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Abstract
We discover a continued fraction whose successive approximants generate the Stern—
Brocot sequence and levels of the Stern-Brocot tree. We also discover continued
fractions whose approximants generate every term in diagonals and branches of the
Stern—Brocot tree.

1. Introduction and Preliminaries

The Stern—Brocot tree has received much attention recently due to its deep con-
nections with physical chemistry [7]. Also recently, the application of continued
fractions to the Stern—Brocot tree has greatly assisted in the understanding of the
tree and the Stern—Brocot sequence to which it is related. For example, through
the use of continued fractions we can now:

e describe the location of any term in the Stern—Brocot tree or its cousin, the
Calkin—Wilf tree [3] and [2],

e describe the term that is found at any specific location in the Stern—Brocot
tree or the Calkin—Wilf tree [2],

e provide a simple method for evaluating terms in the Hyperbinary sequence
(a sequence related to the Calkin—-Wilf tree) thereby answering a challenge
raised in Quantum in September 1997 [2],

e translate terms from the Stern—Brocot tree to vertices in the Calkin—Wilf tree,
and vice versa [2],

e show that the iterated Gauss map and the left half of the Stern—Brocot tree
are analogues of each other [1],

e describe diagonals and branches within the Stern—Brocot tree [3] and [2], and

e generate results for the child’s addition of continued fractions [5].



INTEGERS: 14 (2014) 2

An excellent overview of current research into the Stern—Brocot tree is available
at [9]. In this paper we go further by showing that there exists:

e a continued fraction (Theorem 12), which we style the Stern—Brocot continued
fraction, whose successive approximants generate the Stern—Brocot sequence
and the Stern—Brocot tree,

an interleaving representation of the Stern-Brocot continued fraction (Theo-
rem 21),

e a mirroring representation of the Stern—Brocot continued fraction (Theorem
25),

a set of continued fractions for left and right diagonals in the Stern—Brocot
tree (Theorem 30), and

a set of continued fractions whose successive approximants generate branches
(Theorem 37) and offset branches (Theorem 47) in the Stern-Brocot tree.

We state some important definitions and results. Proofs of results can be found
in the references cited.

Definition 1. (Stern—-Brocot Sequence). With sp; = 0 and s 2 = 1, we define
forn > 0,

Sn = <sn717 Sn,2y ey 8n,2"+1>
as the sequence for which, for k > 1,n > 0,
Sn,2k—1 = Sp—1,k and
Sn,2k = Sn—1,k + Sn—1,k+1

Similarly, with go1 =1, go,2 = 0, we define @Q),,. Then the sequence defined by

Sn,i
Hn = <hn,1a hn,2; B hn,2"+1> where hn,i = ]
N,

is called the Stern—Brocot Sequence of order n. It represents the sequence containing
both the first n generations of mediants based on Hy, and the terms of Hy itself.

Definition 2. (Parents). We call h,,_1 j, and hy,—1 k1, the left and right parents,
respectively, of hy, 2k.

Definition 3. (Levels of the Stern—Brocot tree). Let Hy be level 0 of the Stern—
Brocot tree. For n > 0, level n of the Stern—-Brocot tree is defined as med H,,_1
where

med Hy,—1 = ((hn-11 & hn—12) (hn—12® hn13) .-+, (An_1,90-1 & hy_q 2n-141))
= <hn,27 h’n74a h”n,ﬁa R hn,2">
and @ is the child’s addition operator whereby

r c r—+c

m d m4+d
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Figure 1: Levels 0 to 5 of the Stern-Brocot tree

Figure 1 shows levels 0 to 5 of the Stern—Brocot tree.
The following theorem is found in [3] and is adapted from [8].
Theorem 4. For 0 < i <27,
Sn,i+1qn,i — Sn,iGn,i+1 = 1.
The following theorem is found in [5].

