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Abstract

Given an edge-weighted graph G = (V,E) and a set Eo C FE, the
incremental network design problem with minimum spanning trees asks
for a sequence of edges €1, ..., e € E\ Ey minimizing ZtT:l w(X¢) where
w(X:) is the weight of a minimum spanning tree X; for the subgraph
(V,EoU{el,...,er}) and T = |E \ Eo|. We prove that this problem can
be solved by a greedy algorithm.
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1 Introduction

Network planning involves two stages. First, the structure of the network needs
to be decided. Second, the construction of the network needs to be scheduled.
The first stage, the network design stage, has received considerable attention in
the operations research literature (see the survey papers [I3] [14] and the refer-
ences therein). The second stage, the network construction stage, has received
less attention. However, because the construction of a network often stretches
over a long period of time, the sequence in which the network is constructed is
important as it defines when specific parts of the network become operational. It
may even be beneficial to construct temporary links, i.e., links that are not part
of the ultimate network, in order for parts of the network to become operational.

Recently, there has been increased interest in problems that integrate a
scheduling component into network design problems, for instance motivated by
the restoration of infrastructure networks after disruptions [11 21 [3] [6l 15, [18]. A
classification of such integrated network design and scheduling problems, with re-
spect to underlying scheduling environments and network performance measures
was presented in [I6] along with complexity results and heuristic algorithms.

One of the most basic variants of the framework from [I6] was studied under
the name incremental network design problem in [4], in order to gain insights
into the trade-offs between construction cost and operational benefit. More
specifically, an incremental network design problem can be associated with any
network optimization problem P, e.g., finding a shortest path, finding a maxi-
mum flow, etc. In the most basic version, in addition to the network optimiza-
tion problem P, an instance is given by a network G = (V, E) with vertex set V
and edge set F and an existing edge set Ey. The edge set E \ Ejy is referred to
as the potential edge set and its cardinality T'= |E \ Ey| as the planning hori-
zon. Let ¢p(G) denote the value of an optimal solution to network optimization
problem P on network GG. We are seeking a sequence £y C F1 C --- C Ep =F
with |F; \ E;—1| = 1 giving rise to networks G, G1,...,Gr = G, such that
Zthl wp(Gt) is minimum (assuming that P is a minimization problem). That
is, in the basic version, a single edge can be built in each period of the planning
horizon and we are seeking to minimize the operational costs over the planning
horizon.

This setting should be considered as a first purely mathematical step towards
real-world applications. In more elaborate versions, a construction cost may be
associated with building a potential edge and a budget may be available in
each period, and the objective is to minimize the operational costs over the
planning horizon subject to the constraint that the construction cost of the set
of potential edges built in a period does not exceed the budget in that period.

Two natural heuristics for incremental network design problems, quickest-
improvement and quickest-to-ultimate, are also of interest. Quickest-im-
provement always seeks to improve the value of the solution to the network
optimization as quickly as possible, i.e., by adding as few potential edges to the
network as possible. A description of quickest-improvement can be found in
Algorithm [I]
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Algorithm 1 quickest-improvement

1+ 0; B + E
while @P(GEI) > (pp(GE) do
kemin{|E"| : E"CE\E, ¢p(Grr) - pp(Groopn) > 0}
1 i+1
E; argmax{cpp(GE/) — @P(GE/UE”) . - E\El, |E"| = k}
E'+ E' UE;
return (Fy,...,FEi, E\ U;:O E;)

Quickest-to-ultimate first finds an optimal solution to the network optimiza-
tion on the complete network, referred to as an wltimate solution, and then
always seeks to improve the value of the solution to the network optimization
as quickly as possible, but choosing only potential edges that are part of the
ultimate solution. A description of quickest-to-ultimate can be found in Algo-
rithm Bl

