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ABSTRACT. The main objective of this paper is to establish explicit bounds on certain integral
inequalities and their discrete analogues which can be used as tools in the study of some classes
of integral and sum-difference equations.
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1. INTRODUCTION

In [2], J.A. Oguntuase obtained a bound on the following integral inequality

(1.2) u(t)§c+/atf(s) (u(S)Jr/ask(s,a)u(a)da) ds,
fora <o <s <t <binthe form
(1.2) u(t)gc{l—l—/atf(s)exp </as[f(a)+k(a,a)]da> ds],

under some suitable conditions on the functions and the constamvlved in [1.1) and also

the bound on the inequality of the forfn ([L.1) when the functiqir) in the inner integral on

the right side of[(1]1) is replaced b (o) for 0 < p < 1. In [2], the author tried to obtain the
generalizations of the inequalities in [3] and did not succeed, because of his incorrect proofs.
Indeed, in the proof of Theorem 2.1, the inequality below (2.7) on page 2 and in the proof of
Theorem 2.7, the inequality below (2.19) on page 4 given lin [2] are not correct. The aim of
the present paper is to correct the explicit bound obtained iih (1.2) and also obtain a bound on
the general version of (1.1). The two independent variable generalisations of the main results,
discrete analogues and some applications are also given.
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2 B.G. FACHPATTE

2. STATEMENT OF RESULTS

In what follows,R denotes the set of real numbers ad = [0,00), Ny = {0,1,2,...}
are the given subsets &. The partial derivatives of a function(z,y), z,y € R with re-
spect tox, y andzy are denoted by, v (x,y), Dov (z,y) and Dy Dev (z,y) = DoDyv (z,y)
respectively. For the functions (m) , z (m,n), m,n € Ny, we define the operators, A;, A,
by

Aw (m) =w (m+1) —w(m),
Az (m,n)=z(m+1,n)—z(m,n),
Aoz (m,n) =z(m,n+1) —z(m,n)
respectively and
AgAqz (m,n) = Ag (Arz (m,n)).
We denote by

{(t,;s) eRZ:0< s <t <00},

{(xy,st E]R4 0<s<z< o0, O<t<y<oo}
={(mn)eN;:0<n<m<oo},
ng{(:)s,y,m,n)€N§:0§m§x<oo,0§n§y<oo}.

Let C' (G, H) denote the class of continuous functions fréhto H. We use the usual conven-
tions that the empty sums and products are taken tbavel 1 respectively. Throughout, all the
functions which appear in the inequalities are assumed to be real-valued and all the integrals,
sums and products involved exist on the respective domains of their definitions.

Our main results on integral inequalities are established in the following theorems.

Theorem 2.1.Letu (t), f (t),a(t) € C (R4, Ry), k(t,s), Dik(t,s) € C(Gy,Ry) andc be
a nonnegative constant.

(CL1> |f

2.1) u(t)gc—i—/otf(s) [u(s)—i—/osk(s,a)u(a)da} ds,

fort € R, then
2.2) w(t) < e {1 +/0 £ (s) exp (/0 1 (0)+ A(o)] da) ds} ,
fort € R, where

(2.3) A(t)y=Fk(t,t)+ /t D1k (t,7)dr,
0

fort e R,.

(CLQ) If

(2.4) u(t) <a(t)+ /Otf(s) [u (s) —I—/Osk(s,a)u(a) da} ds,

fort € R, then

@9 uw=at+e®[t+ [ Feew ([ aw)i)
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fort € R, where

(2.6) /f [ /k(s,a)a(a)da} ds,

fort € R, and A (¢) is defined by{ (2]3).

Remark 2.2. We note that the bound obtained [n (2.2) is the corrected version of the bound
given in (1.2) and the inequality establishedin) is a further generalization of the inequality
given in(ay) . In the special case whén(t, s) = k (s) , the inequality given ir{a;) reduces to

the inequality established earlier by Pachpatte in [3, Theorem 1] (see| also [4, Theorem 1.7.1,
p. 33)).

The following theorem deals with two independent variable versions of the inequalities es-
tablished in Theorein 2.1 which can be used in certain situations.

Theorem 2.3. Let u (‘7;7 y) ’ f (‘TJ y) y @ (‘7;7 y) € C (R?H]R-F) ) k (‘TJ Y, S>t) ) le (JI, Y, S, t) )
Dok (z,y,s,t), D1Dok (2,9, s,t) € C (Ge,Ry) andc be a nonnegative constant.