Theorem 5. Terms on the same level of the Stern—Brocot tree that are equidistant
from either end are reciprocals of each other. Such terms are styled symmetric
complements. Algebraically,

Sn,k = Qn,2n—1—k+1-

Corollary 6. Terms that are equidistant from either end of any Stern—Brocot se-
quence are reciprocals of each other. That is,

Sn,1 0 Sn,2 Sn,2n Sp2n41 1
Hn = ( == = _ PP ok L S b B e

- 17 b ) b
Gn,1 Gn,2 n2n Gnont1 0
_ <5n71 Sn,2 Span—1 Spon—141 1 Qpon—1 Gn,2 Qn71> (1)
- Ty T Ty ) — T y Ty Ty T ).
qn,1 qn2 qn,2n-1 Qpan-141 1 Sp,2n-1 Sn,2 Sn,1

Proof. The proof proceeds by induction on n. Our result is true for n = 1. Suppose
it is true for some Hy,.
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By Definition 1 consecutive odd-subscripted terms in Hy 1 represent consecutive
terms in Hj, and so for these terms our result is true by our inductive hypothesis.

By Definition 3, consecutive even-subscripted terms in Hy1 represent consecu-
tive terms from level k + 1 of the Stern-Brocot tree. For these terms our result is
true by Theorem 5.

Thus our result is true for Hg41. The result follows. O

Definition 7. (Cross-differences) The cross-difference of r/m and ¢/d is me—rd.

Theorem 4 reveals that all cross-differences of consecutive terms in H,, have
cross-difference 1.

Definition 8. (Stern—Brocot Cross-Differences) Fori =1,2,...,2"1—1 and
n > 1, C,, ;, the ith Stern—Brocot Cross-Difference in level n of the tree, is given by

Ch,i = 5n,2i42n,2i — 5n,2iqn,2i+2
where 55, 94, 51,242, Gn,2i and @y 2,12 are terms defined in Definition 1.

The following theorem, found in [5], shows that the ith cross-difference in a level
of the tree takes the value 2j; + 3, where j; is the number of factors that have value
2 in the prime factorization of 7. Note that C,, ; is only dependent on .

Theorem 9. Let i = 2/ (2m; —1). Then

In what follows we adopt the following notation for continued fractions and their
approximants.

a
bo+ ! -
b + K (Z_") - bi+ o
n b2+ —_—
a Qa Qa,
—by+— | =

The successive approximants of by + K (%) are

UV
B() 05

A1 aq
Sl p L
B0t
Ay

ai
-_— = b + — and SO On.
By 0 b1 + Z—g
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If by = 0, we often denote by + K (‘;—n) as simply K (‘g—n> . We also designate
An = Anlen - Aanfl. (2)

Daniel Bernoulli discovered the following theorem on continued fractions in 1775
[6]. We state the version found in Lorentzen and Waadeland [10] with slight modi-
fications.

Theorem 10. For N > 1, the sequences
<An>7]’LV:O and <Bn>iLV:0

of complex numbers are the canonical numerators and denominators respectively of

some continued fraction
a
bp+ K <£>

if and only if
1. Ay, #0 forn>1 and
2. Bp=1.
Then
bo + K <Z:)

1s uniquely determined by

bo = AO
b1 = Bl ay = A1 — A()Bl

-— An— Bn_an An, — An
bnf#fornZQ an = — R form >2

n

where A,, = H (—ak) .

k=1
Remark 11. Theorem 10 tells us that a pair of sequences
U = (ug, u1, uz,...,uny) and V = (vg,v1,v2,...,UN)

forms approximants, w,/v,, of some continued fraction provided that U and V
abide by the following necessary and sufficient conditions for the existence of this
continued fraction:

1. Up—105 — UpVp—1 # 0, forn > 1,
2. Vo = 1.
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If these conditions are satisfied, then a continued fraction can be formed from U
and V possessing the following properties:

bo = UQ
by = vy a; = U — Uy
by, = so=2inIn=2Un forp > 2 @, = ———n=tnTeinol  for g > 2,

Un—1Un —UnUn—1 Un—2Un—1—"Un—-1Un—-2

2. The Stern—Brocot Continued Fraction

We are now able to prove our main result which allows us to represent the Stern—
Brocot sequence as successive approximants of a continued fraction.

Theorem 12 (Stern—Brocot continued fraction). Forn > 0, let

Sn,1 Sn,2 Sn,2n41
H, = <—7—7"' [ —
dn,1 Q4n.2 dn,2n41

be the Stern—Brocot sequence of order n, where

Sn,1 o 0 Sn,2 o 1 and Sn,2n+1 - 1

Gni Ugna 7 qnonyr O
Let also ji represent the number of factors having value 2 in the prime factorization
of k. Then

a) fori =1,2,--- 2" + 1 the term $,,;/qn,i is the (i — 1)th approzimant of
the continued fraction,
1 1 1 1 1

H, = — : : : .
n = 2j1+1 = 2ja+1 — 2j3+1 — — 2on-1_1 + 1

3)

b) fori=2""142 ... 241, the term s,,./qn.i is the reciprocal of the (2™ — i + 1)th
approzimant of the continued fraction at (3).