Algorithm 2 quickest-to-ultimate

Let E C E be a set of minimum cardinality such that ¢p (E) =¢p(E)
i<+ 0; B < Eq
while SDP(GE/) > (pp(GE) do
k < min {|E”| . E'"CE\FE, ¢op(Gg)— pp(Grupr) > O}
141+1
E; «+ argmax {pp(Gp') — ¢p(Gpupr) : E' CE\E', |E"| =k}
E' « E' UE,
return (Ey,...,E;, E\ U;:o E;)

Incremental network design problems have been studied for the s-t shortest
path problem [4] and for the maximum flow problem [12]. In both cases, it was
found that even the basic version of the incremental network design problem is
NP-complete. For the natural heuristics described above it has been shown that,
for the shortest path problem, neither yields a constant factor approximation al-
gorithm, but that for the maximum flow problem with the additional restriction
that all arcs have unit capacity, quickest-to-ultimate yields a 2-approximation
algorithm and quickest-improvement yields a 3/2-approximation algorithm.

These results have raised two questions: (1) Does there exist a network
optimization problem for which the incremental design problem is polynomi-
ally solvable? (2) Does there exist a network optimization problem for which
either quickest-to-ultimate or quickest-improvement solves the incremental de-
sign problem optimally?

In this paper, we answer both questions in the affirmative. We show that the
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basic version of the incremental network design problem with minimum spanning
trees is solved by both quickest-improvement and quickest-to-ultimate. Note
that in a slightly more general setting the network design over time for minimum
spanning trees is NP-complete. For instance, in the variant considered in [16],
the construction of an edge can take multiple time periods and the objective is
to minimize a weighted sum of of the weights of minimum spanning trees. This
problem is proved to be NP-complete by a reduction from PARTITION.

The incremental network design problem with minimum spanning trees (IND-
MST) is defined as follows. For a given graph G = (V, E), a weight function
w: E — R, and a set of existing edges Fy, such that the subgraph G = (V, Ey)
is connected, find a sequence Xy, X1,..., X7 of spanning trees which mini-
mizes the sum of the weights w(Xy) + -+ + w(X7r) subject to the condition
that XO - EO and |X1 ﬂ(E\ (E()UXl U-~-UXZ‘,1))| < 1 for 1 < 1 < T, i.e.,
at most one edge from E \ Ep might be added in each step. This has some
similarity with the problem of maintaining a dynamic minimum spanning tree
while the network data changes [7, 8, @) [I0, 20]. In contrast to these dynamic
minimum spanning tree problems, in our setting the network changes are not
given as input, but are part of the decisions to be made. We will show that
IND-MST can be solved by a greedy algorithm. This is a consequence of the
corresponding result for the incremental matroid design problem with minimum
weight matroid bases, which is stated in Section [ and proved in Section [3}

2 Incremental matroid design

Let M = (E,Z) be a matroid of rank r, where E is the ground set, and Z C 2% is
the collection of independent sets. We follow the notation of Schrijver [I7]: the
rank of a matroid M is denoted by rk(M), minimal dependent sets are called
circuits, for A C E and e € E we write A+e=AU{e} and A —e = A\ {e},
and we denote the closure of a set A C E by span(A):

span(A) ={e € E : rk(A+e) =1k(4)}.

For a positive integer n, let [n] denote the set {1,...,n}. An important tool in
our arguments is the following strong exchange property which was first proved
by Brualdi [5].

Strong exchange property. If X and Y are bases of a matroid M and e € X,
then there exists an element ¢/ € Y such that X —e+¢’ andY — €’ +e¢
are bases of M.

As additional input, we are given a weight function w : £ — R and a subset
FEy C E such that E; contains a basis of M. The weight function w can be
naturally extended to the power set of E by setting w(X) = > .y w(e) for all
X C E. We define a function f : 2F\Fo — R by

f(A) = min{w(X) : X C EyU A is a basis of M} for AC E\ Ey.
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The incremental matroid design problem with minimum weight bases (IMD-
MWRB) problem for the time horizon T' = |E'\ Ey| is the following optimization
problem:

min{Zf(Ai) D Ag=0, |A;\Ai_y| =1forie [T]}. (1)

For a basis X, a pair (e,¢’) € X x (E\ X) is called an ezchange pair for X if
X —e+¢ is another basis. It is called an optimal exchange pair if w(e) — w(e’)
is maximum. Algorithm [3|is a natural greedy strategy for solving IMD-MWB,
where the output defines the sets A; in (1)) via A; = {e},...,e}} for i < k and
A; = A;_1 + ¢ for arbitrary ¢ € F\ (FgU A;_1) for k+1 < ¢ < T. This
corresponds to using quickest-improvement.

