bound the number of maps required to map a(z) into [

By a similar argument, if a(x) € [M kt2

71 0 B
number of maps required to map a(x) into [k%;rﬁrl, (k;;)_ﬂfrk]. By the above
we can assert that when a(x) € [W —eix(B), % + €x+1(0)] there

exist two distinct sequences of maps whose length we can bound above by
some n.(8) € N. Moreover, these sequences of maps map a(z) into Zg.

o Ifa(z) € [%—l—e?_ﬂ,@), % —¢;(B)] for some i € {2,...,k—1}, then
Tgﬂ'_l(a(ﬂﬁ)) S Iﬁ and Tﬁ,i(a(a:)) S Iﬁ.

o Ifa(x) € [é +€(B), % —€;(B)] for some i € {k+2,...,m — 1},
then Tp;—1(a(x)) € g and T ;(a(zx)) € Zg.

o Ifa(x) € [% —€i(B), % +¢f(B)] for some i € {1,...,k—1}, then
a(z) is a bounded distance away from the fixed point of the map Tg ;. By
Lemma 2.1 we know that T ; scales the distance between a(z) and its fixed
point by a factor 5. Therefore we can bound the number of maps required to
map a(x) outside of the interval [% —&(B), % + €7 (/)] by some
ni(8) € N. If a(z) has been mapped into an interval covered by one of the
above cases we are done. If not it has to be mapped into another interval of
the form [% —€(8), % + €;(B)]. By Corollary 3.4 and Lemma
5.8 we know that ¢ < 7 < k+ 1. Repeating the previous step as many times
as is necessary we can ensure that a(z) is mapped to an interval that was

. . 1 k—1
addressed in one of our previous cases within ) "} n;(5) maps.

e The case where a(z) € [Wﬂﬁ‘w —eX(B), % + €;(B)] for some i €

5D | A
{k+2,...,m — 1} is analogous to the case where a(z) € [(=20Em_(i=1) _

: B(B-1)
(), % +¢f(B)] for some ¢ € {1,...,k —1}.
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We have shown that for any « € Zg there exists n(x) € N satistying the following:
two distinct elements of Qg , n(»)(z) map x into Zg; moreover, n(zx) < ny(f) +
ne(B) + Zf;ll n;(B). We take n(5) to equal ns(8) + n.(8) + Zf;ll n;(B). If n(z) <
n(f) then we can concatenate our image of by an arbitrary sequence of maps of

length n(8) — n(x) that map x into Zg. This ensures our sequences of maps are of
length n(p3). O

Repeating the analysis given in the case where m is even we can conclude The-
orem 5.1 in the case where m is odd.

6. Open Questions and a Table of Values for G(m), 85(m), and B.(m)

We conclude with a few open questions and a table of values for G(m), 8¢(m) and

Be(m).

e In [1] the authors study the order in which periodic orbits appear in the set
of uniqueness. When m = 1 they show that as S * 2 the order in which
periodic orbits appear in the set of uniqueness is intimately related to the
classical Sharkovskii ordering. It is natural to ask whether a similar result
holds in our general case.

e In [18] it is shown that when m = 1 and 8 = L4V5 the set of numbers:

2
T = @(mod 1) for some n € N have countably many [-expansions,

while the other elements of (0, ﬁ) have uncountably many [S-expansions.
Does an analogue of this statement hold in the case of general m?

e Let p1,...,pi be vectors in R? such that the polyhedra II with these vertices
is convex. Let {f;}%_, be the one parameter family of maps given by

filx) = Az + (1 — N)p;.

Where A € (0,1) is our parameter. As is well-known there exists a unique
compact non-empty Sy such that Sy = U, £;(S\). We say that (¢;)2, €
{1,...,k}N is an address for z € Sy if lim,, 00 (fe, ©...0 fe,)(0) = 2. We ask
whether an analogue of the golden ratio exists in this case. That is, does there
exists A* such that for A € (\*,1) every z € Sy \ {p1, ..., pr} has uncountably
many addresses, but for A € (0, \*) there exists € Sy \ {p1,...,pr} with a
unique address. In [16] the author shows that an analogue of the golden ratio
exists in the case when d = 2 and k = 3.

Acknowledgements The author would like to thank Nikita Sidorov for much
support and Rafael Alcaraz Barrera for his useful remarks.
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Table 1: Table of values for G(m), 5¢(m) and S.(m)

27

m G(m) By (m) Be(m)

1 155~ 1.61803. .. 1.75488 . .. 1.78723. ..
2 2 14+v2=1241421... 2.47098...
3 1+V3~273205... 2.89329. .. 2.90330. ..
4 3 VAT — 356155...  3.66607...
5 3521 £ 379129... 3.93947 3.94583. ..
6 4 2+ Y28 — 464575... 4.75180...
7T 2422~ 4.82843. .. 4.96095. . . 4.96496 . . .
8 5 54Vl — 5.70156...  5.80171...
9 315 1 5.85410. .. 5.97273 ... 5.97537 . ..
10 6 3+114=6.74166... 6.83469...
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