Proof. We prove each part separately.
a) Our first objective is to show that

(Sn,1,8n,2, s Snang1) and (@n.1,Gn,2, s qn,2n41)

are two sequences for which s, ;/¢,.;, where ¢ = 1,2,--- ,2"~! 4 1, represents the
(i — 1)th approximant of some continued fraction. Our second objective is to show
that this continued fraction must be (3).

The two necessary and sufficient conditions in Theorem 10 (and Remark 11) for
establishing the existence of our continued fraction are satisfied in

<Sn,17 Sn,2y 78n,2”+1> and <(Jn,17 dn,2, """ 7(]n,2"+1> )

since by
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i) Theorem 4,
Sn,i—1Gn,i — Sn,idn,i—1 = —1 # 0, and by
ii) Definition 1,
Sna 0
Gy 1
that is, ¢,1 = 1.

Thus our first objective has been achieved. Accordingly, by Theorems 4 and 10,
and using our continued fraction notation, the continued fraction that we seek has
the following properties:

bo = Sn,1 = 0
by =gn2=n a1 = Sp2 — Sn,1qn2 =1

b' _ Sn,i—29n,i—qn,i—28ni fOI' 'L > 2 = — Sn,i—19n,i —Sn,idn,i—1 — _1 fOl" Z > 2
g -1 = g Sn,i—2qn,i—1—58n,i—1qn,i—2 ’ ==

Consider b;, where i > 2. Let m € N. There are two cases.

i) ¢ odd (= 2m + 1): Then b, represents the mth cross-difference in any level of
the tree. By Theorem 9, we have

bi = 2jm +3
and since
2jm +3 =2jam + 1,
it follows that
b; = bamy1 = 2Jom + 1.

ii) 4 even (= 2m): By Definition 3, odd-subscripted terms in the Stern-Brocot
sequence of order n are consecutive terms in the Stern—Brocot sequence of
order n — 1. Accordingly, by Theorem 4,

Since
2jom—1 +1=1,
it follows that
bi = bom = 2jom—1 + 1.
Combining both cases, for ¢ > 1 the ith term in H,, is
Q; -1

b 2ji1+1°

The result follows and our second objective has been achieved.
b) The result follows from a) and Corollary 6. O
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Note that in Theorem 12,

1
H; = —
n
since the term )
2j2'n—1_1 + 1
does not exist for n = 1.
Corollary 13. We have
- 1 1 1 1 1 1 1
"n—1—-23+43 -1 — 2j+3 — — 2on-2_1+3 — 1°
Proof. Since for m € N,
1 1
- = — and
1 p—
2om—1+1
the result follows by Theorem 12. O

Corollary 14. The subsequence of terms in (1) with even subscripts, that is, the
subsequence

dn,2 ’ Qn,4’ 4dn,6 ’ ’ sn,G, 3n,4, Sn,2 ’
represents level n of the Stern—Brocot tree and is represented by consecutive odd-
subscripted approzimants of (3)

Proof. By Definitions 1 and 3, and Theorem 12. O

The following corollary shows us an interesting continued fraction expression for
unity.

Corollary 15. Forn >0,

1 1 1 1
— 241 — 2jp+1 — 2j5+1 — — Qg1+ 1

1

1=-

n

Proof. This is the middle term in (1) which corresponds to the last approximant of
(3) . Note that for n = 1, the term

1
2jgn1_1 + 1

does not exist. O
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Example 16. By Theorem 12, for n = 4,

1 1 1 1 1 1 1 1
Hy=> ~ = T = = - =
4 -1-3-1-5—-1-3 -1
from which we obtain the Stern—Brocot sequence
H, — <5n,1 Sn,2 Sn,8 Sn,9 1 dn,8 dn,2 Qn,1>
4 — D R T T e R E S R S
dn,1 qn,2 qn,8 Qdn,9 1 Sn,8 Sn,2 Sn,1

1747375727573747173727371°271'170

<01121323143525341>

By Corollary 14, level 4 of the Stern—Brocot tree is
12334554
4’5°5747373°2°1/°

3. Interleaving

The Paperfolding sequence has a dual representation — one based on interleaving
and the other based on mirroring [4]. So too with the sequence of terms in the
Stern—Brocot continued fraction. We now explore this interleaving representation.

