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Abstract. In this paper, we investigate self-dual codes over finite rings, specifically the ringZ2m of integers
modulo 2m. Type II codes overZ2m are introduced as self-dual codes with Euclidean weights which are a multiple
of 2m+1. We describe a relationship between Type II codes and even unimodular lattices. This relationship provides
much information on Type II codes. Double circulant Type II codes overZ2m are also studied.
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1. Introduction

In this paper, we consider self-dual codes over rings, specifically the ringZ2m whereZk

denotes the ringZ/kZ of integers modulok. A code of lengthn over the ringZk is a
subset ofZn

k, and if the code is an additive subgroup ofZn
k then it is a linear code.

Unless otherwise stated all codes will be linear. We define an inner product onZn
k by

[x, y]= x1y1+ · · · + xnyn (modk), wherex= (x1, . . . , xn) andy= (y1, . . . , yn). The or-
thogonal to a code is defined in the usual way, i.e.,C⊥ = {v ∈Zn

k | [v,w]= 0 for allw ∈C}.
MacWilliams relations for codes over any Frobenius ring are given in [17]. A codeC is
self-orthogonalif C⊆C⊥ andC is self-dualif C=C⊥. In this paper, two codes overZk

are said to beequivalentif one can be obtained from the other by permuting the coordinates
and (if necessary) changing the signs of certain coordinates. Codes differing by only a
permutation of coordinates are calledpermutation-equivalent.

The paper is organized as follows. Section 2 examines the existence of self-dual codes
overZk. Section 3 introduces Type II codes overZ2m as self-dual codes with Euclidean
weights which are a multiple of 2m+1, and relates these codes with self-orthogonal codes
over Z2m+1. In Section 4, we show a relationship between Type II codes overZ2m and
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even unimodular lattices. This is a natural generalization of the result in [2]. The above
relationship provides much information on Type II codes. In Section 5, we investigate
Type II double circulant codes overZ2m giving many examples of extremal Type II codes
overZ2m for m= 3, 4 and 5. Section 6 describes the existence of Type II codes of small
lengths overZ2m for all m.

We refer the reader to [6] and [17] for any elementary facts about codes over finite rings
that are used in this paper. For example, any codeC overZk has|C||C⊥|= kn.

2. Self-dual codes over Zk

Self-dual codes over fields are a well studied subject, see [11] for an extensive bibliography.
Recently, self-dual codes overZ4 have been studied, see [1, 2, 6, 8–10, 14, 15]. Cyclic
codes overZk have been discussed by a number of authors, see, e.g., [3] and the references
given therein. In this section, we examine the existence of self-dual codes overZk.

Lemma 2.1 If k is a square then there exist self-dual codes overZk for all lengths.

Proof: If k= r 2 then the matrix(r ) generates a self-dual code of length 1. 2

Lemma 2.2 If C is a self-dual code of odd length overZk then k is a square.

Proof: LetC be a self-dual code of odd lengthn overZk so that|C|2= kn. Then|C| = k
n
2 ,

and sincen is odd,k must be a square. 2

Now consider self-dual codes overZ2m. If m is odd then 2m is not a square and by the
previous lemma there are no self-dual codes of odd length.

If m is odd then the following matrix(
2

m−1
2 2

m−1
2

0 2
m+1

2

)
,

generates a code that is self-orthogonal with 2
m+1

2 2
m−1

2 = 2m vectors and therefore is self-
dual. Using the well-known direct product construction, self-dual codes can be constructed
for all even lengths.

If m is even then 2m is a square and self-dual codes exist overZ2m for all positive lengths.

Theorem 2.3 There exist self-dual codes overZ2m for all lengths if m is even. There exist
self-dual codes overZ2m, m odd, for all lengths n if and only if n is even.

It is not true that there are self-dual codes overZk for all even lengths for allk. For
example, fork= 6 there are only two self-orthogonal vectors of length 2 and hence no
self-dual code of length 2.

Theorem 2.4 Let k be an integer that is not a square and assume k> 1. If there exists an
elementγ ∈Zk withγ 2=−1 then there exist self-dual codes of length n overZk if and only
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if n is even. If there exist x, y∈Zk with x2+ y2+ 1= 0 then there exist self-dual codes
overZk for all lengths n≡ 0(mod 4).

Proof: If there existsγ ∈Zk with γ 2=−1 then(1, γ ) generates a code withk vectors
which is self-orthogonal. Hence, there exist self-dual codes of all even lengths overZk.
Sincek is not a square then there are no self-dual codes of odd length by Theorem 2.2. If
there existsx, y∈Zk with x2+ y2+ 1= 0 then the matrix

(
1 0 x y

0 1 y −x

)
,

generates a code withk2 vectors which is self-orthogonal, and therefore is a self-dual code
of length 4. 2

3. Type II codes over Z2m

Type II codes overZ4 have recently been introduced in [1]. In this section, we introduce
Type II codes overZ2m, and relate Type II codes overZ2m to self-orthogonal codes over
Z2m+1. Cyclic codes overZ2m have been discussed in [3].

