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Abstract
The present paper considers a kind of combinatorial series and its allied reciprocal
relations which are determined by discrete multi-fold convolutions. Furthermore,
their various formal and analytic expressions in explicit forms are obtained. Con-
structive applications to some well-known sequences such as the Bell numbers, the
Fibonacci numbers, the Stirling numbers and some others given by integer partition
functions are also presented.

1. Introduction

In this paper, we obtain various explicit constructive results for combinatorial sums
or series. These results are closely related to what we will call the discrete multi-fold
convolutions. Our paper consists of two main parts. The first part, composed of
Sections 2, 3, and 4, deals with one kind of discrete multi-fold convolution which
is determined by an arbitrary function on the set of positive integers. Some basic
identities and delta operator summation formulae are investigated and illustrated
with examples. The second part, consisting of Sections 5 and 6, discusses another
general class of discrete multi-fold convolutions which are formed by finitely many
different functions with discrete variables. Constructive applications to some well-
known number sequences are expounded in detail.

In this paper, we will denote the sets of positive integers, non-negative integers,
real numbers and complex numbers by N, N, R and C respectively. Also, we will
use the following notation:

e o(n) : the set of partitions of n € N, usually written as 1%12%2 ... p*» with
k1+2k2+~~+nkn:n, k; € N.
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o(n, k) : the subset of o(n) consisting of the partitions of n with k parts, i.e.,
partitions 1%12%2 ... pk» subject to ki + ko + - - + k,, = k.

B =1t(t—1)(t—2)---(t —k+1) : the kth falling factorial of ¢ with (t)o = 1.

A : the difference operator defined by Af(t) = f(t + 1) — f(t), and AA*F =
AF+1(k € Ni) with A? = 1 denoting the identity operator.

e D : the differentiation operator with DD* = D¥+1 and D° = 1.
e E : the shift operator defined by E =1+ A and E*f(t) = f(t + x),z € R.

It should be pointed out that both A and D, nowadays known as delta operators,
could be generally applied to formal power series to deduce certain formal results.
Throughout the present paper, we will make frequent use of formal power series,
and provide suitable convergence conditions so that the formal results actually are
exact and analytic under these conditions.

2. A Kind of Multi-Fold Convolution

As usual, we will say that (21,29, ,xy) is a k-composition of n with non-negative
parts, if 1 + 22 + -+ + 2 = n, where x; € N,1 < ¢ < k. The set of all such
compositions of n may be denoted by [n, k, 0], i.e.,

k
[n,k,0] := {(xl,x2,~-~ ,xk)| le =n,x; > 0}.
i=1
Also, we will use the standard representation for the set o(n, k), i.e.,
n n
o(n,k) = {(z1, 22, ,x,)| szl = n,Zmi =k,x; > 0}.
i=1 i=1

Definition 2.1. Let f(x) be a real-valued or complex-valued function defined on N
with f(0) = 1. Then the k-fold convolution and the n/k-partition sum associated
with f(z) are respectively defined by the following summations:

SEE) = D fla)f2) - fla) (2.1)
[n,k,0]
k1 k2 . fkn n
T(f) s (111{!@(!2-)--&{0! (n) (2.2)

o(n,k)

where the sums on the right-hand sides (in short, RHS) of (2.1) and (2.2) range
over the sets [n, k,0] and o(n, k) respectively.
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Note that [n,k,0] and o(n,k) have no meaning for k = 0. For convenience,
we define SU(f) = T2(f) = 0, and thereby have sequences {S¥(f)}, x>0 and
{TF(f)}n.k>0. Also it is obvious that SL(f) = f(n), SF(f) = kf(1) and

To(f) = f(n), TL(f) = f(1); TE(f) = 0 for k > 1.

Moreover, it is easy to see that the RHS of (2.2) with replacement f(n) — t,(n €
N, ) is in agreement with the incomplete Bell polynomial in ¢;(1 < ¢ < n), up to a
constant factor n! (cf.[2]).

