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Abstract

Recently, Williams, and then Yao, Xia and Jin, discovered explicit formulas for the
coefficients of the Fourier series expansions of a class of eta quotients. Williams
expressed all coefficients of one hundred and twenty-six eta quotients in terms of
o(n),0(%),0(%) and o(§), and Yao, Xia and Jin, following the method of Williams’
proof, expressed only the even coefficients of one hundred and four eta quotients
in terms of 03(n),03(%),03(%) and o3(%). Here, by using the method of Williams’
proof, we will express the odd Fourier coeflicients of seventy-four eta quotients f(q)
in terms of o5 (2n — 1) and o5 (%), i.e., the Fourier coefficients of the difference
f(q) — f(—q) of seventy-four eta quotients; and we will express the even Fourier
coefficients of sixty eta quotients, i.e., the Fourier coefficients of the sum f(q) +

n n n

f(—q) of sixty eta quotients, in terms of o5 (n), 05 (%) ,05 (%), 05 (%), 05 (%) and

o5 (5) -
1. Introduction

The divisor function o; (n) is defined for a positive integer i by

Z‘ . . oy . .
oi (n) = { > d positive integer,d|n d*, if n is a positive integer
i =

0, if n is not a positive integer

The Dedekind eta function is defined by
oo
n(z) =g/ [[0-a,
n=1

where
q=e""2 s e H={x+iy:y >0},



INTEGERS: 16 (2016) 2

and an eta quotient of level n is defined by

2) = Hn(mz)a’",n,m eNa,, € Z.

m|n

It is interesting and important to find explicit formulas for the Fourier coefficients
of eta quotients since they are the building blocks of modular forms of level n and
weight k. The book of Koehler (see [13], p. 39) describes such expansions by means
of Hecke theta series, and it develops algorithms for the determination of suitable
eta quotients. One can find more information in [4, 6, 14, 18, 17]. Additionally, the
present author has determined the Fourier coefficients of the theta series associated
with some quadratic forms (see [12], [11], [10], [8], [7] and [9]).

Recently, Williams [16] discovered explicit formulas for the coefficients of the
Fourier series expansions of a class of one hundred and twenty-six eta quotients in

terms of o(n),o(%),0(3) and o(F). An example is

n* (22) n* (42) n° -
n? (z)n? (3z) n* 122 g
where

e(n) =20 (n) — 30 (n/2) + 40 (n/4) + 90 (n/6) — 360 (n/12).

Then, Yao, Xia and Jin [15] expressed the even Fourier coefficients of one hundred
and four eta quotients in terms of o3(n), 03(%),03(%) and 03(%). One example is

W) S
@ ) (62 iz 2
where
¢(2n) = 6503 (n) — 6803 (n/2) — 8los (n/3) + 32403 (n/6) .

Motivated by these two results, we find that we can express the odd Fourier co-
2ty see

efficients of seventy-four eta quotients in terms of o5(2n + 1) and o5(
Tablel/A. An example is

% (4z) " i
'3 (22)nd 12z —
where
c(2n—1)=0.
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We can also express the even Fourier coefficients of sixty eta quotients in terms of
o5(n),os (g) , 05 (%) , 05 (%) , 05 (%) and o5 (1—"2) ; see Table2/A. An example is

n* (22)7) 122 B i

n'? (4z)nt
where n
c(2n) = 4o (2n) — 13205 (n) + 12805 ( 2) + 79205 ( 3)
Now we define some rational numbers and functions for the theorem: let by, bo, - - - , by

be non-negative integers satisfying
by +bs+ -+ bs <12.

Define the integers aq, as, as, a4, ag and ajz by

a1 = —by+2by — 2by — dby — by + 12,
as = 3by + by + 3bs + 10by + bs — 30,
as = 3by + 2by + 6bs + 4by + 3bs — 36,
as = —2by — by — by — 4by + 2b5 + 12,
ag = —9b; — Thy — 9bs — 10by — Tbs + 90,
a12 = 6by + 3by + 3by + 4by + 2bs — 36. (1)