(b1) If

(2.7) u(x,y)ﬁc—l—/ox/oyf(s,t) {u(s,t)—I—/OS/Otk(s,t,a,g)u(a,f)dgda} dtds,

forz,y € R, , then

2.8) u(:v,y)ﬁc{l—l—/ox/oyf(s,t)exp (/OS/Ot[f(a,§)+A(a,§)]d§da> dtds},

forz,y € R, , where
(2.9) A(fc,y)zk(fc,y,x,yH/ Dik (z,y,7,y)dr
0

) x Y
+/ D2k(xayaxan)dn+/ / D1D2k5($»y77777)d77d7a
0 0 0

forz,y € R,.
(b2) If

(2.10) u (z,y) < a(a:,y)+/ox /Oyf (s,1) {u (s,t) + /OS /Otk(s,t,a, &ul(o,€) dﬁda} dtds,

forz,y € R, then

(2.11) u(z,y) <al(x,y)+e(r,y) [1+/0x/0yf(s,t)

< exp ( | [ueo+aee d£d<7> dtds} ,
forz,y € R, , where

(2.12) e(x,y):/ox/oyf(s,t) [a(s,t)+/OS/Otk(s,t,a,g)a(a,g)dgda] dids,

for z,y € R, and A (z,y) is defined by[ (2]9).

Remark 2.4. By taking k (x,y, s,t) = k(s,t), the inequality given in(b;) reduces to the
inequality given in[[4, Remark 4.4.1] and the inequality(ta) can be considered as a further
generalization of the inequality given in [4, Theorem 4.4.2].
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The discrete analogues of the inequalities in Theofenjs 2.l and 2.3 are given in the following
theorems.

Theorem 2.5.Letu (n), f (n), a (n) be nonnegative functions defined®g & (n, s) , Ak (n, s),
0<s<n<oo,n,s € Nybe nonnegative functions arde a nonnegative constant.

(Cl> |f

(2.13) U(N)§6+nz:1f(8) U(8)+§k(S>U)U(0)],
for n € Ny, then B .
(2.14) u(n) <c 1+nz_lf(s)ﬁ[1+f(a)+3(a)]
for n € Ny, where b .
(2.15) B(n) :kz(n—i—l,n)nz_lAlk(n,T),
forn € Np. h
(c2) If
(2.16) u(n) <a(n)+ Sf (s) |u(s)+ Sz:i k(s,0)u (a)] :
for n € Ny, then h .
(2.17) u(n) <a(n)+ E(n) 1+nz_:f(s)81:[:[1+f(a)+B(a)] )

forn € Ny, where

(2.18) E(n)= i f(s)|a(s)+ i k(s ,o)a (a)] ,

for n € N, and B (n) is defined by (2.15).

Theorem 2.6. Letu(x,y), f(z,y), a(x,y), k(x,y,s,t), Ak (z,y,s,t), Aok (2,9, s,1),
A1 Ask (z,y, s,t) be nonnegative functions for< s < z,0 <t <y, s,z,t,y in Ny andc be
a nonnegative constant

(d1) If
(2.19) u(z,y) <c+ f(s,t) [u (s,t) + k(s ,t,m,n)u (m,n)] :
s=0 t=0 m=0 n=0
for x,y € Ny, then
(2.20) u(z,y) <cll +Z_:Z_:f(5’t) 1:[ 1 +2_:[f(m,n) —i—B(m,n)]” :
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for x,y € Ny, where

x—1
(2.21) B(z,y)=k(z+Ly+Lay)+> Mk(z,y+1,09)
o=0
y—1 rz—1 y—1
+ZA2k(x+1,y,m7’ )+ Ao Ak (z,y,0,7),
=0 =0 =0
forz,y € N,.
(do) If
z—1 y—1 s—1 t—1
(222) wlwy) <aley)+3 S f(s.0) [u (5,0)+ 3 3k (s, m,m) u (m, n>] |
s=0 t=0 m=0 n=0
for z,y € Ny, then
z—1 y—1
(2.23) u(z,y) <al(x,y)+ FE(x,y) |1+ f (st
s=0 t=0
s—1 t—1
X 1—1—2 m,n)+ B (m n)]”,
m=0 n=0

for x,y € Ny, where

(2.24) E(z xZZfst[ 5t+822k5tmn m,n)],

for z,y € Ny and B (z,y) is defined by (2.21).