In what follows we assume that

=S gyt (2.3)
k=0

is a formal power series with complex coefficients. As usual, G*)(t) = D*G(t)
denotes the kth formal derivative of G(t).

Theorem 2.2. For m,n € N, the following identities hold:

S = Y _(mpTi() (2.4)
k=1

T = AL, (25)

S oSNt = 3 EHOTH N (26)
k=1 k=1

where the left-hand side (in short, LHS) of (2.6) is a formal power series.

Proof. To justify (2.4), according to Definition 2.1, we only need to compute the
LHS of (2.4) in this way: for 1 < k < m, consider first the finite sum

. f@)f@e) - flam), (2.7)
[n,m,0]

where [n,m, 0] denotes the subset of [n, m, 0], being composed of all compositions
(x1,%2,++ ,&m) of n with just k components z; > 1. In other words, there are m—k
components x; = 0 in (z1, %2, -+ ,%m). Recall that f(0) = 1 and such factors will
take m — k ordered places in (,™,) = () different ways. Meanwhile, the number
of all possible permutations of the factors in the product

) free)- o (n)

over the set o(n, k) is enumerated by k!/(kqi!ks!- - k,!). Thus the sum (2.7) boils
down to

( ) Z klle fkl( )fk2(2)"'fk”(n):(m)kT/f(f).
a(n,k)
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Summing on k,1 < k < m, we therefore obtain (2.4).
With (2.4) in hand we are able to reformulate S’ (f) in the form

n=Sit(" )z, st -
7j>1
Then it follows that

Mwmﬂ=§yﬂohom

j>1

= S, ) T = rTion

j>1

Thus (2.5) is proved.
Once again, by use of (2.4) we may compute the LHS of (2.6) formally as follows:

S gm)SEem =3 gl S (m)TH()

m=1 m=1 k=1
= 3 Z(m)kg(m)t’”>T5(f)
k=1 “m=k
— ZDk Zg(m)tm)Tlf(f)tk
k=1 m=k
— ZG(k)(t)Tk(f)tk
k=1

The last equality follows from the fact that T%(f) = 0 for k > n. This completes
the proof of (2.6). m|

Put G(t) =1/(1 —t) for [t| < 1 and €’ for ¢t € R in (2.6) in succession. Then we
may get the following

Corollary 2.3. For n € N, the sequence {SE(f)}r>0 has the ordinary and expo-
nential generating functions, respectively, as follows:

ok ek o k! t kk

Sstnt = () T (2.
SstnL = e ST (2.9)
k=0 k=1

It should be mentioned that as an extension of a basic result contained in [15]
by Savits and Constantine, formula (2.6) was first given by Hsu in his short note
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[10]. Afterwards, it was recovered by Constantine [3] via a different approach. In
fact, formula (2.6) is actually a consequence implied by the general transformation
formula of series (cf.[8])

> k 0 k
TR0 = 3 A F(0)60 (1) .
k=0 T k=0 ’

To see this, it suffices to substitute f(t) with S!(f) and ¢(t) with G(t), and then
simplify the resulting identity by (2.5).

3. A Convergence Theorem

In this section, we will provide a simple and verifiable convergence condition for
(2.6) in order to make it an available exact formula.

Theorem 3.1. If G(t) = 3,5, g(k)t* is absolutely convergent for |t| < r, then
so is the infinite series on the LHS of (2.6), thereby (2.6) is an exact formula for
[t] < r.