Algorithm 3 Greedy algorithm for the problem IMD-MWB

k<0
w* <— minimum weight of a basis of M
X <+ any minimum weight basis of the submatroid induced by FEq
(By assumption, X is also a basis for M)
while w(X) > w* do
kE—Fk+1
(e,€’) + an optimal exchange pair for X
X+ X—e+¢
e €
return (e7,...,e€})

Our main result is a consequence of the following theorem.
Theorem 1 Algorithm[3 finds an optimal solution for the problem IMD-MWB.

If the second component e’ of an exchange pair (e, e’) for X belongs to Y \ X,
where Y C FE, then we call such a pair an exchange pair for (X,Y’). Before
proving Theorem [I] we observe that the search for an optimal exchange pair can
be restricted to exchange pairs (e, e’) for (X,Y"), where Y is a fized minimum
weight basis of M. This corresponds to using quickest-to-ultimate and leads to
Algorithm

Corollary 1 Algorithm[4 finds an optimal solution for the problem IMD-MWB.

Proof: This follows from the claim that for any basis X of M and any minimum
weight basis Y, there is an optimal exchange pair (e,e’) for X with ¢ € Y.
Suppose the claim is false and let (e, e’) be an optimal exchange pair for X. By
the strong exchange property applied to the bases X' = X —e+¢€’ and Y and
the element e’ € X', there exists an €’/ € Y such that X' —¢’ +e¢’ = X —e+¢€”
and Y — e” 4 ¢’ are bases. Our assumption implies w(e”) > w(e’), while from
the minimality of Y it follows that w(e”) < w(e’). O
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Algorithm 4 Simplified greedy algorithm

X + any minimum weight basis of the submatroid induced by Ejy
Y <+ any minimum weight basis of the matroid M
fork=1,...,[Y\ X| do

(e,€') + an optimal exchange pair for (X,Y)

X X—-e+¢

e €
return (ef,...,e})

3 Proof of Theorem [1

The following lemma is stated in [§] for graphical matroids. The argument works
in general, and in order to make our presentation self-contained we include the
short proof.

Lemma 1 Let M = (E,T) be a matroid, Eg C E, AC E\ Ey. In addition, let
My = (Eo,Zo) and Ma = (EgUA,Z,) be the matroids induced by Eg and EgUA,
respectively, i.e., o ={XNEy : X €T} andZo ={XN(EyUA) : X €T},
and let X be a minimum weight basis for the matroid My. Then there exists a
minimum weight basis Y of Mg such that Y C X U A.

Lemma [1] is proved by iterating the next lemma which states that a single
element exchange is sufficient in order to update the minimum weight basis
after one potential element is added.

Lemma 2 Let A C E\ Ey, and let X4 be a minimum weight basis for the
matroid M, induced by Eqg U A. Then, for every e € E\ (Eg U A), the set
X a+e—e' is a minimum weight basis for the matroid M . induced by EgUA+e,
where €' is an element of maximum weight in the circuit of X + e.

Proof: Suppose the statement is false and let Y be a basis of M44. with
w(Y) < w(X4) + w(e) —w(e’). Then e € Y, and by the strong exchange
property, there exists ¢’ € X4 such that Y +¢” —e and X4 + e — ¢’ are
bases. The choice of ¢’ implies w(e”) < w(e’), while minimality of X4 and our
assumption on Y imply that

w(Xa) <wY —e+e€’)=wY) —w(e) +w(e")
<w(Xa)+we) —w(e) —wle) +wle”) =w(Xa) —we) +we"),
hence w(e”) > w(e’), and this contradiction concludes the proof. O

Proof: [Proof of Lemma Let A = {e1,...,er}, set Ag = ) and A; =
{e1,...,e;} for i = 1,...,k, and apply Lemmawith A= A;, e = e for
i=0,.. . k—1. 0
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Fort=0,1,...,T, let
Fy=min{f(4) : ACFE\ Ey, |A|=1t}.