Definition 17. (Interleave Operator). The interleave operator # acting on the
two sequences
U= (up,us,...,ux) and V = (v1,09,...,0,)

where k > n, generates the following interleaved sequence:

U#V = <u17 sy Up, V1, Uptdy o - 5 U2p, V2, U2p415 « - - 5 Unpy Uny Unp41,5 - - -auk> 5

k
where p = {n——i-lJ . Also U#V when de-leaved of U becomes V.

Example 18. Let
U= (uy,uz,...,upt1) and V = (v1,v9,...,0,).

Then
U#V = <u1,’U1,UQ,’U27 e ,un7vn,un+1> .

Definition 19. (Pervasive Odd-Valued Sequence). The Pervasive Odd- Valued
Sequence, P, i, is defined as

<2/<;—3,2k:—3,...,2/<:—3>

2m=1 terms

Pmk:

)

where m, k € N.
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Definition 20. (T,, sequence). Let T,, be the sequence of partial denominators
(b;) in H,, for i =2,3,...,2""1 and n > 1.

Theorem 21 (Interleaving representation of the Stern—Brocot continued
fraction). Fori > 0,n > 1, the sequence of partial denominators (b;) in H, is

<7”L7 Pn71,2# cee #]P)Q,nfl#]P)l,n> .

Proof. From Theorem 12, b; = n. From (3), every odd-placed term in T,, is of the
form 2j_,, + 1. Since joqq = 0, we have

2j,ut+1=1
There are 2"~2 odd-placed terms in T,,, beginning with the first term and ending
with the last term in T,,. Hence T,, has been formed through an interleave P,,_; o
applied to every other term in T,,.

Let Tgll) be the residue of T,, once it has been de-leaved of P,,_; 2. Every odd-

placed term in ']I‘;l) is of the form
2j2(2m—1) + L

Since for every m,
2j2(2m,—1) +1=3

)

and there are 2"~3 of these terms in Tg we can de-leave Tg) by IP,_2 3 to form its

residue Tg) .
(2)

But every odd-placed term in T, is

+1=5

2‘722 (2m—1)

)

and there are 2"* of these terms in ’IF;Q . Hence, we can de-leave Tﬁf) by Pp,_3.4 to

form its residue TS).

Proceeding in this way we are eventually left with one term P;,. The result
follows. =

Example 22. Find Hy by interleaving Answer: For n = 4,

Pyy= 5
]P)Q,S#]P)l,ﬁl = 37 5a 3
P3,2#P2,3#]}D1,4 = 17 37 17 57 17 37 1

and so the sequence of partial denominators (b;) in Hy is
(4,1,3,1,5,1,3,1)..
Therefore

Hy =

e
\
Wl
\
e
\
| =
\
e
\
Wl =
\
= =

| =
\
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Corollary 23. T, is palindromic.
Proof. From Theorem 21,
Tn = <Pn—1,2# v #P2,7L—1#P1,n> .

The result follows from Definitions 17 and 19. O

4. Mirroring

We now offer a method for determining Hl,, ;1 from H,,. It is called mirroring because
we mirror part of the continued fraction around a central term.

Theorem 24 (Mirroring of T, ). We have
Tn = <Tn_1, 2n — 3, Tn—1> .
Proof. For n > 2,

Tp = (Pr_12# ... #Po 1 #P1 )
= (Ppoo# .. . #Pin1,P1p,Proo# .. . #P1y_1)
= <Tn71, 2n — SaTn71> .
For n =2, we have Ty = (1) which we designate as (Ty,1,Ty). O

Theorem 25 (Mirroring of the Stern—Brocot continued fraction). Forn >
1, let

H,, = L , where
n— wp
1 1 1 1
TNl — 2atl — 2+l — = Yt 1
Then
H,+1 = ;, where
(n+1) — wny1
1
Whp41 = Wn - m _ Wn.

Proof. For i > 0,n > 1, the sequence of partial denominators (b;) in H,, is (n, T},) .
From Theorems 21 and 24, for i > 0,n > 1, the sequence of partial denominators
<b2> in Hn+1 is

n+1,Tpt1)=n+1,T,,2(n+1)-3,T,)=(n+1,T,,2n—1,T,).