Proof. Comparing the LHS of (2.6) with G(¢) and using Cauchy’s root test for the
convergence of infinite series, we only need to show that for every n € N4,

Jm [ s5(n|"

k—o0

<1

To this end, assume Jmax |f(z)| = p. By the definition of SX(f), it is easily found
that every product f(z1)f(z2)--- f(zs) restricted by

T+ T4+ T ="n (3.1)

contains at most n factors f(z;) with 2; > 1. Owing to the facts that f(0) =1 and
|f(z)] < pforx # 0, it follows directly that | f(x1)f(x2) - f(xr)] < p". Meanwhile,

the total number of such terms is (”"f_l), a fact coming from the number of

solutions in nonnegative integers for the diophantine equation (3.1). Thus we have

Wﬂﬁ|s(”+k‘1)pm

n

that leads to

B 1/k
klim |Sfl(f)‘1/k < lim ((n+k 1) p”> =1

k—oo n

Hence the theorem is proved. O
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Corollary 3.2. Identity (2.8) is analytic for |t| <1 and so is (2.9) for |t| < +oc.

Example 3.3. Evidently, the following power series

Gl = =Y (f)ﬁ

k=0

converges absolutely for |[t| < 1/4. In this case, we have

2k)!

R CE )

As a consequence of (2.6), we get the following exact formula

0 n k
> <2kk) SEHE =" (2:!) 0 L)Hm T (f) (3.2)

k=0 k=1

for |t| < 1/4.

Example 3.4. It is well known that the Fibonacci number sequence {F, },>0 is
generated by the generating function

1—t—t2 ZF’“t

which is convergent absolutely for |[t| < (v/5 — 1)/2. To ease notations, we let
a=(14++/5)/2and b= (1 —+/5)/2. We therefore have

G(t) =

1 1 L L
GO =T =mamw -~ v ;)(GH — bt

and g(k) = Fy = (a**' — b*+1)/4/5. Simple computation gives

oo~ (-rts)- Bl() - (%))

that reduces (2.6) to

st =302 () e o

k=1

which is an exact formula for |¢| < (v/5 —1)/2.

Example 3.5. Setting G(t) = (1+¢)* for & € R and [¢| < 1, we have g(k) = (%)
and GM) () = (a)r(1 +t)>~*. A direct substitution of these facts into (2.6) yields

i (k> - zn:l = i I (F)- (3.4)

k=0
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The further substitution a« — —« — 1 leads us to

> ("1 S0t = e b T 53

k=0 k=1
Obviously, both (3.4) and (3.5) are analytic for |¢| < 1. It is also clear that (2.8)

can be deduced from (3.4) via the substitutions « — —1 and a@ — —t.

As indicated above, formula (2.6) can be used to construct various special exact
formulae or identities via the choices of G(t) and f(t), provided that they are subject
to the convergence conditions given by Theorem 3.1.

4. Some Operator Summation Formulae

It is known that both D and A are delta operators, so that by use of Mullin-Rota’s
substitution rule (cf.[9]), we may deduce some special operator summation formulae
from (2.9), (3.2), (3.4) and (3.5) respectively.

For any function ¢(t) over R, it is easy to check that

(1+A)%(t) = E“¢(t) = o(t + a).

Thus, under the substitution t — A, we see that (3.4) and (3.5) together yields a
pair of A-type operator summation formulae. The results are as follows:

> (1 )stnako) = Y(@nTinA e b (4.1)
k=0 k=1

o~ (kY o k - k k

S ("1 F)SENCArH0) = Slak ATEAA o-a~ k- 1. (12)
k=0 k=1

Alternatively, the substitution ¢ — —%A reduces (3.2) to a A-type summation
formula of the form

X 1\k n
2(221") <2k:k) Ak¢) Z 22kk| f(f)Ak‘ﬁ(*k*lﬂ)- (4.3)

k=0 k=1

As above, substituting ¢ by D in (2.9) and simplifying the result by the relations
that e? = F = 1+ A, we come up with a D-type summation formula for ¢(t) € C>
(the set of infinitely differentiable real functions over R) evaluated at ¢ = 0:

oo

> ki )D*$(0) ZT’f f)D*(1) (4.4)

k=0
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In accordance with Example 3.5 in Section 3, it is clear that (4.1) and (4.2) are
exact formulae under the condition
1/k

klEm‘Aqu(O) < 1. (4.5)

Actually condition (4.5) also ensures the validity of formula (4.3) inasmuch as it
is just equivalent to the condition (see Example 3.3)

Uk
< -.