Note that Fy > Fy > --- > F;, = F;41 = -+- = Fp for some t < min{r,T} and
Algorithm [3] terminates with k > ¢. Clearly, Fy+ Fy +- - -+ Fr is a lower bound
for . The correctness of Algorithmfollows from the fact that it achieves this
lower bound, which in turn is a consequence of the following extension property.

Lemma 3 Let t be the unique index with Fy_1 > Fy = Fi11, let k < t, and let
A, B C E\ Ey satisfying the following conditions:

1. |A|=k and |B| =k +1,

2. A and B are optimal solutions for the minimization problems definining

Fy and Fy41, respectively, i.e., f(A) = Fy and f(B) = Fgy1.
Then there exists e € B\ A such that f(A+e) = Fl41.

Proof: Let My, M4 and Mp denote the submatroids induced by FEy, Fy U A
and Eg U B, respectively. We have rk(My) = rk(M4) = rk(Mp) = r because
Ey contains a basis of M. By the optimality of A and B and since Fj41 < Fj,
the sets A and B are contained in every minimum weight basis of M 4 and Mp,
respectively, and by LemmalT] there are minimum weight bases X, X4 and Xp
for these submatroids with X4\ X = A and X5\ X = B. We define a bipartite
digraph (U UV, A) with parts

U=Xs\span((XpNX)UA), V=Xp\span((XgNX)UA).

Note that tk(Xp N X)UA) < [(XpNX)UA| =r—1, hence U,V # (. Also,
UC X CEyand VC BC E\ Ey, hence U NV = ). The arc set is defined by

A={(e,ey eU xV : (e,€) is an exchange pair for X4}
U{(e,e’) €V xU : (e,€') is an exchange pair for Xp} .

Let e’ € V. Then e’ € E\ (EgUA), hence ¢’ € X4 and X 4+e¢' contains a circuit
C. We claim that C' — ¢’ € span((Xp N X) U A), and this implies that there
exists e € C NU, and consequently (e, e’) € A. For the sake of contradiction,
suppose the claim is false and C'— ¢’ C span((XpNX)UA). From the fact that
C is a circuit, it follows that

¢’ € span(C —¢’) C span((Xp N X) U A)

which is a contradiction to ¢’ € V. Similarly, if ¢’ € U, then ¢’ € X4 \ A C Ey
and ¢’ ¢ XpNX, which implies ¢’ ¢ Xp, hence there exists a circuit C' in Xg+-e'.
As before, the assumption that C' — e’ is contained in span((Xp N X)U A) leads
to the contradiction ¢’ € span((Xp N X) U A). By this argument, for every
€' € U there exists an e € V with (e,e’) € A. We conclude that every node
in the digraph (U UV, A) has positive indegree, thus the digraph contains a
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directed cycle, and this implies that there are ¢/,¢” € U and e € V such that
(e',e) € A, (e,e") € A, and w(e') = w(e”). From this we derive

F(A+e) S w(Xa+e— ) = F(A) +w(e) — wle) < By + wle) — wle)
< f(B—e)+w(e)—w(e") <w(Xp—e+e”)+w(e)—w(e”) = w(Xp) = Fry1.

The converse inequality f(A+e) > Fj41 is obvious and this concludes the proof.
O

4 Run-time analysis

A rough upper bound for the run-time of a naive implementation of Algorithm 4]
for the IND-MST problem on a graph with n vertices can be obtained as follows:
The optimal exchange pair in each step of the for-loop can be found in time
O(n?) by running through O(n) candidates for ¢/ and then by determining the
best partner e for €’ in linear time. Since Y\ X has size O(n) this gives in total
a run-time of O(n3) which dominates the time needed to find the minimum
spanning trees X and Y. In the following, we provide a more thorough estimate
for the run-time.