Now define the integers ko, k1, k2, k3, k4, ks, ks, k7, ks, ko, k10, k11 and k12 by

g @ (1= 0) (14 2) (L4 20)" (2 4 2)"7 =
ko + kix + kgﬂ?z + ksx + k4l‘4 + k5$5 + ki6$6
—|—/€7.737 + kg],‘s + k‘9$9 + k‘loxlo + kuxll + k12$12. (2)
Let
A=) hi(n) gt =n(22)n(42)n° (62) n° (122),

n=0

fo = Z f2(n) g™ =1° (22)1° (42) 1 (62) 0 (122) ,

. B nY (22)n° (122)
f3 = Zfs = —( 1217 (62)
S e

0t (22) 7 (122)°

s = Zf5(”)qn:7712(22)a
n=0
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IR w10 (22) '3 (62)
foo= e = ey
ZOO 12 (42) 0?4 (62

f7 - n=0 f7 (n) qn B 7;]12 ((2’2))7;712 ((122)) '

Now define integers ko, ]4;1, k2, k‘3, ]{14, k‘5, k‘ﬁ, ]417, k‘g, k‘g, k107k11 and ]4112 by

1

Sohs 2" (1- x)b2(1 + ac)ba(l + 2x)b4(2 + x)b5

= ko+kix + kox® + ksx + kax* + ksz® + kea® + krx” + kga®

—‘rkg.’lﬁg + ]{310{1}10 + knl’n + k‘lgmlz.

Define the rational numbers ¢y, co, ¢3, ¢4, Cg, C12,T1, 72,73, 74, T5,T¢ and r7 by

20732 45008, 32588, 2430
8067 O 24201 ' 24201 % 2689 °

13684, 7774, 1252, 1118
24201 % 24201 " " 8067 % 24201
652 , . 518, 2456 2456
24201 " 8067 24201 1% " 24201 'Y
101678936 65872684, 14225816
2 = 734097 07 734007 ' 244699 2

27033238 2344028 3081530

734007 "3 T 104871 "4 T 244699
4620236 1635406 102820
8

T 732097 "0 T 732007 °7 T 244699
1383458 27016 934216 256

_ Bt 2k
734007 "0 T 8067 "1 244699 M T 273712

43804 147610 161020 19082

ks

— - - k
‘s 8067 "0~ 31201 ™ 2a201 "2 T 2680 '8
179924, 185834, 63284, 192490
24201 % 24201 0T 8067 6 24201 7
194260, 65054, 196064, 196064,
24201 ° 8067 0" 24201 10 24201 MV
99265280, 193319296 124840960
“ T 735007 0T 2202291 1T 2202201 2

26219264 6725120 25219328

T 734007 "3t 314613 ™4 T 2202201
1100544 92493552 1178624
8

924609 "0 22022017 T 169407
10973696 9282304 123832960

734007 "0 T 314613 10 T 9202901

ks

11




k3
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89933384, 59999908 12268224
T 732007 07 734097 1T 244699 2
21160462 1505060 1123938
- 3+ 4 — ks
734097 104871 244699
1252540, 4237370, 2060412
734097 ° " 734097 7 244699 °
7256234 91552 2891808
9 — 10 k11
734097 8067 244699
139520
273 12,
276592384 193319206 124840960
27 Tr3a007 0T 79202201 T 72202201 2
26219264 6725120 25219328
734097 % 314613 ' 2202291 °
1100544 2423552, 1178624,
244699 ° 2202291 " " 169407 °
10973696, , 9282304, 123832960,
734097 0 314613 10 2202291 M
110848
273 12,
608 26672 26480 19792
= = - k k
" or Mot —gr R gy Rt =g ks
1824 7680 4208 2032
g Rt gy ke gy Rt g A
64 32 32 608 1216
L g = 22 ko — — by
7 ks gy T ko = grku gk,
8272 456 2648 1912
"2 T g 0T g LT g e T g e
48 544 320 64
_= s — ke + —k
13"+ g3hs ~ gpahe T gph
128 64 128 256
= ey — ke 4 2k
273 T a3 T gt T gt
144 1624 392 752
5 = —ky— kg 4 40ky — SRy Z
" 1370 7 Tgg M A0k s ¥ i
128 16 272 192
uinhy AU 2 %k
13 P T qghe gkt - gz ks
9288 1120 544 1088
kg — 222 e - 20
+ 13 kg 39 k1o + 3 k11 13 F2
_ 149764, 428678, 301214, 90816
o= 2689 ° " 8067 1 8067 2 2689
183448 108562, 17726 13724,
8067 "t 8067 ° 2689 ° ' 8067
13372 9370, 42848, 42848
8067 ° 2689 ° " 8067 ° 8067 M
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38036 98006 80510 6852