FAR0) <5

lim G

k—oo

Moreover, Corollary 3.2 states that (4.4) is an exact formula under the condition

1/k

kli—m‘Dqu(O) < 400. (4.6)

It may happen that limg_, . |Ak¢(0)|1/k = 1. In this case, the convergence condi-
tions for (4.1), (4.2), and (4.3) should be investigated separately.

As one might expect, all formulae from (4.1) to (4.4) can be employed to produce
various special formulae and identities, because f(z) and ¢(t) are free to choose.
In what follows we will detail how to find concrete identities by considering some
interesting examples.

Example 4.1. Substitute ¢(t) with ¢1(t) = (“'7) and ¢»(t) = 1/(t + B) in turn,
m € Ng and 3 > 0. Then we have

poi0=(512). o= EE(E

-1
From now on, we write briefly (“"2*%)"" for 1/("*9**). Under these two choices,
it is easy to deduce the following six formulae respectively from (4.1), (4.2), and
(4.3):

i (Z) (mﬁ k)Sﬁ(f) = i(a)k(a;ﬁ;k

k=0 k=1

(]
|
=
ol
7 N
o
> +
=y
~
N
3
| @
=
N~
R
=
I
[]=
|
—_
S
o
+
=
ol
/N
=
|
o}
|
>
|
—_
~—— N—— S~
S
-
=

i (_;)k (2:) (mﬁ— k) SHf) = i (—12:15:!21{)! (ﬂ _mk—_k:l/Q
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S (1) st - SE () e wn)
fi(a+@(ﬁ+k)l =5y o itk_l(ﬁgﬁ?fu>@1n
S5 () 0 -0 e () a

k=

We remark that all infinite series involved in (4.10), (4.11), and (4.12) are assumed
to be convergent under suitable conditions for o, 3 and S¥(f).

Example 4.2. The most simple case of S¥(f) is when n = 1 with f(1) = 1. In
such a case, it is easy to check that

SF(f) =k, TH(f) =1,TF(f) =0 for k > 1.

Consequently, each identity from (4.7) to (4.12) yields correspondingly a special
identity for n = 1. The results are stated as follows:

i ( )(m k) —a(“;:é Il> (Vandermonde) — (4.13)

k=0

S [ R G B

kmo ( ) (mﬁ— k) - _% (/3m__3/12> (4.15)

i ( )(ﬂ—l:k) :_(5+a)(zﬁ+5_1) (4.16)
gk(azkxﬂzk)_l(g_a(_lf)(?[_?a_@ (4.17)
ki:o f_k <2kk> (ﬂ Z k) h - 2(8 - 1/5@ —3/2)" (4.18)

Note that for a > 0 and 8 > 0 we have the estimates

(3)r= 5 = oam. ()~ o= = ourviy

Vkr
and (5:k> . <k Tﬂ%ﬁj) =0k (k — ),

where |($)] is the absolute value of ({), |x] denotes the largest integer not greater
than z, the big O notation takes the usual meaning of asymptotic. Thus all infinite



INTEGERS: 14 (2014) 10

series appearing in (4.16), (4.17), and (4.18) are absolutely convergent under their
respective conditions, i.e.,

(4.16):a>0,8>2 (417):a>0,8>a+3; (418):3>2.
Both (4.16) and (4.17) are comparable with the series

S () -2 -

k=0

for a > 0,8 > 1. It is of interest to note that the special case of (4.19) when « is
an integer is recorded as a “theorem” in Wilf [17, p.134,Theorem], being employed
as an example of the well-known WZ method. Thus we believe that (4.16), (4.17),
and (4.18) may also be verified by means of the WZ method.

