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Abstract
In this paper, we study the average size of the product of a number and its mul-
tiplicative inverse modulo a prime p. This turns out to be related to moments of
L-functions and leads to a curious asymptotic formula for a certain triple exponen-
tial sum.

1. Introduction and Main Results

Let p be a prime number. For any a such that (a,p) = 1, let @ be the positive
integer less than p such that a@ = 1 (mod p). Of course aa can be as small as 1
and as large as (p — 1)2. So one may ask how large aa is on average. This leads us

to study
p—1p—1

S::ia&: ZZ ab. (1)

a=1b=1
ab=1 (mod p)

More generally, we define
p—1p—1

S(d) := ZZ ab. (2)

a=1b=1
ab=d (mod p)

We have

Theorem 1. For (d,p) =1,

3
S(d) = pZ +O(p°?1og? p).
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For a Dirichlet character x (mod p), let L(s,x) = >, XT(L?) be the correspond-
ing Dirichlet L-function which has meromorphic continuation over the entire com-

plex plane. As a by-product of our proof of Theorem 1, we have

Corollary 1. For (d,p) =1,
> X(d)L(0, x)* < p*/*log® p.
XF#X0

One may ask if the error term in Theorem 1 is best possible. For this, we have
the following result.

Theorem 2. For any prime p,

p—l 2 20,2 3
p(p—1))2 5 pP(p”—1) 531 log1
S(d) — ‘ = O ogp/loglogpy
dz_:l‘ (4) 4 T ran TOwe )

This tells us that, for some 1 < d < p — 1, we have

P

p4— 1)‘ > ph/2,

’S(d) -

So the error term in Theorem 1 is sharp apart from the logarithmic factor.
One can also consider a higher dimensional analogue of (2) by defining

and prove

Theorem 3. For k >3 and (d,p) =1,

pr(p—1)F!

o + Ok (p** (log p)*).

Sk(d) =
Here Oy means that the implicit constant may depend on k.

When k£ = 3, one can do slightly better by an exponential sum method and
obtain

Theorem 4. For (d,p) =1,

55(@) =& + 00" 10xp)?).

The improvement on the error term may not be significant. However, as a by-
product of its proof, we derive an interesting weighted triple exponential sum result,
namely
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Theorem 5. For (I,p) =1,

p—1lp—1p—1

ZZZabc e(labc) = _p; + O(p°? log® p)

1
a=1b=1c=1
where e(x) := €27,

We will leave the interested readers to come up with similar exponential sum
results in more variables.

2. Some Lemmas

Lemma 1. For z # 1 and 2P = 1, we have 25;11 b2t = —2.

Proof. As 1+ z+ 22+ ...4+2P~1 =0, one can check directly that

p—1
(szb)(l—z) =24+ 224+ - p-D)P=-1—-(p—1)=—
b=1
which gives the lemma after dividing by 1 — z. O
Lemma 2. For z # 1 and ¥ = 1, we have Y0~} =L
: 1 1 1-241—2 __ 1-Z—2z42Z —
Proof. Notice that 1= + 175 = = z;r(1 5= S % =1 as || = 1. Therefore

Pl 1222 1 1
21—zb:§;(1—zb+l—zp b)_221_—

db

Lemma 3. For z # 1, zp—land1<d<p7we}mvezplz :%_d'

2b

Proof. Consider

—1 _ —1 _ —1 d—1

Py —av Pl db(l 7Zdb) P 7db N

P i D e D DL I E
1—2 1—=2 ‘

b=1 7=0

b=1 b=1
d—1p—1 d—1
S5
=0 b=1 7=0
Therefore by Lemma 2,
p—1 p—1 g L
1 z p—1 z
d= R - £ - _ A
;1—217 ;1—7:” 2 gl—zb’

which gives the lemma after rearranging terms. O
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Lemma 4. For any prime p and (k,p) =1,

p—1

Zae(%) < ])3/2 log p.

a=1

Proof. By Weil’s bound on incomplete Kloosterman sums (see [1] for example), we
have

F(u) = i e(%) < p"*logp
a=1

for 1 <wu < p. Using this and partial summation,

Sae(%) = /Pl udF(u)=(p—-1)F(p-1)— /pl F(u)du < p*?logp.

a=1

Lemma 5. For any integer p > 1,
p—1
2T e(~k/p)]

Proof. Observe that |1 —e(—k/p)| > |Im(1 — e(—k/p))| = | sin 2knw/p|. For 0 < k <
p/4, we have |sin 2k /p| > k/p by observing that the sine function is above the line
y=2z/m for 0 <z <7w/2. So

1 1
Z mﬁ Z %<<p10gp.