3. PROOFs oF THEOREMS [2.7],[2.3] 2.5aAND [2.6

Proof of Theorerf 2]1(a, ) Define a functior: (¢) by the right hand side of (2.1). Ther(0) =
c,u(t) < z(t)and

(3.1) S = f () lu () + /0 "k (to)u (o) da]

Define a functiorv (¢) by

(3.2) v(t) =z (t) +/0 k(t,o)z(0)do.
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Thenv (0) = 2(0) = ¢, 2(t) < v(t), Z(t) < f(t)v(t) andw (t) is nondecreasing in,
t € R, we have

V() =2 (t)+ k(¢ t) 2 /D1 (t,0) z (o) do
< ft)v(t)+k(t)v /D1 o) do

< [f(t)+k(t,t)+/ le(t,a)dolv(t)
—[F O+ AD] (),

implying

(3.3) o (1) < coxp ( [ @+ ae da) ,

whereA (t) is defined by[(2]3). Using (3.3) ih (3.1) and integrating the resulting inequality from
Otot,t € Ry, we get

(3.4) 2 < [H/Otf(s)exp </0 [f(a)+A(a)]da) ds] |

The desired inequality ifi (2.2) follows by using (3.4)irit) < z ().

(ay) Define a functior (¢) by

(3.5) /f [ /k:(s,a)u(a)da] ds.

Then from [2.8)u (t) < a (t) + = (¢) and using this in (3]5), we get

(3.6) (t)S/tf( o+ + [ k500 @0+ 2 (0)) o as

/f { /k(s,a)z(o)da} ds,

wheree (t) is defined by[(2]6). Clearly (¢) is nonnegative continuous and nondecreasirtg in
t € R,. First, we assume that(t) > 0 for t € R... From (3.6) itis easy to observe that

2O it [0 [+ [ ks 200

Now, an application of the inequality ifa;) we have

(3.7) %g {1+/Otf(s)exp(/Os[f(a)—l—A(a)]da)ds].

The desired inequality irf (2.5) follows frorh (3.7) and the fact thét) < a(t) + 2 (¢). If
e (t) > 0, we carry out the above procedure witl) + ¢ instead ofe (¢) , wheree > 0 is an
arbitrary small constant, and then subsequently pass to the limita$ to obtain (2.5). O

Remark 3.1. By replacing the functiom (o) in the inner integral on the right hand side[of {2.1)
by w? (o), 0 < p < 1, and by following the proof ofa;) with suitable modifications, we get
the corrected version of Theorem 2.7 givenlin [2].
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Proof of Theorer 2|3(b;) Let ¢ > 0 and define a function (z, y) by the right hand side of
@.7). Thenz (0,y) = 2 (2,0) = ¢, u(z,y) < z (z,y), and

(38) DDy (n.y) = f(x, [ 2,9) // (2.9, 0,€) (af)dfda]
< f (o) {z(as,w/o I k(o:,y,a@)z(a,&)déda]

Define a functiorv (x, y) by

(3.9) o) =)+ [ [ k.0): 0.0 dedo

Then,v (0,y) = 2(0,y) = ¢, v(2,0) = z(x,0) = ¢, z(z,y) < v(z,y), DiD2z (z,y) <
f(z,y)v(x,y),v(x,y)is nondecreasing for,y € R, and

(3.10) Dy Dsv (z,y)

= D1Dyz (x,y) + k(x,y,x,y) 2 (x,y) + /96 Dk (z,y,0,y) z(0,y) do
0
ka d ’ yDDk déd
+/(; 2 (SC,y,SC,f)Z(Z',f) 5"‘/0 /0 1472 (:L‘,y,O',f)Z(O’,f) fO’
Sf(w,y)v(x,y)+k(ﬂf,y,x,y)v(ﬂf,y)+/0 Dik (z,y,0,y)v(0,y) do

i /0 "Dk (2, y,2,€) v (2,€) dé + /0 ' /0 " DiDok (2,4,0,€) v (0,€) dédo

<[f(zy) + Az, y)]v(z,y),
whereA (z,y) is defined by[(2]9). Now, by following the proof of Theorem 4.2.1 giveniin [4],
inequality [3.1D) implies

(3.11) v(z,y) < cexp (/Oz /Oy [f (0,8) + A(0,8)] dgda) :

Using (3.11) in[(3.B) and integrating the resulting inequality first ffbtoy and then fron® to
x forz,y € R, we get

(3.12) z(x,y)ﬁc{l—l—/oxfoyf(s,t)exp (/OS/Ot[f(a,£)+A(a,§)]d£do> dtds}.