The result follows. O
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Remark 26. Theorem 25 tells us that if we know H,, then all we need to do to

discover H,, 41 is follow three simple steps:
e first add 1 to the denominator of the first term in H,,,
e then suffix a new term .
o —1’

e then suffix the terms represented by —w,.

Example 27. Find Hy by mirroring of Hs. Answer: From Theorem 25,

Hs = = - - - -
3—w3 3 —-—1-3-1
That is,
1 1 1
ws=7 _ _1
Hence,
1
wyg=w3 3 _ ws.
And so,
1
H4:4—w4
1 1
B
1 1 1 1 1 1 1 1
"4-1-3-1-5-1-3 -1

Equivalently, repeatedly using Theorem 24,
Ty = (T3,5,T3) = (Ts,3,Ts,5,T2,3,T2) =(1,3,1,5,1,3,1)
Accordingly the sequence of partial denominators (b;) in Hy is
(4,1,3,1,5,1,3,1)

and so
me+ 1 1 i1 11 1
tT4-1-3-1-5-1-3 —1

Example 28. What is the 3rd entry in the 5th level of the Stern—Brocot tree?
Answer: The 3rd entry in the 5th level of the tree is the (2 -3 — 1)th, that is, the

5th approximant of Hs. By Theorem 24, using mirroring,

T, = (1)
TB = <173a ]->
Ty =(1,3,1,5,1,3,1).
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From Theorem 21, the 5th approximant of Hj is

3
-

— =
| =

= =
W =

o] =

Notice that we did not have to produce Tj in this example. We only needed to find
the first n for which T,, has cardinality at least 4. This we obtained with T}.

5. Diagonals

Continued fraction expansions exist to represent branches and diagonals [3], but
these expansions are not based on the Stern—Brocot continued fraction. We now
apply the Stern—Brocot continued fraction to determine continued fraction expres-
sions for diagonals in the tree.

Definition 29. (Left and Right Diagonals). We make the following definitions:
Left diagonals: The sequence of kth terms from the left, of successive levels of the
Stern—Brocot tree is called the kth left diagonal and is represented as L.

Right diagonals: The sequence of kth terms from the right, of successive levels of
the Stern—Brocot tree is called the kth right diagonal and is represented as Ry.

Theorem 30 (Diagonal sequences). Fort=1,2,3,...

b= o)
b [logy k] +t —wk /1y
Ry = ([logy k] 4+t — wi)y=,

where
1 1 1 1

T2 41— 2t = s+l — = 2pgn +1

Wi

Proof. We have
i) Ly : By Definition 1, the first appearance of a kth term, from the left in a level
of the tree, appears in level
[log, k] + 1.

Let p/q be the second term in Lg. Then by Definition 1, p/q is the first appearance
of a kth term, from the left of a level, in the left half of the tree. It therefore appears
in level

[log, k] + 2.

By Definition 3, the kth term in this level must therefore be the (2k — 2)th approx-
imant of

H [log, k1+2-
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Then by Theorem 12,

p 1 1 1 1 1
q¢ flogokl+2 — 21 +1 — 2jo+1 — 2s+1 — = gy +1’
and subsequent terms in L, must be, for t =1,2,3,---
1 1 1 1 1
[logo k] +2+t — 2j1+1 — 2jo+1 — 2j3+1 — - 2j2(k_1)+1'
But Remark 26 tells us that the first term in L; must then be
1 1 1 1 1
ﬂogzk]Jrl - 2j1+1 - 2j2+1 - 2j3+1 - - 2j2(k_1)+1.

The result follows.
ii) Rg : By Theorem 5, the element of Ry in level m is the reciprocal of the
element of Ly in level m. The result follows. O

Example 31. Fort =1,2,3,--- and k = 3, we have

1 1 1 1 7
W3 = — — - - = —
1-3—-1-5 3
Thus
1 o0
o= ()
[logziﬂ—i-t—% —
— 3 DO
C\3t—-1/,_,
_(3333
S \2'5'8"11
and

/2 8 11
S \37373 3" '
Corollary 32. Fort € N, n > 1, the first 2n — 1 terms in

<|—10g2 n—l +t, Tﬂogz n] +2>

represents the sequence of partial denominators (b;) in the continued fraction of the
tth entry of L,,.