An application of codes overZ4 to unimodular lattices prompted the definition of the
Euclidean weight of a vector ofZn

4 (cf. [2]). It is natural to define the Euclidean weights of
the elements 0,±1,±2,±3, . . . ,±(2m−1− 1), 2m−1 of Z2m as 0, 1, 4, 9, . . . , (2m−1− 1)2,
(2m−1)2, respectively. The Euclidean weight of a vector is just the rational sum of the
Euclidean weights of its components. The Hamming weight of a vector is the number of
non-zero components in the vector. We define aType IIcode overZ2m as a self-dual code
with all vectors having Euclidean weight a multiple of 2m+1. Form= 1 this is the standard
definition of a Type II code. Note that form= 2 the standard definition of a Type II code
requires that it contain the all-one vector as well.

Any code overZ2m is permutation-equivalent to a code with generator matrix of the form



Ik1 A1,2 A1,3 A1,4 · · · · · · A1,m+1

0 2Ik2 2A2,3 2A2,4 · · · · · · 2A2,m+1

0 0 4Ik3 4A3,4 · · · · · · 4A3,m+1

...
... 0

. . .
. . .

...

...
...

...
. . .

. . .
. . .

...

0 0 0 · · · 0 2m−1Ikm 2m−1Am,m+1


, (1)

where the matricesAi, j are binary matrices fori > 1.
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A code of this form is said to be oftype{k1, k2, k3, . . . , km} and it has

m∏
j=1

(2m− j+1)kj ,

vectors.
Define a map8 :Zn

2m+1→Zn
2m by

8(v1, v2, . . . , vn) = (v1 (mod 2m), v2 (mod 2m), . . . , vn (mod 2m)).

For a codeC of lengthn overZ2m+1 we denote its image under this map by8(C).

Lemma 3.1 The image of a self-orthogonal vector is a vector whose Euclidean weight is
a multiple of2m+1.

Proof: Forvi in Z2m+1 we have thatv2
i ≡ (vi (mod 2m))2 (mod 2m+1). 2

Lemma 3.2 For C a code overZ2m+1, 8(C⊥)⊆8(C)⊥.

Proof: If v ∈C⊥ then [v,w]= 0 for allw in C. It is easy to see that8(v) and8(w) are
orthogonal inZn

2m. Hence8(v)∈8(C)⊥. 2

Theorem 3.3 If C is a self-orthogonal code overZ2m+1 then8(C) is a self-orthogonal
code overZ2m such that the Euclidean weights of all vectors are a multiple of2m+1.

Proof: Follows from the previous lemmas. 2

Theorem 3.4 If C is a code of type{k1, k2, k3, . . . , km} overZ2m, then8(C) is a code of
type{k1, k2, . . . , km−1} overZ2m−1.

Proof: Any vector inC is a linear combination of the rows of a generator matrix ofC.
Any vector in8(C) is a linear combination of those rows read modulo 2m−1. Hence a
generator matrix of8(C) is

Ik1 A1,2 A1,3 A1,4 · · · · · · A1,m+1

0 2Ik2 2A2,3 2A2,4 · · · · · · 2A2,m+1

0 0 4Ik3 4A3,4 · · · · · · 4A3,m+1

...
... 0

. . .
. . .

...

...
...

...
. . .

. . .
. . .

...

0 0 0 · · · 0 2m−2Ikm−1 2m−2Am−1,m


,

which corresponds to a code of the required type. 2
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Note that a generator matrix of a self-orthogonal code overZ2m−1 does not necessarily
generate a self-orthogonal code overZ2m since the vectors may not be orthogonal.

Corollary 3.5 If C is a self-orthogonal code of type{k1, k2, k3, . . . , km, km+1} overZ2m+1

of length n with(2m+1)k1(2m)k2 · · · (2)km = (2m)
n
2 then8(C) is a Type II code overZ2m.

Proof: The code8(C) is self-orthogonal by Theorem 3.3 and has type{k1, k2, k3, . . . , km}
by Theorem 3.4, with(2m+1)k1(2m)k2 · · · (2)km = (2m)

n
2 . Therefore,8(C) is self-dual. 2

4. Type II codes over Z2m and even unimodular lattices

A relationship between Type II codes overZ4 and even unimodular lattices was given in
[1] and [2]. In this section, we consider a relationship between Type II codes overZ2m and
even unimodular lattices. This is a natural generalization of the above result.

Recall that a Type II code overZ2m is a self-dual code which has all Euclidean weights
divisible by 2m+1. The minimum Euclidean weightdE of C is the smallest Euclidean weight
among all non-zero codewords ofC. Form= 1 and 2, an upper bound ondE was given in
[12] and [1], respectively.