- 2 oy — D202
8067 "0 T 24201 T 2420172 ~ 2689

41560, 20314, 626, 24760,
24201 4 24201 8067 % " 242017

48076 23942 95576 95576

2420178 8067 ™ T 24201710 T 24901
136 364 220 30

" 0t 30671 T 30672 26892

s

2689

676 1714 1156 6290

50674 T 8067 T 2680"° ~ 3067

b, 10532, 5398, 21856, 21856,
TTU8067 P 2689 0 " 8067 Y 8067 MM

111864, 395572, 345460, 86364
2689 0 8067 1 8067 ° 2689
173480 102668 17196 16060

T =

8067 ™~ 8067 ">t 2680 " ~ So67 7
8096, 6960, 33664, 33664
8067 % 2689 0 8067 U 8067 M

Now we can state our main theorem:

Theorem 1. The functions fi, fa, ..., fo are in Sg (T'g (12)) , while f7 isin Mg (T (12)),
and

1™ (2) 0™ (22) 0™ (3z) 0™ (42) 1 (62) ™2 (122) = 6 (b1) + » _ c(n)q",

where for n € N,

) = o= (3) o (3) o ) o 3) s ()
+rifi (n) +rofo(n) +r3fs(n) +rafa(n) +rsfs (n) +refe (n) + refz (n).

In particular,

c(2n) = —c105(2n) — c205 (n) — ca0 (g) — (33c3 + c6) 05 (g)
—(c12 — 32¢3)0s (%) 1 fy(20) + rofa(2n) + s f3(20),
c@n—1) = —cio5(2n—1)— cso (2”3_ 1)
+rafs(2n— 1) +r5f5(2n— 1)+ refe(2n — 1) + r7fz(2n — 1),
forn € N.

Proof. Tt follows from (1) that

ay + 2(12 + 3(13 + 4(14 + 6a6 + 12(112 = 24b1,
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a1+ as + a3+ ag + ag + a1o = 12

and

ay ao as aq Qg a12
——————— o84 86 _oM2 _ p .
6 3 6 3 3 3 tem

Now we will use (p, k), the parametrization of Alaca, Alaca and Williams (see [2]):

©* (¢%)
v (q)

k(q) =

)

where the theta function ¢ (¢) is defined by
e 2
9)=>4q"

Setting x = p in (2) and multiplying both sides by k%, we obtain

6

s " (1= p)P2(1 + p)= (1 + 2p)*+(2 + p)*s

= (ko + k1p + kap® + ksp® + kup* + ksp® + kep®
+hrp” + kgp® + kop? + k1op™® + kiip™ + k1ap'?)KC.

Alaca, Alaca and Williams [1] have established the following representations in
terms of p and k:

n(q) =275 /24 (1 = p) (14 p) /O (1 + 2p) /3 (2 + p)/ok/2, (3)
n(qQ) —-1/3 1/12( )1/4(1 —i—p)l/m(l—|—2p)1/4(2+p)1/4k1/2, (4)

(qB) 1/6 1/8 )1/6(1+p)1/2(1+2p)1/24(2 —|—p)1/24k1/2, (5)
n(q*) = 2_2/31)1/6(1 — )31+ p)/2 (1 + 2p) 3 (2 + p) /2K, (6)
(%) =271 3p /A1 — p)V (1 +p) VA (L + 2p) 2 (24 p) 2R, (7)
n (q12) — 2—2/3p1/2(1 _ p)1/24<1 _|_p)1/8(1 + 2p)1/24(2 —|—p)1/6k1/2. (8)

We also have the following;:
=1-504 Z o5 (n)q" = (1—246p —5532p° — 38614p° — 135369p* — 276084p°

—348024p°% — 276084p” — 135369p° — 38614p° — 5532p'°
7246})11 +p12)k6,



INTEGERS: 16 (2016)

4059
Fs(q®) = (1+6p—114p* —625p° — Tp4 — 4302p°

4059

—5556p° — 4302p” — ——p® — 625p° — 114p*°

+6p11 + p12)]€67

Ee(q®) = (1+6p+12p* —58p® — 297p* — 396p° — 264p° — 396p”
_297p8 _ 58p9 + 12p10 + 6p11 +p12)k67
1167 171
Eg(q®) = (1+6p+12p> + 5p° — 45p* — 144p° — Tpﬁ + ?]ﬂ