In order to bound the time complexities of the problems IMD-MWB and
IND-MST, we argue that the initial basis X, the ultimate basis Y and the list of
exchange pairs £ can be determined simultaneously. The idea is to consider the
elements of F in order of nondecreasing weights and to construct and maintain
three independent sets X, Y and Z using the following update rules:

1. An element e € F is added to X if and only if e € Fy and the addition of
e does not create a circuit in X. Hence X is an initial minimum weight
basis when the algorithm terminates.

2. An element e € E is added to Y if and only if the addition of e does not
create a circuit in Y. Hence Y is an ultimate minimum weight basis when
the algorithm terminates.

3. An element e € F is added to Z if and only if it is added to X or Y.
We will prove the following fact: If an edge added to Y does not create a
circuit in Y then it does not create a circuit in Z. By this fact, an edge
e added to Z can create a circuit C' in Z only if it has been added to X.
This implies e € Ey and C must contain an element of E'\ Ey (otherwise e
would have created a circuit in X). In this situation, a maximum weight
element e’ of C'\ Ej is removed from Z to preserve the independence of
Z. The pair (e, e’) is added to the set £ of exchange pairs.

To finish up, the set € of exchange pairs (e, ¢’) is ordered such that w(e) —w(e’)
is nonincreasing, and ties are broken in favor of the pair that was added to &
last. More precisely, we index & = {(e1,€}),..., (ex,€})}, such that for every
i€ {1,...,k—1}, we have either w(e;) —w(e]) > w(eiy+1) —w(ej, ), or w(eiy1)—
w(ej, ) = w(e;) —w(e;) and the pair (e;,e;) is added to & after (e;j41,€j ;).

?
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A formal description can be found in Algorithm For the remainder of the
section, let k be the size of the set £ returned by the algorithm.

Algorithm 5 Efficient solution of the problem IMD-MWB

X0 Y0, Z«0 // initialize three independent sets
E+ D // initialize set of exchange pairs
for e € E do // in nondecreasing order of weight
if e € Fy then
if X +e €7 then
X+ X+4+e Z+Z+e
if Z contains a circuit C' then
e/ = argmax{w(e”) : ¢ € C\ Ep}
Z<—7Z—é; E+EU{(e€)}
if Y +e €7 then
Y«Y+e Z+Z+e
sort £
return X and & = {(e1,¢€}),..., (ex, €,)}

In order to show the correctness of Algorithm[5] we introduce some additional
notation. Let Xo = X and X; = X, 1 —e; + ¢} for (e;,ef) € E,i=1,2,... k.
Let m = |E|. We say that e has position p, denoted by pos(e) = p, if e is the
element that is handled in the p-th iteration of the for-loop, 1 < p < m. Note
that pos(e) < pos(e’) implies w(e) < w(e').

Let XP, YP ZP denote the sets X, Y and Z after the p-th iteration of the
for-loop has been completed, 0 < p < m. It is obvious, that if p <[, then

XP c X! and yr c vyl

Fori=1,...,k, we denote the circuit that leads to the deletion of €, from Z
by C;. In other words, if pos(e;) = p then C; is the unique circuit in ZP~1 + ¢;
and we have ZP = ZP~! 4¢; —¢). If e is any element of C;, then pos(e) < pos(e;)
and hence w(e) < w(e;). By the choice of e; we have

w(e) < w(e) for all e € C; \ Ep. (2)
Let

H? = {e; : i € [k] and pos(e;) < p}, and
H'® = {€] :i € [k] and pos(e;) < p}.