Proof. The result follows from Theorem 30 and Definition 20 where we note that
T has cardinality 2= — 1 and [logyn] + 2 is the smallest value of k for which
2k=1 —1>2n—1. O
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6. Branches

The Stern—Brocot tree possesses branches. In fact, the entire tree could be depicted
as a series of branches whereby each term, except 0/1 and 1/0, appears on both a
left and a right branch. Branches in the left half of the tree are analogous to clusters
in the iterated Gauss map [1]. This suggests that features of the Gauss map can
be derived through an understanding of Stern—Brocot branches. Our goal is to
determine a continued fraction whose successive approximants represent successive
terms in branches of the Stern-Brocot tree. First we require some definitions and
results. Proofs for results can be found at [5].

Definition 33. (Left and Right Branches). In the Stern-Brocot tree, the set
of all terms possessing a common parent p in which all terms are

1. smaller than y, is called the left branch of p, and is represented as Br(,,);

2. greater than y, is called the right branch of u, and is represented as Bry,,)

We also define the augmented left and right branches respectively, as

0 0
B/L(y,) = <I7BL(H«)> and B;?,(y,) = <I7BR(I")> :

It follows that each term in the tree, except for those found in level 0, belongs
to two branches - the left branch of one parent and the right branch of the other
parent. The following theorem is found in [5].

Theorem 34 (Branch sequences). Let r/m and c/d, where r/m < c/d, be the
parents of p. Then fori=1,2,3,...,
i) the left branch of p is

B i+ ) r+ie \7
L= NG+ )m+id/,_,’

it) the right branch of p is

B Jar+(+1) e\~
B = Nim+ @+ 10d/,_,

Example 35. The parents of 5/8 are 3/5 and 2/3. Accordingly,
C/+D3+i2\* /8 13 18 23
) "\ (i+1)5+i3 T \13'2129° 37

=1

BL(

oojut

and

g /B2 /7 1217 22
R T\ib+(i+1)3/,_, \11'19°27'35" /"
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Corollary 36. Terms in By, and Br(,) have limit p.

Proof. By Theorem 34,

1 . . 11
(i+1)r+4ic lim ir+(i+1)c r+c

itoo (i+ )m+id  imscim+(i+1)d m+d

O

We now discover a continued fraction whose approximants represent successive
terms in left branches and another similar continued fraction whose approximants
represent successive terms in right branches.

Theorem 37 (Branch continued fraction). Letr/m and c/d, where r/m < c/d,
be the parents of p. Then for i > 0, we have the following:

i) The ith term in the left branch of p represents the ith approximant of the
continued fraction

1

2r+c Trtec 1 1 1 ()
2m+d — —327;‘:25 -2 -2 -2 -

ii) The ith term in the right branch of u represents the ith approzimant of the
continued fraction

1

r+2c ioe 1 1 1 (5)
m+2d + 727?23; -2 -2 -2 -

Proof. We prove the result for left branches. The proof for right branches proceeds

identically. Let
A' o0
/ o )
Brw = <§i>,_0

where, from Definition 2 and Theorem 34,

(Ai)oeg = (0,21 + ¢,3r + 2¢,4r + 3¢, ...) and
(Bi)reo ={(1,2m+d,3m +2d,4m + 3d, .. .) .

We now show that

(Ai)iZy and (B;i)iZ,
satisfy the two necessary and sufficient conditions of Theorem 10 that allow us to
formulate a continued fraction whose approximants represent B’L(M). If p is on level

n, say, of the tree, then by Definition 2, r/m and ¢/d must be consecutive terms in
H, _;. Thus by Theorem 4, rd — mc = —1, and by (2),

A ) —@r4c), fori=1
1>Al_{1, for i > 1
i) By = 1.