< plogp.

k<p/4 k<p/4
Using sin(m — ) = sinx, we have
1
e TTe) <P
Hence
p/2 1
;m < plogp+ 1< plogp, (3)

where the 1 may come from the term when k = p/4. By complex conjugation,

1 1

[1—e(=k/p)| [1—e(=(p—Fk)/p)I’

So from (3),
p—1
1
Y m——— <plogp (4)
o, TR/

and the lemma follows from (3) and (4). O
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3. Proofs of Theorems 1 and 3 and Corollary 1

Proof of Theorem 1. We use exponential sums to study (2). By the orthogonality
of additive characters (see Equation (4.1) in [2], for example),

15 & k(da— —1)2 158 skday R~ /—kb
0=, LTy (F5) - B R () D ()
a=1b=1 k=1 k=1a=1 b=1
where e(u) := e?™, Hence, by Lemma 1,
= .\ (kda
S(d) = 21 k/p Zae( “) (5)
=1 a=1
By Lemmas 4 and 5,
_ 3

S(d)zp(pTl) (3/210gpz|1 k/pl) %+O(p5/210g2p)~ (6)

Another way to study (2) is through character sums.

Proof of Corollary 1. By the orthogonality of Dirichlet characters (see [2], Chapter
4), we have

1 B p—1p—1
S(d) 0] ) (mZOd } x(d) 2 ; abx(a)x(b)

sz T IRITD ) IENONG
XF#Xo

a=1b=1 a=1b=1

2(p—1 1 = 2

2 (p4 )+p—1 Z X(d)(Zax(a)) .
XF#X0 a=1

AS 324 (mod p) aX(a@) = —pL(0,x) (see [2], page 310) and combine with the func-
tional equation for Dirichlet L—functioms)7 we have

s(a) = DL s U

X7#X0

Comparing (7) and (6), we deduce

> X(d)L(0,x)* < p*/* log? p.
X7#X0
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The character sum method can be used to study a higher dimensional analogue
of Theorem 1.

Proof of Theorem 3. By the orthogonality of Dirichlet characters (see [2], Chapter
4), we have

Sd=— Y )Y . Zmaz axx(a1)x(az).-x(ax)
¢(p)x (mod p) a1=laz=1 arp=1

p—1 p—1 p—

LYY S

a]1= 10,2 1 ap= 1

+ — Z Z Z Z aras...arx(a1)x(az)...x(ax)
(b(p) X#X0 a1=1az=1 ap=1
k(o 1\k—1 p—l
_>p (p 213) + pi : Z x(d) (Z ax(a))k.
X#X0 a=1

AS 32, (mod p) aX(a) < p3/?1og p by the Polya-Vinogradov inequality (see Theorem
9.18 in [2] for example) and partial summation, we have

k(o qyk—1
S(d) = P (» le)

which gives Theorem 3. U

+ Oy (p**/*(log p)*)

4. Proof of Theorem 2

Proof of Theorem 2. Define

M = Z‘S 1)‘2.

By (7),
M= Z\ L0,
X75Xo
= p-12 Z Z (0,x1)*L(0, x2) Z
X17X0 X27X0 d=1

4

Z |L(0, x1)|* =G _1) > L x)!

X1 #Xo x1 (mod p)
x1(—1)=-1

/‘\
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by the orthogonality of Dirichlet characters (see [2], Chapter 4) and the fact that
L(0,x) = 0 when x(—1) = 1 (see [2], Chapter 10). As L(0,x) = @L(l,x) and

IT(x)| = p'/? where 7(x) = >-P_, x(a)e(a/p) is the Gauss sum,
6 20,2 3
p 4 5 pP(p* —1) 5_3logp/ loglo
M = L(1 — 0 g p/loglogp

x1 (mod p)
x1(—1)=-1

by Lemma 2 of Zhang [3]. This tells us that for some 1 < d < p — 1, we have

’S(d) — @ > p®/2
So the error term in (6) is optimal apart from the logarithmic factor. O
5. Double Exponential Sum
In this section, we want to study
S lab
D.:;b_zlabe(7). (8)

First, observe that

By (5),

|
-
3
—
3
|
—_

_1)2 P
po _pP—1°

1 (f)kZl_(l_k/p) ae(50).