That is, the sets H? and H'P contain the edges involved in exchanges occurring
either before or when the edge in position p is examined. More precisely, we
have

(XP xYP)NE ={(es,€,) : e; € H? and €, € H'P}.
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Lemma 4 We have for0 <p<m
1. XPCZP C XPUYP,

2. span(YP?) = span(ZP),

3. YP\ XP C E\ Ey,

4. XPYP ZP € T,

5 XP\YP=HP,

6. YP\ZP = H'P.

Proof: We proceed by induction on p. The case p = 0 is trivial. Now consider
the step p — 1 — p. From XP~! C ZP~! C XP~' UYP~! we obtain directly
XP C ZP C XPUYP since an element is added to Z iff it is added to X or to
Y and an element is deleted from Z only if this element does not belong to Ey,
i.e., not to X. Now we prove the other assertions. Let e be the element with
pos(e) = p.

If XP = XP~! and Y? = YP~! then also ZP = ZP~!, HP = HP~! and
H'P = H'P~1 and the assertion follows from the induction hypothesis. So there
are three main cases:

Case 1. X? = XP~1 4 ¢ and Y? = YP~L. Then e € span(Y?~!). By the
induction hypothesis, e € span(ZP~!) and consequently ZP = (ZP~1
e) — ¢’ for some ¢’ in the unique circuit of ZP~! + e where ¢’
Ey and € # e. Obviously, Z? € T and span(ZP) = span(ZP~! + e
span(ZP~1) = span(YP~!) = span(Y?). Obviously, X?, Y? € T and
YP\XP C YP~1\ XP~! C E\ Ey. Finally, X?\Y? = (X?~1 4¢)\Y?~! =
(XP~IN\YP 1) te = HP l4e= HP and YP\ZP = YP~ 1\ ((ZP~ 1 +e)—¢') =
(Ypfl \prl) + e = H/p—l + e = H'P.

Case 2. X? = XP~! and Y? = Y?7! +e. Then ZP = ZP~! 4 ¢ and hence
span(Y?) = span(ZP). Obviously, XP, YP € Z and e ¢ span(Y?P71), ie.,
e ¢ span(ZP~1). Thus ZP € Z.
If e € Ey then e € span(XP~!) C span(ZP~!) = span(Y?~!), which
contradicts Y?~! + e € Z. Hence e ¢ Eg. Then Y?\ X? = (YP~! +¢)\
XP=1 C B\ Fy. Finally, XP \ Y? = XP~1\ (YP~! 4 ¢) = XP~1\ yP-! =
HP~! = HP and YP\ ZP = YP~ 1\ ZP~L = g'P=1 = ['P,

Case 3. XP = XP~' +eand YP = YP~! +e. Then XP, YP € T and e ¢
span(Y?~1), ie., e ¢ span(ZP~1). Thus ZP~! + e € Z. This implies
ZP = ZP~1 e and consequently span(Y?) = span(ZP) as well as YP\ XP =
yP=1\ XP~1 C E\ Ey. Finally, XP\ Y? = XP~1\YP~l = gr=1 =
and YP\ ZP = YP~1\ Zzp=1 = g'P=1 = g'P,

O

In the following, we denote the three independent sets that the algorithm
terminates with by XY, and Z,ie., X =X Y =Y and Z = Z™.
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Corollary 2 We have
1. X=2,
2. X\Y ={e1,...,ex},
3. Y\X ={el,...,e.}.

Proof: By our general supposition that Ey contains a basis, the set X is a
basis for M. Since, by Lemma Z is independent and X C Z, we have
X = Z. Again, by Lemmafi] X \Y = X™\ Y™ = H™ = {ey,...,e;} and
Y\X=Y\Z=Y"\Z"=H"={€],...,e}}. O

Corollary 3 Ifpos(e;) =p, i € [k|, then C; N H'? = {e}}.

Proof: We have C; C ZP~ 1 +¢; = ZP + ¢, and thus C;NH'? = C; N (YP\ ZP) C
(ZP+e)N(YP\ ZP) = {e;}. Clearly, e, € C; N H'P. O

Lemma 5 Let C be a circuit in X UY. Let

e* = argmax{pos(e) : e € C}.
Then e* = e; for somel € [k].
Proof: Let pos(e*) = ¢. Then C — e¢* C X971 UYL This implies e* €
span(X9~1 UY97!) and from Lemma 4| we obtain e* € span(X9~1u Z971) =
span(Z971). Since e* € X7U Y, but e* ¢ X9 UYI! we must have X4

X971y e* and Z9 = Z97! + e* — ¢ for some ¢’ € E \ Ey. Hence e* = ¢ for
some ! € [k]. O

Lemma 6 We have C; C X U{e},... e} for every i € [k].