An n-dimensional lattice3 in Rn is the set of integer linear combinations ofn linearly
independent vectorsv1, . . . , vn. An n× n matrix whose rows are then linearly indepen-
dent vectors is called a generator matrix of the lattice. Thedual lattice3∗ is given by
3∗ = {x ∈Rn | [x,a] ∈Z for all a∈3}. A lattice3 is integral if the inner product of any
two lattice points is integral, or equivalently, if3⊆3∗. An integral lattice with det3= 1
(or3=3∗) is calledunimodular. If the norm [x, x] is an even integer for allx ∈3, then
3 is calledeven. The minimum norm of3 is the smallest norm among all nonzero lattice
points of3.

Applying Construction A in [7] to self-dual codes overZ2m, we have the following
construction of even unimodular lattices.

Theorem 4.1 If C is a self-dual code of length n overZ2m, then the lattice

32m(C) = 1√
2m
{C + 2mZn},

is an n-dimensional unimodular lattice. The minimum norm ismin{2m, dE/2m} where dE
is the minimum Euclidean weight of C. Moreover, if C is Type II then the lattice32m(C)
is even unimodular.

Proof: If a1,a2∈32m(C) thenai = (ci + 2mzi )/
√

2m whereci ∈C andzi ∈Zn for i = 1, 2.
SinceC is self-dual, the inner product ofa1 anda2 is

[a1,a2] = 1

2m
{[c1, c2] + 2m[z1, c2] + 2m[c1, z2] + 22m[z1, z2]} ∈ Z,
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thus32m(C) is integral. IfC has a generator matrix of the form (1), then the generator
matrix of the lattice can be written as

1√
2m



Ik1 A1,2 A1,3 A1,4 · · · · · · A1,m+1

0 2Ik2 2A2,3 2A2,4 · · · · · · 2A2,m+1

0 0 4Ik3 4A3,4 · · · · · · 4A3,m+1

...
... 0

. . .
. . .

...

...
...

...
. . .

. . .
. . .

...

0 0 0 · · · 0 2m−1Ikm 2m−1Am,m+1

0 0 0 · · · 0 0 2mIn−k


, (2)

wherek= k1+ · · · + km. Thus the determinant of the matrix (2) is 1 and32m(C) is
unimodular. It is easy see that [ai ,ai ]≥ [ci /

√
2m, ci /

√
2m] whereai = (ci + 2mzi )/

√
2m.

Thus the minimum norm is min{2m, dE/2m}.
In addition, if C is Type II then since the Euclidean weights are divisible by 2m+1, we

have

[a1,a1] = 1

2m
{[c1, c1] + 22m[z1, z1] + 2m+1[c1, z1]} ∈ 2Z,

so that the lattice is even. 2

Remark It was suggested in [1] that a construction similar to Theorem 4.1 be considered
in order to construct unimodular lattices with minimum normµ>4.

Theorem 4.1 provides much information on Type II codes overZ2m. For example,
the following corollary characterizes divisible self-dual codes overZ2m in terms of their
Euclidean weights.

Corollary 4.2 Suppose that C is a self-dual code overZ2m. The greatest common divisor c
of Euclidean weights of all codewords of C is either2m or 2m+1.

Proof: If a unimodular lattice has the property that every norm is a multiple of some
positive integerd, thend is either 1 or 2 (cf. [13]). IfC is self-dual then32m(C) is uni-
modular. Thusc must be either 2m or 2m+1. 2

Moreover, Theorem 4.1 gives the following restriction on the length of a Type II code.

Corollary 4.3 If there exists a Type II code C of length n overZ2m, then n is a multiple
of eight.

Proof: An even unimodular lattice of dimensionn can be constructed fromC by
Theorem 4.1. Even unimodular lattices exist if and only if the dimension is a multiple
of eight. Thusn must be a multiple of eight. 2
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Now let us consider the converse assertion. Calderbank and Sloane [3] investigated cyclic
codes of lengthn over the ringZpa and over thep-adic numbers, wherep is a prime not
dividing n. In particular, they constructed remarkable cyclic codes overZ2m of length 7 for
anym. By appending a 1 to thegenerator vectors of the above codes, Hamming codesH2m

overZ2m of length 8 are constructed. It was shown in [3] that the codesH2m are self-dual
codes. Moreover, it can easily be seen that all their Euclidean weights are divisible by
2m+1. Thus there exists a Type II code of length 8 overZ2m, which gives the following
proposition.

Proposition 4.4 There exists a Type II code overZ2m of length n if and only if n≡ 0(mod 8).

We now investigate the minimum Euclidean weight of Type II codes overZ2m. The
minimum normµ of ann-dimensional even unimodular lattice is bounded byµ≤ 2b n

24c+2
and even unimodular lattices withµ= 2b n

24c+2 are calledextremal(cf. [7]). The minimum
norm of the lattices constructed from Type II codesC gives directly an upper bound on the
minimum Euclidean weight ofC.