Example 4.3. By the multivariate Vandermonde convolution formula it is easily
found that for « € R and r € Ny,

ka

n

> ()6 ()
> () () = (G50

[n,k,0]
[n,k,0]

Now, replace f(z) with (3) and (Ttx) in turn. For both cases, we therefore obtain
ay k1 ra k2 a\ kn
el (@) _ [k wl [\ _ (O™ (9) .
S(<$)> = <n> T"<<x>> —Ug:k) AT B (4.20)

()=

- ( ( " )) -5 (0 I (0 L

klka! - kp!

Accordingly, (2.6) leads us to a pair of combinatorial series as follows:

i g(k) (?) th = Zn: G® ()t Tk ( <;‘) > (4.22)

kf:_og(k) <k(T ]:i); " 1) = :En:i G (t)th Tk < (r J; x) ) L (4.23)

As is expected, a variety of special identities can be deduced from (4.7) and (4.12)
with S¥(f) and T*(f) being replaced by those of (4.20) and (4.21) . For instance,



INTEGERS: 14 (2014) 11

by virtue of (4.11) and (4.20), we may find a combinatorial series

ST - S ) ()
(4.24)

A bit of analysis shows that this series is absolutely convergent under the conditions
a,d > 0,06 > a+n+ 2. Other identities are left to the interested reader to work
out.

5. Reciprocal Relations

Let us begin with a basic result originally due to Hsu and his coauthors of [1].

Lemma 5.1. ([1, Corollary 1]) Let {ay}tn>1 and {8, }n>1 be two sequences such
that

exp (Z an, t”) =14) But" (5.1)
n=1 n=1

or, equivalently,

log (1 + f: B t") = i o t". (5.2)
n=1

n=1

Then the system of relations

k1 ko k

aytas? - alin
- 5.3
p ; kilko! - k! (5.3)

holds if and only if so does the system
fl 52 oo BEn

"= Dy ——=—r—-"1, 5.4
=D (-1 Fealkol - ! (54)

o(n)
where the sum on the right ranges over o(n) = {17122 ...nkn} 'k = ky+hy+- - -+ k.
It is worth mentioning that in the context of combinatorial analysis, such a pair
of equivalent relations is said to be a reciprocal relation. We refer the reader to [4]
and [1, Sections 1 and 2] for its precise definition and applications. Meanwhile, the

factor (—1)k—1 is just the Mdbius function of the partition lattice [16, (30)]. For
k > 1, it can be written explicitly as

(—D)p—1 = (—1)frthet b=l 4 ky 4+ 4k — 1)1,
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Keeping Lemma 5.1 in mind, we now consider an m-fold convolution of the form

> A@)fa(@s) - frnl@m), (5.5)

[n,m,0]

where f;(x) are m known functions with f;(0) = 1, the sum ranges over all the m-

compositions (z1, g, -+ , &) of n with 1 + 22+ -+ + 2 =n, 2; > 0,1 < j <m.
We set
g (143 ") = eyt e” (5.6
n=1 n=1

or, equivalently

exp (ni_o:l ¢;j(n) t”) =1+ nij:l fi(n)t"™, (5.7)

where each ¢;(n) is defined on N. All that we are interested in is a reciprocal
relation between S)7'(f) and Z;ﬂ:l ¢j(n). The relevant conclusion can be given as
follows.

Theorem 5.2. Let SI'(f) and ¢m(n) be given as above. The following reciprocal
relation holds:

> [ (S )" -

Sp(f) =
o(n)r=1
m n m L2
Z::l ¢j(n) = (Z)(_l)kl 1;[1 % (5.9)

In particular, set f;(x) = f(z) with f(0) = 1,1 < j < m. Then ¢;(z) = ¢(x).
Therefore, (5.8) and (5.9) together yield a reciprocal relation as below.