Proof: Using Corollary [2] we obtain C; € X UY = XU (Y \X) = X U
{e},..., e} Assume that there is some j > i such that €} € C;. Then pos(e;) >
pos(e;) and thus w(e;) > w(e;). From (2)) and €’ in C; \ Ep, we obtain w(e;) >
w(e}). Consequently, w(e;) —w(ej) > w(e;) — w(e;), a contradiction to the
ordering of £. O

Lemma 7 Fori € [k], the pair (e;,€}) is an exchange pair for (X;—1,Y).

Proof: Clearly, e} € Y\ (XU{e],...,ei_;}) CY\ X;_1. We have to show that
e; lies in the unique circuit of X;_1+¢, = (X \{e1,...,e;—1})U{e}, ..., e} An

equivalent statement is that there is a circuit in (X\{e1,...,e;—1})U{e}, ..., €}
containing e;. From Lemma [6] we know that there is at least a circuit in
X U{el,..., €.} containing e;, namely C;. For a circuit C, let

e = max{pos(e;) : j € [i — 1] and e; € C},

where the maximum extended over an empty set is defined to be —oo.
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Assume that there is no circuit in (X\{es,...,e;,—1})U{€], ..., e} containing
e;. Then we choose a circuit C' in X U {e],...,€e;} containing e; such that
pi is minimal. By our assumption, ul is finite and there exists an integer
! € [i — 1] such that e; € C and pos(e;) = pi. The circuit C; also contains e
and is contained in X U {e},...,e}} in view of Lemma [ and [ < i. Note that
pos(e) < pos(e;) for all e € C; —e;. Now C' and Cj are two distinct circuits with
e € C'NCy, and therefore there is also a circuit C C C U () — ¢;. Obviously,
CCXuU{e,...,e;} and u’é < i, a contradiction to the choice of C. O

Lemma 8 Fori € [k], the pair (e;, €;) is an optimal exchange pair for (X;—1,Y).

Proof: Assume that (e;,e}) is not optimal. Then there is a better exchange

pair (&, &) for (X;_1,Y). Wehave & e Y\ X, 1 = (Y \ (X U{e},...,e;_1}))U
(Y n{e1,...,ei—1}). From Corollary [2|it follows that ¢’ = €’ for some j € [k].
Since €},...,ej_1 ¢ Y\ X;_1,

jzi (3)

Let C be the unique circuit in X;_1 + e (containing ¢) and let e* =

argmax{pos(e) : e € C}. Then w(e*) > w(é). By Lemma [5| e* = ¢ for
some [ € [k]. In particular, e* # €’ and thus (e*, €}) is also an exchange pair for
(Xi—1,Y). Since eq,...,e;-1 & Xi1,

l

WV

(4)
We have (with e* = ;) w(e;) —w(e}) > w(é) — w(e;) and hence
w(er) —w(e) > w(e;) — w(e;). ()
By the ordering of £ and by ,
w(e;) —w(e) = wler) — wlep). (6)
The inequalities and @ imply
w(ey) < w(er). (7)

Let p = pos(e;). Then pos(e;) < p, because otherwise w(e;) > w(e;) and
hence, in view of and the ordering of &,

w(er) — w(ef) < wle;) —wle) < wle;) —w(ey),

a contradiction to . Moreover, C C XP U Y? since e; has maximal position
in C. For a circuit C let

af, = max{w(e},) : h € [k], e, € C and pos(ey) < p},
ve = min{pos(ep,) : h € [k] and €}, € C'},

where the maximum (resp. minimum) extended over an empty set is defined to
be —oo (resp. c0). For C these values are finite since e; € C' and pos(e;) < p.
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Hence there is an integer g € [k] such that e} € C, pos(ey) < pand w(ey) = o

p
c-
Note that

)

since C C X U {el,... ey, €} We say that a circuit C is p-majorized by a
number « if

oo

gi—lorg=j (

w(ey,) < a forall h € [k] with e}, € C and pos(ep) < p.