Proposition 4.5 Let dE be the minimum Euclidean weight of a Type II code of length8n
overZ2m. If b n

3c≤2m−1− 2, then

dE ≤ 2m+1

(⌊
n

3

⌋
+ 1

)
. (3)

Proof: Suppose that there exists a Type II codeC with minimum Euclidean weight
dE = 2m+1(b n

3c+2). The minimum normµ of the even unimodular lattice32m(C) con-
structed fromC is min{2m, 2b n

3c+4}. From the assumption,µ= 2b n
3c+4, which is a

contradiction. 2

Whenm= 1 and 2, the above bound (3) holds without the assumptionb n
3c≤2m−1− 2.

For m= 1, (3) is the well-known bound on binary doubly-even self-dual codes, given by
Mallows and Sloane [12]. The bound withm= 2 was presented in [1]. We conjecture
thatdE ≤ 2m+1(b n

3c+1) for all m≥ 1 without the assumption.
A Type II code meeting this bound with equality is calledextremal. Extremal codes have

the largest minimum Euclidean weight among all Type II codes of that length. All Type II
codes of lengths 8 and 16 are extremal.

The minimum Hamming weight of a Hamming codeH2m is always 4 and for the first
few values ofm, the minimum Lee weights were determined in [3]. By Proposition 4.5,
the minimum Euclidean weight ofH2m is always 2m+1.

5. Double circulant codes

We begin by characterizing the generator matrices of double circulant codes. Apure double
circulantcode of length 2n has a generator matrix of the form(I , R)whereI is the identity
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matrix of ordern andR is ann× n circulant matrix

R=



r0 r1 · · · · · · rn−1

rn−1 r0 · · · · · · rn−2

...
. . .

. . .
. . .

...

...
. . .

. . .
. . .

...

r1 r2 · · · rn−1 r0


.

A code with generator matrix of the form
α β · · · β

γ

I
... R′

γ

 , (4)

whereR′ is an(n− 1)× (n− 1) circulant matrix, is called abordered double circulantcode
of length 2n. These two families of codes are collectively calleddouble circulantcodes.

5.1. Preliminaries

We first prove the non-existence of pure double circulant self-dual codes.

Theorem 5.1 There exists no pure double circulant self-dual code overZ2m for m≥ 2.

Proof: Suppose that there exists a pure double circulant self-dual codeC with generator
matrix of the form(I , R). SinceC is self-dual,RRT =−I overZ2m, so then∑

0≤i≤n−1

r 2
i = −1 and

∑
i 6= j

r i r j = 0.

Thus we have

(r0+ r1+ · · · + rn−1)
2 = r 2

0 + r 2
1 + · · · + r 2

n−1

= −1.

Therefore,−1 must be a quadratic residue inZ2m. However,−1 is not a quadratic residue
in Z2m for m≥ 2, which is a contradiction. 2

Remark Similarly, if −1 is not a quadratic residue in a finite ring then there is no pure
double circulant self-dual code over this ring.



SELF-DUAL CODES OVER FINITE RINGS 241

Remark Conditions for the existence of double circulant self-dual codes over a finite field
GF(p) were given in [16]. It is known that pure double circulant self-dual codes exist for
m= 1 (cf., e.g., [11]).

We now present two lemmas which are useful in checking the equivalences of bordered
double circulant self-dual codes. These lemmas can easily be proven.

Lemma 5.2 Let C,C′,C′′ and C′′′ be codes with generator matrices of the form(I , A),
(I , A′), (I , A′′) and(I , A′′′), respectively, where

A =


α β · · · β

γ

... R

γ

 , A′ =


−α β · · · β

−γ
... R

−γ

 ,

A′′ =


−α −β · · · −β
γ

... R

γ

 and A′′′ =


α −β · · · −β
−γ
... R

−γ

 ,

and R is a square matrix. Then C,C′,C′′ and C′′′ are equivalent.

Lemma 5.3 If the matrix(I , A) generates a self-dual code C, then the matrices(I ,−A),
(I , AT )and(I ,−AT )generate self-dual codes which are equivalent to C,where AT denotes
the transpose of the matrix A.

5.2. An infinite family of double circulant Type II codes

We discuss lengths for which there exist Type II double circulant codes overZ2m. First, we
provide a result required for a subsequent construction, namely ifp≡ 7 (mod 8) then

1+ px2 ≡ 0 (mod 2m),

has solutions for allm> 0, and if p≡ 3 (mod 8) then

5+ px2 ≡ 0 (mod 2m),

has solutions for allm> 0.
Although the following lemma can be obtained from Hensel’s Lemma, we give an ele-

mentary proof to emphasize the forms of solutions.
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Lemma 5.4 Suppose that p and q are odd. If a is a solution to q+ px2≡ 0 (mod 2m),

with m≥ 3 then either a or a+ 2m−1 is a solution to q+ px2≡ 0 (mod 2m+1).