Corollary 5.3. We have

k1 k2 ... b(n)kn
S(f) = z(:)mk(b(l) k”fl(zz'kj( ) (5.10)
m k1 am k2 rom kn
T ; ) (lff!lg)-)~-kn! S (5-11)

Proof. Observe first that (5.8) and (5.9) are special consequences of (5.3) and (5.4)
under the choices that

oy = Zéj(’ﬂ), Bn = Sy (f)-
i—1
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Thus, by Lemma 5.1 it suffices to verify (5.1) for such choices. To this end, one
only needs to compute

exp(ri:1 t"i%(”)) = ﬁexp(i%(n)t") _f[l <7§%fj(n)t”>
B i({Z B faz) - i) ) ¢

n=0 n,m,0]
%)
= 25
n=0

Note that S§*(f) = f1(0)f2(0) - - f,»(0) = 1. Hence identity (5.1) is confirmed. By
Lemma 5.1 again, (5.7) and (5.8) follow directly from (5.3) and (5.4), respectively.
)

Moreover, when ¢;(z) = ¢(z), the product in (5.8) becomes

n n n

[[mo(r))fr = mbsthet otk TT g(r)r = m* T o(r)*.

r=1 r=1 r=1
Hence (5.10) and (5.11) are deduced from (5.7) and (5.8) correspondingly. Thus
the theorem and the corollary are proved. O

As already shown in [11], many classical special functions such as the Genenbauer-
Humbert polynomials and the Sheffer polynomials can be represented by the cycle
indicator of the form

t k1 to ko ¢ kn
Cn(t17t27 e 7 Z kl'kQ ( ) (5) : <g) . (512)

Such a representation has an advantage that the sequence {C),(t1,t2, - ,tn)}n>0
satisfies a kind of recurrence relation. We refer the reader to [11] for further details.
Comparing (5.10) with (5.12) we may rewrite

SI() = - Ca(1m(1),2m0(2), -+, nmd(n) (5.13)

with each ¢(r) being given by the coefficient of ¢" in the power series expansion of

log(1+>07, f(n)t"), ie.,
o(r) = [t"] log (1 + fn) t”). (5.14)

As a benefit of doing so, {S7"(f)}m,n>1 may be computed via the recurrence rela-
tions of Cy(t1,t2, -+ ,tpn).

It may be of interest to compare the expression (5.10) with the basic identity
(2.4). Nevertheless, there does not seem to exist any available recurrence relation
for the sum on the RHS of (2.4).
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6. Further Examples Involving Some Classical Number Sequences

In this section we will only focus on some applications of Corollary 5.3. As for
the reciprocal relation (5.8) and (5.9) in Theorem 5.2, we have not found any good
example so far.

Example 6.1. Recall that the Bell numbers w are defined by the exponential
generating function

exp(e’ — 1) = exp (Z E) = Z w(n)ﬁ (6.1)
n=1 n=0 ’
Define the m-fold convolution
my_\ w(z1)w(z2) - @(Tm)
Si(@) = Y Py B B (6.2)

[n,m,0]
Then by taking f(n) = w(n)/n! and using (5.14) we find that
¢(n) = [t"](e" —1) = 1/nl.

In such a case, a combination of the above result with (5.10) and (5.11) finally leads
to a reciprocal relation:

k1 ko kn
spim) = 300 03
m( k1 m( k2_” m (s En
i ;)(_Dk_l(SI( : (klzj!lizl)-)-%n! e (6.4)

Tt is of interest to note that the case m = 1 of (6.3) yields a well-known identity

@(n) - Z (1/1!)k1(1/2!)kz (1/7”)/%.

o(n)

Example 6.2. Let p(n) and Ma(n) be the numbers of partitions and plane parti-
tions of n, respectively. Recall further that in the book [7, p. 310] by Hardy and
Wright, the divisor function oy (n) is defined by

or(n) =y d"
d|n

for n,k > 0. We may write o(n) for o1(n). As is well-known to us, the Euler
formula [7] and the MacMahon function [14] state that the generating functions for
{p(n)}n>0 and {Ms(n)},>0 are respectively given by

[Ta-#" and JJa-t"7"

k=1 k=1
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yielding

t’n
n

log (1 + nio:lp(n) t") =
o i M) =

To proceed further, let us consider the m-fold convolutions

Sip) = > pl@)p(xa) - plwm)

[n,m,0]

t’ﬂ

n .