2151 4 739 o 345
32 P T 6P T
129 11 1 12 6

TV AR EryYZ )k®,

) 27
E(q®) = (1+06p+12p*+5p° — Top' —18p°
27
—12p5 — 18p” — Eps +5p” +12p'0 + 6ptt + p2)KS,

27

Es(q'?) = (14 6p+12p* 4+ 5p° — 51)4 —18p°
33, 45 . 135 4 17 4 3 4,
gV T gl TP gl Tl

S 1, L o126
— —p k",
TP T )
It is easy to check the following expressions using (3)-(8 ):

o= ) hi(m) gt =n(22)n(42)n° (62) n° (122)
n=0

1, 1, 174 5 . 19, 114 1 50\ 4
e [— — [— [ — T — —_— —_— k
(16p T Ta? Tt e TRt )"

foo= > f(n)q" =1 (22)1° (42) n(62) 7 (122)
n=0

LB B s 28 109

Ty 8 VR SV
71 8 89 9 1 10 1 11 6
L ~ !k
toa? T TP tigh F
oo 9 9
nn(22)n7 (122)
f3 = f3(n)q" = a1
2 P (427 (62)
o1, 1,9, 29,
= (Pt T w?
29 8 9 9 1 10 1 11 6
S 9y ~ !k
61 T TP TP E
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fa

fs

o

fr

o0

Y fum)q" =

n=0

1 11, 43, 57, 9.
(Gpt P+ P +ep =P
20 4 7. 1T 4 1 40
e e LY
1P T T gk
o0

> fsm)gt=n"(22)

n=0

1 11, 27, 87, 51,
(Gp+ 7 8 16 g
51, 8T o 274 11, 1 4
TIP TP T wP Ty 2P
= n ®(22)n'3 (62

> fonyqn =T O
2 7 (42) 7P (122)

1 11, 174 3., -
(2p+4p+4p 5P —9p
21 13

== 0%+ " +4p° + )RS,

4 1

o0

> fr(n)q" =

n=0

1 2
(§p+ R4

8 8

n° (42)n'° (62)
n* (22) n® (122)

n'? (42) n** (62)

51
P+

129 ,

+ 16

21 ) 1
0+ op” RS

16

n'? (22) n'? (122)

p* +6p°

fe,€ Se (T (12)), fr € Mg (To (12)) and

0Td1/1f7 =0, 0Td1/2f7 =0,

n* (2)n™ (22) N (3z) 0™ (4z) n*® (62) n™** (122)

n=1
al a2 a3 aq a6 a12 al
= 2783 % 2373 2% pu
3
(I+p
ka1+a2+a3+a4+a6+a12 k‘6
S _

- 9b1+bs

_ qsn)as (1

+BHE G+

—q")" (

212

2 (1-p)

)KS,

P (L—p)(1+p)» (1 +2p)" (2 +p)»

VR R () o) FH PR F R H (2 4 ) FFHR
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= k6<k’o + kip+ k2p2 + k3p3 + k‘4p4 + k5p5 + k‘ng
+krp” + ksp® + kop” + k10p™ + k11p't + k12p"?)

- m4< am§205 ) m4<1am§:as >
€3 3n
4<1mmggadnm > m4<1mm§:a5 >
Co — 6n g2
_Z<1—ﬁﬂg;0dnm > m4(1—&%§:a5 )

o0

+r1q4 (1 . q2n) (1 . q4n) (1 . q6n)5 (1 . q12n)5
1

2T (=) (1=g*) (1= ™) (1-¢"")
(1-¢*)° (1- ”ﬂ
(1—g*)° (1 —¢on)°
(1-
(1-

1 1 B q (1 B )13
1—¢*") " +req
( 7!1 1 _ q12n)

i3

+7r2q

3
I
—

+
~
%%
:m

—

4 gy

2n)4 (1- q12n)8

+
X
L)
—8 3

q
q

3
Il
_

+75.q9

amf:

=

(1 q4n) 12 (1 _ q6n>24
—) (1 g

= §(by) — i(q% (n) + c205 (g) + ¢305 (g) + €405 (%)

n=1

+
3
<
—8 7

3

Il

—_

—~
[a—

+c605 (%) + C1205 (12))(] +rifi(n)g" + ... + 17 f7(n)q",

where

[ 0ifb £0
5“”‘{1&@:0'