Proof: Let a be a positive integer such thatq+ pa2≡ 0 (mod 2m), or q+ pa2= r 2m for
some integerr . If r is even, sayr = 2k, then

q + pa2 = k2m+1 ≡ 0 (mod 2m+1),

If r is odd, sayr = 2 j + 1, then

q + p(a+ 2m−1)2 = q + p(a2+ a2m + 22m−2)

= 2m(2 j + 1+ pa+ p2m−2)

≡ 0 (mod 2m+1),

sincea is odd. 2

Proposition 5.5 If p≡ 7 (mod 8), then there exists a solution for

1+ px2 ≡ 0 (mod 2m),

for all m> 0. If p≡ 3 (mod 8), then there exists a solution for

5+ px2 ≡ 0 (mod 2m),

for all m> 0.

Proof: It is easily verified thatx= 1 is a solution form= 1, 2 and 3 in both cases. The
previous lemma shows that if there is a solution form≥ 3, there is one form+ 1. Hence
by induction there is a solution for allm> 0. 2

We now consider certain weighing matrices of ordern and weightn− 1. A weighing
matrixWn,k of ordern and weightk is ann by n (0, 1,−1)-matrix such thatWn,kWT

n,k= k I ,
whereWT

n,k is the transpose ofWn,k.
The following is a well-known method for constructing bordered circulant weighing

matrices. Suppose thatn= p+ 1 is a multiple of 4 wherep is a prime. LetP′ = (pi j ) be
a p× p matrix where

pi j =


0 if i = j,

1 if j − i is a nonzero square(mod p),

−1 otherwise.
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The matrixP′ is called a Jacobsthal matrix (cf. [11]). Now consider the bordered circulant
matrix

Pn =


0 1 · · · 1

−1

... P′

−1

 .

Clearly Pn PT
n = pI over the integers andPn=−PT

n , so thatPn is a weighing matrix of
ordern= p+ 1 and weightp.

(1) The casep≡ 7 (mod 8): Consider a bordered double circulant code of length 2n over
Z2m with generator matrix of the form(I , x Pn). We denote this code byD2n

2m(x). Since
all distinct rows ofx Pn are orthogonal overZ, if 1+ px2≡ 0 (mod 2m) then D2n

2m(x)
is self-dual. Moreover, if 1+ px2≡ 0 (mod 2m+1) then D2n

2m(x) is a Type II code. It
follows from Proposition 5.5 that ifp≡ 7 (mod 8) then there is an integera satisfying
1+ pa2≡ 0 (mod 2m+1) for m> 0. Thus the generator matrices(I ,aPn) generate
Type II bordered double circulant codes for allm> 0.

(2) The casep≡ 3 (mod 8): Consider the matrixG= (I , 2I + x Pn). SincePn=−PT
n , it

must be thatGGT = (5+ px2)I . By Proposition 5.5,G generates a Type II bordered
double circulant codeD2n

2m(x).

Thus we have an infinite family of Type II bordered double circulant codes.

Theorem 5.6 Suppose that p is a prime number with p≡ 3 (mod 4), and let n= p+ 1.
Then there exists a Type II bordered double circulant code of length2n overZ2m for all
m> 0.

Remark Whenm= 2, the above double circulant codes were given in [9].

Corollary 5.7 Suppose that there exists a weighing matrix W of order n≡ 0 (mod 4) and
weight k≡ 3 (mod 4).
(1) If k≡ 7 (mod 8), then there exists an integer xm such that the matrix(I , xmW) generates

a Type II code overZ2m for every m> 0.
(2) If k≡ 3 (mod 8). If W=−WT , then there exists an integer xm such that the matrix

(I , 2I + xmW) generates a Type II code overZ2m for every m> 0.

5.3. Double circulant codes of length 8 over Z8

Here we classify Type II bordered double circulant codes of length 8 overZ8. By exhaustive
search, we have found all distinct double circulant Type II codes of length 8. For these codes,
the first rows ofR′ and the values ofα, β andγ of the generator matrices (4) are given
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Table 1. Double circulant Type II codes of length 8.