> o)
n=1
> o2(n)
n=0

and
Sy (M) = Z My (x1)Ma(x2) -+ - Ma(xm,).
[n,m,0]

Taking these into account and making use of both (5.10) and (5.11), we obtain two
pairs of reciprocal relations as follows:

kl 2 (e(n) )"
() = ;) xle/1) (25!22;2')”%!( (n)/n) (6.5)
m k1 am k2 om kn
%a(n) = (Z)(—l)k—l (57" 2) (Iiz!lg)?"kn! (570)) (6.6)
and
(72(1)/1)" (02(2)/2)" - (92(m) /)"
Su (M) = ;mk Tenleal -~ Jon (6.7)
- m 2k;1§n 21@2.”5# )
Zaz(n) = z(:)(—l)kl (5" (112)) (Skl'(lj\j')) o (S (M2)) . (6.8)
In particular, when m = 1, we recover two known identities (cf.[7, (4.6)/(4.7)]):
o(1)/1)" (0(2)/2)" - (o(n)/n)"
p(n) = ;) ( ) (lﬁ!kz!-)--kn! ( ) (6.9)
k1 k2 - (oa(n)/n kn
MQ(TL) _ z(:) (0'2(1)/1) (O—]:l(il/f)kn' ( ( )/ ) ) (6.10)

Example 6.3. It is clear from [16, Vol.II, p.76, Exer. 5.13(b)] that for j > 1

() - S

n>1 n>0
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where F}; denotes the free group on j generators® and x,(F;) denotes the number
of subgroups of F; of index n. On account of this, we thereby obtain the following
reciprocal relation:

SH(F) = 0= : (6.11)

(6.12)

1 m
- dDoxnE) = > (e ]]
j=1
with the m-fold convolution

SyHF) = Z (:Eﬂ)o(mgl)l ... (Qfm!)m_l.

[n,m,0]

Both (6.11) and (6.12) contain the well-known Cauchy identity and its dual form
as the special case when m = 1 (F} a cyclic group):

L= Z kllkz ! H Tk (6.13)
b Z DI (6.14)

We can put the preceding results in a general context. To do this, replace F; with
a free Abelian group G; which is finitely generated by j generators and let u,,(G;)
be the number of conjugacy classes, i.e., g~'G;g for all g € F}, of subgroups of G;
of index n. According to Group theory or [16, Vol. II, Exer.5.13(a)], we have

exp (ZX”(GJ')§> = ]I m

n>1 n>1

So it is easily found that

Xn Z ,ud

dln
since

@)% =loe [T ey = 3 ( SwutGia) 7

n>1 n>1 n>1 ~dn

Lwhich means that every element of the group F}; can be expressed as a combination (under
the group operation) of elements of certain j-subset of F; and their inverses.
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Thus we obtain

n m . Gj kr
STG) = H(Léié» (6.15)
o(n)r=1 r
m nfamy ke
%ZXH(GJ') = Z(—l)k_lﬂ(STﬁ)) , (6.16)
Jj=1 o(n) r=1 T

where the m-fold convolution

s = 3 (Y G d) (Y na(G)d)* - (S pa(Gm)d)™.