, and



INTEGERS: 14 (2014) 17

Accordingly, using our continued fraction notation, we have by Theorem 10,

bg = Ag =0,
b1231:2m+d, G’l:Al_AOBlz27'+C,
bz':%f”mforizz ai:_A%ilfOTiZQ
That is, That is,

3r+42 . 1 .
b, = 2Tr+cc’ fori =2 P rte? fori=2
! 2, fori>2 v -1, fori > 2

Thus successive approximants of the continued fraction

1

2r+c Trtec 1 1 1
2m+d — 327;*;260 -2 -2 -2 -
represent successive terms in B’L(H). The result follows. ]

Example 38. The terms 3/5 and 2/3 are the parents of 5/8. By Theorem 37, for
i > 0, the ith term in the left branch of 5/8 is the ith approximant of the continued
fraction

8 1 1 1
13-18-9-32-2-
That is,
Ay _ 8
B, — 13
Ay 8 _ 13
By T 13-4 21
Az _ 8 _ 18
= T =
Bs 13 29
g T2
Ay _ 8 — 23
By L -
: 13—z 1— o
T oL

and so on. These correspond to terms in BL(§) (see Example 35).
8
Similarly, for i > 0, the ith term in the right branch of 5/8 is the ith approximant
of the continued fraction

7 1 1 1
1+ 2 -2-2-2-

—_
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That is,
Ay _ 7
B — 11
Ay _ _ 7 — 12
B; 11+ % 19
Az _ 7 — 17
Bs I =2
2 11+ 127 1
T2
Ay _ 7 — 22
By T =
* 11+ 12 T 1 35
Tl T

and so on. These correspond to terms in B R(3) (see Example 35).
8

Corollary 39. Let r/m and c/d be consecutive terms in a Stern—Brocot sequence.

Then
r—+c

m+d

can be represented through two similar continued fractions:

L r+c 2r+c Srrc 1 1 1

i) = 3r12 5 _ 9 _ 9 ,
m+d 2m-+d — 2TT++CC -2 -2 -2 -

., T+c r+2c TJ:QC 1 1 1

it) = 53 = = =
m+d m+2d+%—2—2—2—

Proof. Let p have parents r/m and ¢/d, such that u = TT_;Cd The result follows by
Theorem 37 and Corollary 36. O

Corollary 40. Let r/m and c/d, where r/m < c/d, be the parents of u. Then we

have the following:
i) Successive approximants of the following continued fraction expansions are

identical

1
1 rrc 1 1 1
CL)— 2m+d_3r+20 B b 9 >
2r+c< 2r+c*2*2*2*
om+d  mapa 1 11
AT s N S S g
2m+d

it) Successive approzimants of the following continued fraction expansions are

identical
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1
1 oo 1 1 1
gdy 2z Lo 11
“)r+2c<m+ +%—2—2—2— )
ym+2d mm 111
r+2 — 2mi3d — 9 — 9 — 2 —

m+2d
i11) All continued fraction expansions in i) and ii) are equivalent to 1/p.

Proof. We have
i) a): By Theorem 5 the right branch of 1/u is formed from reciprocals of
successive terms in the left branch of p. Thus the reciprocal of (4) is the continued
fraction whose successive approximants represent the right branch of 1/p.
i) b) is the right branch of 1/u by (5) where we have substituted d/c and m/r
as consecutive terms in a Stern—Brocot sequence such that
1 d+m

woooc+r’

ii) a): By Theorem 5 the left branch of 1/p is formed from reciprocals of suc-
cessive terms in the right branch of u. Thus the reciprocal of (5) is the continued
fraction whose successive approximants represent the left branch of 1/u.

ii) b) is the left branch of 1/u by (4) where we have substituted d/c and m/r as
consecutive terms in a Stern—Brocot sequence such that

I d+m

wooc+r’

iii) All the expressions in i) and ii) refer to either right or left branches of 1/pu.
Each of their limits is 1/u by Corollary 36. O

7. Offset Branches

We now explore generalized branches of the Stern—Brocot tree - one for which left
and right branches are particular cases. These are called offset branches and our
branches developed in the previous section are found to be offset branches possessing
zero offset. Where proofs of results are not shown, these are given at [5].

Definition 41. (Offset Branches). Let By, and Bg(,) denote left and right
branches respectively of some term p in the Stern-Brocot tree.

1. For each term in By, locate a term found ¢ left movements away. The set
of all these new terms is designated Br ;. We call By, the left branch
with offset t of u.



INTEGERS: 14 (2014) 20

2. For each term in Bpg(,), locate a term found ¢ right movements away. The set
of all these new terms is designated Bg(,),.- We call Bg,),; the right branch
with offset t of u.

We also define the augmented left and right branches with offset ¢ of u, respec-
tively, as

0 0
B/L(u),t = <?BL(M)¢> and B;%(u),t = <I:BR(M),t>~
It follows from Definition 41 that

By = Br(w),0. and Br(u) = Br(u).o-
Example 42.