Code First row ofR′ α β γ Code First row ofR′ α β γ

C8,1 761 2 3 3 C8,17 721 6 3 3

C8,2 761 2 5 5 C8,18 721 6 5 5

C8,3 761 6 3 5 C8,19 721 2 3 5

C8,4 761 6 5 3 C8,20 721 2 5 3

C8,5 671 2 3 3 C8,21 271 6 3 3

C8,6 671 2 5 5 C8,22 271 6 5 5

C8,7 671 6 3 5 C8,23 271 2 3 5

C8,8 671 6 5 3 C8,24 271 2 5 3

C8,9 653 2 3 3 C8,25 532 6 3 3

C8,10 653 2 5 5 C8,26 532 6 5 5

C8,11 653 6 3 5 C8,27 532 2 3 5

C8,12 653 6 5 3 C8,28 532 2 5 3

C8,13 563 2 3 3 C8,29 352 6 3 3

C8,14 563 2 5 5 C8,30 352 6 5 5

C8,15 563 6 3 5 C8,31 352 2 3 5

C8,16 563 6 5 3 C8,32 352 2 5 3

Table 2. Weight distributions of length 8 double circulant codes.

WH WE

Weight Frequency Weight Frequency

0 1 0 1

4 14 16 240

5 336 32 1472

6 672 48 1568

7 1680 64 702

8 1393 80 112

128 1

in Table 1. These codes have identical Hamming weight distributionsWH and identical
Euclidean weight distributionsWE. WH andWE are listed in Table 2.

From Lemma 5.2, the four codesC8,4i+1,C8,4i+2,C8,4i+3 andC8,4i+4 are equivalent for
0≤ i ≤ 7. In addition, it follows from Lemma 5.3 that the four codesC8,1,C8,5,C8,18 and
C8,22 are equivalent, and the four codesC8,9,C8,13,C8,30 andC8,26 are equivalent. Thus
the equivalence of only two codes,C8,1 andC8,9, needs to be checked further. Using the
following method, we have determined the inequivalence of these codes. Letdi (ε) be the
number of pairs(x, y) of codewordsx andy, of Hamming weighti , such that the Euclidean
weight of a vectorx− y is ε. Note thatdi (0)= Ai and

∑
ε di (ε)= A2

i whereAi denotes
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Table 3. Classification of double circulant codes of length 8.

Code d5(0) d5(16) d5(32) d5(48) d5(64) d5(80) d5(96) d5(112) d5(128)

C8,1 336 12032 58208 31168 11152 0 0 0 0

C8,9 336 11648 59360 30016 11536 0 0 0 0

the number of codewords of Hamming weighti . Since the Euclidean weights of codewords
x− y and y− x are the same, the numbersdi (ε) are invariant under the equivalence of
codes overZ8 for eachi andε.

For codesC8,1 andC8,9, we have obtained the numbersd5(ε) for ε= 0, 16, . . . ,128,
and the results are given in Table 3. This table establishes that there exists exactly two
inequivalent double circulant self-dual codes of length 8 overZ8.

5.4. Double circulant codes of length 16 over Z8

By exhaustive search, we have found all distinct double circulant Type II codes of length
16 overZ8. The only values ofα for which there exist bordered double circulant Type II
codes are 0 and 4.

We first consider only double circulant codes withα= 0. Due to space limitations,
we list in Table 4 only those codes which must be checked further for equivalences. The
corresponding Euclidean weight distributions,Wj , are given in Table 5. Note that the
borders for these codes are(α, β, γ )= (0, 3, 3). The distinct codes can be determined
using Lemmas 5.2 and 5.3.

We now classify the double circulant codes with weight distributionsWi for 1≤ i ≤ 6.
Obviously, there exists a unique double circulant code, up to equivalence, forW3 andW6.
Let R1 andR2 be circulant matrices with first rows (3731110) and (3171310), respectively.

Table 4. Length 16 double circulant Type II codes withα= 0.

Code First row ofR′ W Code First row ofR′ W

C16,1 3731110 W1 C16,11 7353510 W5

C16,2 3171310 W1 C16,12 5571330 W5

C16,3 7113310 W1 C16,13 5135730 W5

C16,4 7753110 W2 C16,14 5535330 W6

C16,5 7317510 W2 C16,15 3775110 W7

C16,6 5171730 W2 C16,16 7157310 W7

C16,7 7717110 W3 C16,17 3375510 W7

C16,8 3135310 W4 C16,18 3571710 W7

C16,9 3331510 W4 C16,19 3535710 W7

C16,10 5331130 W4 C16,20 5375130 W7
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Table 5. Weight distributions of length 16 double circulant codes withα= 0.

W1 W2 W3 W4 W5 W6 W7

Weight Frequency Frequency Frequency Frequency Frequency Frequency Frequency

0 1 1 1 1 1 1 1

16 480 480 480 480 480 480 480

32 58976 59368 59368 58976 58976 58976 58976

48 732152 729072 728904 732320 732152 732320 732152

64 2866004 2876196 2877148 2865052 2866004 2865052 2866396

80 4972248 4954272 4952256 4974264 4972416 4974432 4970120

96 4641960 4659376 4660944 4640392 4641344 4639776 4646552

112 2480520 2472512 2473296 2479736 2481136 2480352 2475704

128 831326 831606 829254 833678 831606 833958 833566

144 168872 169600 171168 167304 168032 166464 168760

160 22936 23272 23048 23160 23328 23552 22824

176 1568 1232 1064 1736 1624 1792 1456

192 172 228 284 116 116 60 228

256 1 1 1 1 1 1 1

SinceR1 andR2 areR′ of the generator matrices ofC16,1 andC16,2, these codes are equivalent
if there exist permutation matricesP andQ such thatR1=PR2Q. The following matrices