[n,m,0] d|z1 ED d|zm

Example 6.4. Recall that in Example 3.4, we write a = (1 + v/5)/2,b = (1 —
v/5)/2. Thus, the Fibonacci numbers F,, may be written as F,, = (a" ™! —b"+1)//5.
Starting with the generating function for {F,, },,>0, namely

oo N 1
;F"t S U a1 )

it is not hard to find that

o0 o0 n bn
log< Fnt”) :Za + t".
n
n=0

= n=1

On considering the m-fold convolution

S:LR(F): Z Fz1Fzz"'Fzma

[n,m,0]

we immediately obtain the following reciprocal relation via (5.10) and (5.11):

k1 k2 n ) kn
so) = o IR (@) g )
o(n) e "
n n m k1 m kQ... m Fn
ST (Z)(_l)k_l(sl O SO (SO

It is worth mentioning that the case m = 1 of (6.18) is correspondent to the well-
known identity (cf.[7, Example 6])

PRy B 1 (14VB\"  (1=v5B\"
Y22 " o )
;)( S T n{< 2 ) +< 2 >}
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Example 6.5. For p € N, as is known to us, there holds a rational generating
function for the Stirling numbers of the second, namely

— [n+p 1
Z{ p }t (-t —2t)---(1—pt)’

n=0

where we have adopted Knuth’s notation for the Stirling numbers (cf.[12] or [17]).
By this we at once obtain

“(E05)) -

n=0

log(1 — jt)~!

M-

<
Il
—

I
NE
s
I
WE
’6%3
:ﬁ| %

(1”+2”+...+p")_
n

Il
—
3
Il
-

n

where s = ’;:1 j™ is the sum of arithmetic progression of degree n. Given m and

p € N, let us consider the m-fold convolution
m T1+p ) T2tp T + P
SM(S) = . )
w5) [n;o]{ p }{ p } { p }

In view of (5.10) and (5.11), it is easy to find the following reciprocal relation:

1 k1 ko n kn

2 kilks! - - ky!
PR VN () 1) MR CC)) o
n or = ()( k-1 kylka! - - k! . |

Certainly (6.19) may also be written as

2
msp’...’

S (S) = iC’n (ms,

— o msy). (6.21)

Evidently, the case m = 1 is just the cycle indicator of the Stirling numbers

n-—p 1 1 .2 n
{ p } n!cn(sp’sp’”"sp)'
7. Concluding Remarks

In our preceding discussion, we have illustrated the applications of Theorem 2.2,
Theorem 5.2 and Corollary 5.3 to Analytic Combinatorics by establishing some
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summation and transformation formulae. All these examples demonstrate that the
k-fold convolution and n/k—partition given by Definition 2.1 are closely related with
the generating functions of admissible combinatorial constructions (cf.[5, Def.1.5;
1.2]), such as the integer partition, the rooted or labeled tree, etc. Perhaps most
noteworthy is that two summations often occur in the ring of symmetric functions
[13]. For example, the elementary symmetric functions and the kth power sum in
n independent variables x; are respectively defined by

€L = E xilxi2 e {Iiik
1<ii<io< - <ig<n
k k k
S, = Ty+xy+---+x,.

In these two expressions, the integer n is purposely suppressed for clarity. Recall
that Girard’s famous formula states

sm=m 3 (1)t rthoterdbn =Dl b ke (71

ejtes? .- el
ylko!- - ky! 12 n
o(m,n)

In [14, Section I, Chapter I, Sections 5 and 6], MacMahon generalized this formula
by establishing

o0

t — 2eq9t% + 3estd + - - -
PO Lo Lkl LA (7.2)
— 1—et+ests —egt>+---

This clearly states that as a reciprocal of (7.1), each ex can be expressed in terms

(71)m+k1+k2+'“+kn S1 k1 S9 ka Sn ken
_ 1 2y () 7.3
em= ) Tellal -~ ! ko1 s ko, 7:3)

o(m,n)

of s,

Another pair of reciprocal relations for e,, and s,, via the use of determinants can
be found in [13, p.28, Example 8]. Thus, it is interesting to study such reciprocal
relations as Theorem 5.2 and Corollary 5.3 in full generality in the ring of symmetric
functions. This will be discussed in our forthcoming paper.
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