Now the above sum can be rewritten as

y 1 U sd(+ k)
N TP IO Gy

k=1 a=1 d=1

p—1 p—1 p—1 p—1 p _

1 1 d(l + ka)
= — a + a e
kZ:l 1—e(=k/p) = ; 1—e(—k/p) = ; ( p )
-1
p(p—1)? L a
4 ; 1 —e(al/p)
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6. Triple Exponential Xum: proof of Theorem 5

Proof of Theorem 5. In this section, we consider

p—1lp—1p

T:= Zzg:labc e(labc)

1
a=1b=1 c=1
where 0 < I < p. One can rearrange it as

p—1 p—1p-—1 p—1 p—1

lcab
r=2rc abe ( ) pzcaz:llfeacl/p

by (9). Grouping the sums according to ac = d (mod p), we have

p—1 p—1p—1
T:_pgl dl/p azlz;

ac=d (mod p)

By (5) and Lemma 2,

p—1 p—1 p—1
r= _p; 1 ezdl/p) { 21 k:/p ;“e(%)]
=B ( U Jrppi:l—e (dl/p) pz_:ll—e —~k/p) :)z_:la (kda)' (10)

Theorem 5 follows immediately by observing that (10) has a main term —p®/8 and
an error term O(p®/? log® p) using Lemmas 4 and 5. O

7. Proof of Theorem 4

p—1lp—1p—1
Proof of Theorem 4. By definition, we have S3(d ZZZ abc. By the or-

a=1b=1c=1
abc=d (mod p)
thogonality of additive characters,

IS S S ey ()

1p
a=1b=1 c=1

1
p
p—1lp—1p—1

792(1781)3+11)p_ e( )ZZZabce(labC)

=1 a=1b=1 c=1
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By (10) and Lemma 3,

1) = d —1)°
Ss(d):p(pg )+;e(_§)[_p(p8 )

t=1 k=1 a=1
B p(p+1)(p_ 1)3 p—1p—1 e(_ltﬁ/p) p—1 1 p—1 ]{Jﬁ
= 8 +;; L= e(tl/p) 2= T—e(—k/p) ;ae( » )
3 p—1 __p—1 p—1
_p(p-ﬁ-l)s(p—l) +Z(p;17ta)271 (—k/p) Zae(@)—&JrSz
t=1 k=1 a=1
Hence
7p_1p71 1 p—1 p—1 @ p—1 1 pfltp—l kﬁ
2 = 2 kzll—e(—k/p) azlat:1e< D )+k2ﬂl—e(—k/p);td‘;ae< P )
_ p-1%~ 1 k= k=1 kS X kda
T2 ZT—e(—k/p) a:1“+;1—e(—k/p) tzltazlae( » )
_ plp—1)° = 2 kdta
T 8 +Zl—e (—=k/p) ZZ ( >
k=1 t=1a=1
_ pp-1’ N~ 1 K= ckdey (RN
A +k71176(7k/p);e<7) ;Zl at.
B B atE; (mi)dp)
By (5),
( (ke [p(p—1)?
a0 M=o C S
P L lca
S ()]
-1 K~ 1 R gkdey(s 1 K= e
N 4 Zl—e(—k/p);e(p)lzll ( l/p)Za(p)
opp-1® = 1 = 1 N N lca+ kde
T4 _;176(%/;;);176(4/@&:1 ] ( p >
pp—1)° 1 — «
ST Tl Tk 2 T ) 2 U k),

where S(a, b; p) is the Kloosterman sum. Using Weil’s bound on Kloosterman sums
[1] and Lemma 5, we have
p(p—1)°

Sp=—"r O(p°* log® p).
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Consequently,

which gives Theorem 4. O
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