P =



1000000

0000010

0001000

0100000

0000001

0000100

0010000


and Q =



0010000

0000010

0100000

0000100

1000000

0001000

0000001


,

satisfy the equalityR1=PR2Q, and so establish the equivalence ofC16,1 andC16,2. In this
way, it can be determined thatC16,i ,C16,i+1 andC16,i+2 are equivalent wheni = 1, 4, 8 and
11. Therefore, we obtain a complete classification of the Type II double circulant codes
with weight distributionsWi for 1≤ i ≤ 6.

We now investigate the six codes with weight distributionW7. Since there exist permu-
tation matricesP and Q such thatR16=PR17Q, whereR16 and R17 are R′ of codesC16

andC17, respectively, the two codes are equivalent. Similarly,C19 andC20 can be shown
to be equivalent. For codesC16,15, C16,16 C16,18 andC16,19, we have calculatedd7(ε). The
values ofd7(16) for these four codes are 2520, 2520, 2184 and 2184, respectively. Thus
there are at least two inequivalent codes. Since the two codesC16,i andC16,i+1, for both
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i = 15 and 18, have identical values ofd7(ε), additional values were calculated fordj (ε)

for 4≤ j ≤ 9. However, these were also found to be identical. If two codes are equivalent
then there is an equivalent map from one to the other. We have tested several maps, but
have been unable to determine the equivalence or inequivalence of these codes.

Next we consider double circulant codes with(α, β, γ )= (4, 3, 3). Twenty codes need
to be checked for equivalences, and these codes can be obtained from those in Table 4 by
replacing 0 in the first row ofR′ with 4. We denote the code obtained fromC16,i by C′16,i .
The Euclidean weight distributions are listed in Table 6, and the codes corresponding to
these distributions are given in Table 7.

The above arguments for codes withα= 0 show that there exists a unique Type II double
circulant code withWi (i = 8, 9, 12 and 13). Moreover, codes in the following groups are
equivalent:(C′16,4,C

′
16,5,C

′
16,6), (C

′
16,11,C

′
16,12,C

′
16,13), (C

′
16,16,C

′
16,17)and(C′16,19,C

′
16,20).

Table 6. Weight distributions of length 16 double circulant codes withα= 4.

W8 W9 W10 W11 W12 W13

Weight Frequency Frequency Frequency Frequency Frequency Frequency

0 1 1 1 1 1 1

16 480 480 480 480 480 480

32 58752 59144 58752 58752 58752 58752

48 733888 730808 733552 733888 733888 733216

64 2860344 2870536 2862444 2860736 2860540 2864348

80 4982136 4963992 4976928 4980008 4980960 4972896

96 4632440 4650472 4638880 4637032 4635744 4642016

112 2484664 2476040 2480576 2479848 2479008 2482144

128 831830 831830 833286 834070 837990 828582

144 167752 169320 166912 167640 163776 170048

160 23048 22992 23776 22936 24224 23328

176 1768 1376 1488 1656 1824 1152

192 112 224 140 168 28 252

256 1 1 1 1 1 1

Table 7. Length 16 double circulant codes withα= 4.

W Codes

W8 C′16,1,C
′
16,2,C

′
16,3

W9 C′16,8,C
′
16,9,C

′
16,10

W10 C′16,4,C
′
16,5,C

′
16,6,C

′
16,11,C

′
16,12,C

′
16,13

W11 C′16,15,C
′
16,16,C

′
16,17,C

′
16,18,C

′
16,19,C

′
16,20

W12 C′16,7

W13 C′16,14
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Table 8. di (ε) for length 16 double circulant codes withα= 4.

Code d7(0) d7(16) d7(32) d7(48) d7(64) d7(80) d7(96) d7(112) d7(128)

C′16,4 1344 2800 65184 207648 646800 286720 488208 12208 95424

C′16,11 1344 2744 64960 208096 646912 286328 488320 12208 95424

C′16,15 1400 1568 58856 226072 639352 412776 474712 69552 75712

C′16,16 1400 1568 58856 226072 639352 412776 474712 69552 75712

C′16,18 1400 2016 61992 218848 643608 406616 483448 67704 74368

C′16,19 1400 2016 61992 218848 643608 406616 483448 67704 74368

Further, Table 8 gives the valuesd7(ε) (ε= 0, 16, . . . ,128) for C′16,4, C′16,11, C′16,15, C′16,16,
C′16,18 andC′16,19. This table establishes that there exists at least 8 inequivalent Type II
bordered double circulant codes withα= 4.