So

c(n) = 70305004—@05(2)4—@05(3)4*%05(g)

+c605 (%) + 1205 (lnz)) +rifi(n) + ... + 77 f2(n).
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Therefore, forn =1,2,...,

c(2n) = —c105(2n) — 05 (n) — c405 (g) — (33¢3 + ¢6) 05 (g)

—(c12 — 32¢3)05 (%) + 71 f1(2n) + r2f2(2n) + r3 f3(2n),

c(2n—1) = —cio5(2n—1) —c303 (2113— 1>
+rafa(2n—1) +7r5f5(2n — 1) + 16 fo(2n — 1) + 17 f7(2n — 1),

since it is easy to see that

o5 (%") — 3305 (g) — 3204 (%) :

and, forn=1,2,...,

f1(2n—1):f2(2n—1):f3(2n—1)=0,

fa(2n) = f5 (2n) = f6 (2n) = fr (2n) = 0.

These formulas are valid for 6135 mnontrivial eta quotients; see
www.bariskendirli.com.tr\eta quotients.
Among them, we have found 74 eta quotients (see Tablel/A), such that

c¢(2n) = —c105(2n) — 05 (n) — 405 (g) — (33¢3 4 ¢6) o5 (g)
—(c12 — 32¢3)05 (%) +r1f1(2n) + r2f2(2n) + 73 f3(2n),
c(2n—1) = —ci05(2n—1) — c305 <2n3— 1) =0;

and 60 eta quotients ( see Table2/A), such that

c(2n) = —c105(2n) — ca05 (n) — cy05 (g) — (33¢3 + ¢6) 05 (g)
—(c12 — 32¢3)05 (%) ;
c(2n—1) = —ci05(2n—1)— c305 <2n— 1) +rafs(2n—1)+r5f5(2n — 1)

+7‘6f6(2n — 1) + 7”7f7(2n — 1)

Remark 1: The coeflicients ko, ki, k2, ks, ka, ks, ke, k7, ks, ko, k10,k11, k12 and
T1,T2,73,T4,7T5, 76, 7 are given in Tablel/B and Table2/B.
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Remark 2: If f is an eta quotient, then f(—gq) is also an eta quotient, the coeffi-
cients of % (f(q) — f(—q)) are exactly the odd coefficients of f, and the coefficients
of 3 (f(q)+ f(—q)) are exactly the even coefficients of f. In particular, this means
that we have obtained all coefficients of the difference of seventy-four eta quotients
and the sum of sixty eta quotients.

Remark 3: The space Sg (I'g (12)) is seven-dimensional(see [3, Chapter 3 and 5]),
and it is generated by

Az 6,036 (22),As6(42), Ase, Aae (32), Ag6, Ne,6 (22)

where Agg is the unique newform in Sg (I'g (3)), A4 is the unique newform in
Se (T'o (4)), and Ag ¢ is the unique newform in Sg (I (6)) . By simple calculation,
we see that

1 4 1
i = —1—8A3,6 (22) + §A3,G (42) + 1_8A676 (22),
1 1
f2 = §A376 (22) - 4A376 (4’2) + §A6)6 (22) ’
1 1
f3 — —§A3,6 (22) — 4A3,6 (42’) + §A6,6 (22’) )
4 8 128 1
fi = §A376 (2) + §A3,6 (22) + ?A&G (4z) + §A476 (2)
2 8
+604,6 (22) + 5866 (2) = 5A66(22),
f5 = A476 (Z) s
4 8 128 1
fo = §A3,6 () + §A3,6 (22) + TAM (4z) + §A416 (2)
2 8
—3A46(22) + §A6,6 (2) — §A6’6 (22).

Note that f7 is in Mg(I'p(12))\S6(T'0(12)), so it can be written in the form

55 110 1760 1
fr = mAS,G (2) + EA?),G (22) + WAM (42) + §A4,6 (2) +8A46(22)

11 44
A 2 Ao (22) —
tgz e (2) & 6,6 (22)

Eg (32)

1 11
_~_E = Fy (2
22032 76 (2) + 7541 6 (22)
1

E6 (42’) EG (62)

1

52032 5733 * 5733

Acknowledgement. The author thanks the referee for his/her useful suggestions.
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