1 4 7 4 7 10
BL(%)Q_g’ﬁ’ﬁ’-“ and BR( —

ol
SN—
o

Il
ot
—
—
—
\]

The following theorem is found in [5].

Theorem 43. Let r/m and c/d be the parents of u, with r/m < c¢/d. Then

(ti+i+)r+(ti+i—t)e\™
B = d
Liw).t <(ti+i+1)m+(ti+i—t)d "
(ti+i—t)r+ti+i+1)e\™
Bruy.: = 7 —_ :
(ti+i—t)ym+(ti+i+1)d/,_,
Corollary 44. The terms in Br ) and Br(y),: have limit p.
Proof. By Theorem 43,
h BititDrt(titi=tie o (titi-t)r+(tititle
im =
imoo (ti+i+ 1) m+ (titi—t)d i—oo(titi—t)m+ti+it+l)d
_r+c
- m+d

O

Definition 45. (Intra-Branch Cross-Differences) Let r/m and ¢/d be the ith
and (i + 1)th elements, respectively, in Br ), (BR(H)J). The ith Intra-Branch
Cross-Difference of Br.), (BR(#)J) , denoted by Dy, () ¢4 (DR(u),t,z‘) , is given by
mc — rd.

The following theorem is found in [5].
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Theorem 46. For all i and pu,

2
Dru),ti = Driuy e = (E+1)7.
We are now able to state the main result for offset branches.

Theorem 47 (Offset Branch continued fraction). Let r/m and c/d be the
parents of p, with r/m < c¢/d. Then fori > 0,

1. The ith term in Br,, is the ith approzimant of the continued fraction

t41)2
(t+2)r+c G 1101
(t+2)m+d — (@t43)r+(42)ec — 2 — 2 — 9 — ’
(t+2)r+c

2. The ith term in Bg(),. is the ith approximant of the continued fraction

(t+1)?

r+({t+2)c r+{+2)c 11 1
m+(t+2)d + i@ — 2 — 3 — 2 —
r+(t+2)c

Proof. The proof is similar to that given for Theorem 37. We prove the result
for left branches with offset t. The proof for right branches with offset ¢ proceeds

identically.
A\
/ o )
Brone = <Bz> i=0

Let
where, from Definition 41 and Theorem 43,

(A2 =(0,(t+2)7+¢,(2t+3)r+ (t+2)¢,...) and

(Bi)ooog = (1L, (t+2)m+d, (2t +3)m+ (t +2)d,...).
We now show that (A4;);-, and (B;):-, satisfy the two necessary and sufficient
conditions of Theorem 10 that allow us to formulate a continued fraction whose

approximants represent B’L( Wt If 14 is on level n, say, of the tree, then by Definition
2, r/m and ¢/d must be consecutive terms in H,,_1. Thus by Theorem 4,

rd — me = —1.

By (2) and Theorem 46,

, and

aA _f —(@2+t)r+e), fori=1
I)Az_{ t+1)%, fori>1
1
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Accordingly, by Theorem 10,

bo := Ag =0,
by :=B1=2+4+t)m+d, ay:=A1 —AyB1=(24+t)r+c¢,
b; ::%ﬁmzz. ai::—A?il for i > 2.
That is, That is,
bi{ %, for i =2 ' ai{ (;&7%, fori =2
2, fori > 2 -1, fori > 2

Thus successive approximants of the continued fraction

(t+1)?

(t+2)r+c @ Dric 11 1
(t + 2) m+d — 2t+3)r+(t+2)c — 9 — 2 — 9 —
(t+2)r+c
represent successive terms in B’L( Wt The result follows. U

It is a simple exercise to extend Corollaries 39 and 40 to obtain results for offset
branches.

8. Further Developments

We have shown how the Stern—Brocot tree and sequence can be expressed in terms
of a simple continued fraction. We have also extended this idea to include continued
fraction expansions for Stern—Brocot branches and diagonals. There are two areas
that the interested reader may choose to explore:

e Can these ideas be extended to other binary trees, particularly the Calkin—
Wilf tree, or even to n—ary trees?

e Since branches in the left half of the Stern—Brocot tree are analogous to clus-
ters in the iterated Gauss map, what parts of the iterated or generalized Gauss
map, if any, are analogous to offset branches in the Stern-Brocot tree?
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