5.5. Extremal Type II codes of other lengths

The most remarkable length for extremal Type II codes is 24, because of the connection
with the Leech lattice (cf. Lemma 6.1).

Proposition 5.8 There is no extremal double circulant Type II code overZ8 of length24.

Proof: The possible borders(α, β, γ ) of length 24 are only(±2,±1,±1) since the first
row of the generator matrix must be self-orthogonal. Thus the Euclidean weight of the first
row of the generator matrix (4) is only 16, so the code cannot be extremal. 2

It seems infeasible to construct all distinct Type II double circulant codes overZ8 of
larger lengths. For length 2n= 48, we have determined thatD48

8 (3) contains vectors of
Euclidean weight 32 and so is not extremal.

5.6. Examples of Type II codes over Z16 and Z32

Here we give examples of Type II double circulant codes overZ16 andZ32. First, some
examples of Type II bordered double circulant codes overZ16 of length 8 are given in
Table 9. This table also contains the Euclidean weight distributions of the six codes, and
establishes that these codes are inequivalent.

We now present Type II codes overZ32 of the same length. For borders(α, β, γ )=
(6, 3, 3), the eight codes with first row(18 7 1), (15 9 2), (31 25 2), (29 26 3), (11 10 5),
(27 21 10), (26 19 13), (23 18 17) are Type II codes. Moreover, we have verified that these
codes have different Euclidean weight distributions and so are inequivalent.
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Table 9. Type II double circulant codes of length 8 overZ16.

(α, β, γ ) (2, 3, 3) (2, 3, 3) (2, 3, 3) (6, 3, 3) (6, 3, 3) (6, 3, 3)

First row 7 6 1 14 13 3 14 11 5 7 2 1 15 9 2 11 10 5

Weight Frequency Frequency Frequency Frequency Frequency Frequency

0 1 1 1 1 1 1

32 240 240 240 240 240 240

64 2160 2160 2160 2160 2160 2160

96 6272 6272 6272 6272 6272 6272

128 12560 12560 12560 12560 12560 12560

160 14024 14000 14096 13968 14016 13992

192 14464 14560 14176 14688 14496 14592

224 8188 8080 8560 7904 8144 8024

256 5130 5070 5070 5150 5150 5150

288 1776 2016 1536 2016 1776 1896

320 552 336 720 368 560 464

352 156 240 144 192 144 168

384 12 0 0 16 16 16

512 1 1 1 1 1 1

6. Type II codes over Z2m of small lengths and related even unimodular lattices

In this section, we consider Type II codes overZ2m of small lengths.
In Section 4, we described the Hamming codesH2m as Type II codes of length 8. Theorem

5.6 describes the existence of Type II bordered double circulant codes of length 8. Thus we
obtain two infinite families of Type II codes of length 8. Applying Theorem 4.1 to the above
codes, we obtain an infinite number of alternative constructions of the unique 8-dimensional
even unimodular lattice, which is called the Gosset latticeE8.

Now consider Type II codes of length 16.H2m ⊕H2m is a Type II code overZ2m of length
16. There exist Type II bordered double circulant codesD16

2m(x) overZ2m for anym. For
every codeC overZ2m, there is an associated binary codeC(1)={c (mod 2) | c∈C}. It is
easy to see that the binary codes associated withH2m ⊕H2m andD16

2m(x) are doubly-even
self-dual codes. Moreover, they aree2

8 andd+16 in [5], respectively. ThusH2m ⊕H2m and
D16

2m(x) are inequivalent for eachm. The lattice32m(H2m ⊕H2m) is the even unimodular
lattice E8⊕ E8, which is one of the two even unimodular lattices of dimension 16.

For the Leech lattice, we have the following lemma.

Lemma 6.1 Suppose that there exists an extremal Type II code C of length24 overZ2m.
Then the Leech lattice can be constructed from C by Theorem4.1 for m≥ 2.

Proof: The lattice constructed fromC by Theorem 4.1 is an even unimodular lattice of
dimension 24 with minimum norm 4, which must be the Leech lattice. 2
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For m= 2, several extremal Type II codes of length 24 were constructed in [2] and [4].
These codes gave simple alternative constructions of the Leech lattice.

The lifted Golay codes of length 24 overZ2m were constructed from the binary Golay
code by Hensel lifting (cf. [3]). The lifted Golay codes are Type II codes; however, we
have verified that the lifted Golay code overZ8 is not extremal by computer. In addition,
it is shown in Proposition 5.8 that there is no extremal Type II double circulant code over
Z8 of length 24. Form= 1 and 2, there are extremal Type II double circulant codes over
Z2m of length 24 and the Hensel lifted Golay code overZ4 is extremal. Thus it would be
worthwhile to construct extremal Type II codes overZ8 of length 24.
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