Note that C is p-majorized by ozp@. Now choose a circuit C* in X? U YP that
contains e;, is p-majorized by ozpé and has maximal v-value.

Note that, in view of Lemmal[d] (parts 1 and 6), C* C XPUYP C ZPUY? =
ZP U (YP\ ZP) = ZP U H'?. We have vo- < p because otherwise C* N H'? = ()
and C* would be a circuit in ZP, contradicting Lemma 4| (part 4).

Assume that vc» < p. Then choose ¢ € [k] such that e; € C* and pos(e,) =
vo- and consider the circuit Cy. We have C; € XPUY? because of pos(eq) < p.
Moreover, w(ej,) < w(ey) and pos(en) > pos(e,) for all h € [k] with e € C,
by the choice of efl in C; and Corollary Since C* is p-majorized by ozpa, in
particular w(ey) < a% and thus also Cy is p-majorized by a%
we have C C Zv =14 eq for p’ = pos(ey) < p = pos(e;), and therefore e; & Cy.
From e, € C* N C, and ¢; € C*\ C, it follows that there is a circuit C C
crulCy— e; containing e;. Clearly, C C XPUYP and Cis p-majorized by ofé.
Obviously, min{pos(es) : h € [k] and e}, € C; UC*} = pos(ey). Thus vg > ve-,
a contradiction to the choice of C*.

Consequently, vo« = p. Since ¢; is the (unique) element of position p,
necessarily e; € C*. Because C* is p-majorized by a’é, in particular w(e]) <

a’é = w(ey). From @ we obtain g # 7, hence by and ,

g<i—1<l. (9)

. By definition,

On the other hand, the relation pos(e,) < pos(e;) implies w(ey) < w(e;). Con-
sequently,
w(er) —w(ep) > w(eg) —w(ey),

and then the ordering of £ implies [ < g, which contradicts @ Thus our first
assumption was false, and the proof is complete. O

For the runtime analysis, we assume that Algorithm [5| gets as input the
elements of F in nondecreasing order of weights, and that we have an algorithm
which, for a given set X C F, decides if X € Z. Let A denote an upper bound
for the runtime of this independence test. In each iteration of the for-loop there
are three independence tests, and at most one search for the element ¢’ € Z to
be removed. Since the final X has r elements, this latter step is necessary at
most 7 times and can be done in time O(A|Z|) = O(Ar), where r = rk(M) is the
rank of the matroid: just call the independence test for each of the sets Z — ¢’
in decreasing order of w(e’) until you find an independent set. So the for-loop
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terminates in time O(A(|E| +72)). The final sorting of £ takes time O(rlogr).
To summarize, we have proved the following bound for the time complexity of
the problem IMD-MWB.

Theorem 2 For a matroid M = (E,T) of rank r, where the elements of E are
given in nondecreasing order of weights, the problem IMD-MWB can be solved in
time O(A(|E| +1?)), where A is a runtime bound for an algorithm that decides
the independence of a set X C E.

Finally, we consider the special case where M is a graphical matroid to solve
our original problem IND-MST.

Theorem 3 The problem IND-MST for a graph with n vertices and m edges
can be solved in time
O(m + nlogn).

Proof: Using Fibonacci heaps [I1], minimum spanning trees X and Y for the
graphs G = (V, E) and Gy = (V, Ey), respectively, can be constructed in time
O(m + nlogn). We can then run Algorithm |5 on the graph G = (V,; X UY)
which has only O(n) edges. Using dynamic trees [I9] to represent Z, each of the
exchange pairs (e,e’) can be found in time O(logn): if e = {u,v} is the edge
that creates a circuit in Z then €’ is an edge of maximum weight on the path
between v and v in Z. O
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