Using (3.12) inu (z,y) < z(z,y), we get the required inequality ih (2.8). df> 0, we carry
out the above procedure witht ¢ instead of, wheres > 0 is an arbitrary small constant, and
then subsequently pass to the limitsas- 0 to obtain [2.8).

(by) The proof can be completed by closely looking at the proof&ef and(b,) given above.
Here we omit the details. O

Proof of Theorerf 2]5(c; ) Define a function: (n) by the right hand side of (2.1.3), ther{0) =
¢, u(n) < z(n)and

(3.13) Az(n) = f(n) |u(n)+ i k(n,o)u (0)]
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Define a functiorv (n) by
(3.14) vin)=zMm)+» k(n,o)z (o).

Thenv (0) = 2(0) = ¢, 2(n) <wv(n), Az(n) < f(n)v(n) andwv (n) is nondecreasing in,
n € Ny, we have

(3.15) Av(n):Az(n)—i-Zk(n—i-l,o)z(a)— ; k(n,o)z (o)
=Az(n)+k(n+1,n)z +n Ak (n

=0

q

< [f(n)+ B(n)]v(n),
whereB (n) is defined by[(2.15). The inequalify (3]15) implies

(3.16) v(n) < 01:[[1+f(0)+B(0)].
Using (3.16) in[(3.1]1) we get :
(3.17) Az (n) <cf(n) 1:[ 1+ f(0)+ B(o)].

The inequality[(3.1]7) implies the estimate

s—1

(3.18) ) <c 1+Zf )1+ f (o) + B(o)]
o=0
Using (3.18) inu ( (n) we get the desired inequality ih (2]14).
(ca) The proof of can be completed by closely looking at the proof$agf and (c3) given
above. .

Proof of Theorerm 2]6(d,) and(d,) can be completed by following the proofs of the inequali-
ties given above and closely looking at the proofs of the similar results given in [5]. [

4. APPLICATIONS

In this section, we present some applications of the inequdlifyin Theorenj 2.8 to study
certain properties of solutions of the nonlinear hyperbolic partial integrodifferential equation

T Yy
@D ) =F (o), [ [ r@og ) o),
0 0
with the given initial boundary conditions

(4.2) u(z,0) =ai(z), u(0,y) =a(y), a1 (0) =z (0) =0,

whereu € C (R%,R), h € C (G, x R,R), F € C (R%Z x R%,R).
The following theorem deals with the estimate on the solutiof of (4.[) - (4.2).
Theorem 4.1. Suppose that

(4.3) |h(z,y,s,t,u(s,t))| <k(z,y,s,t)u(st),
(4.4) |E (2, y,u,0)| < f(z,y) [Jul + [v]],
(4.5) a1 (z) + a2 (y)] < e,
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wherek, f andc are as defined in Theordm 2.3.fz, ), z,y € R, is any solution of{ (4]1) —
(4.2), then

(46) |u(r.y) g[u/j/oyf(s,t)exp (// [f(a,5>+A<a,§>1dgda) dtds},

for z,y € Ry, whereA (z, y) is defined by[(2]9).

Proof. The solutionu (z,y) of (4.1) — [4.2) can be written as

4.7) u(x,y) =ay(x)+ as(

/ / (S’t’“@t%/j /Oth(sjt,o,é,u(a,ﬁ))dgda) dtds.

Using (4.3) —[(4.b) in[(4]7) we have

(4.8) u(,y)| < c+/:/0yf(s,t)[IU(8,t)l
+ (/0 /Otk(s,t,a,g) (o, §)|d§da)} dtds.

Now, an application of the inequalit;) in Theorenj 2B yields the desired estimate{in|(4.6).
[

Our next result deals with the uniqueness of the solutioris df (4[1) - (4.2).
Theorem 4.2. Suppose that the functions ' in (4.1) satisfy the conditions

(49) |h<x7y7 57t7u1> - h(‘r7y757t7u2>| < k(x,y,s,t) |’LL1 - u2’ )
(410) ’F(x7y7u1au2) - F(xayavla’UQ)’ < f (-T,y) Hul - Ul| + |U2 - UQ” )

wherek and f are as in Theore 2/.3. Then the problém|(4.1) | (4.2) has at most one solution
onRR?.

Proof. Letu, (z,y) andus (z,y) be two solutions of (4]1) - (4.2) dk?, then we have

(4.11) wi(z,y) — w2 (z,y)

o LI o YR
_F (s,t,uQ i [ (s 10,6 s (0,6)) dfda) ]dtds.

From (4.9),[(4.10) and (4.11) we have

@12) (o) =l < [ £ (50 e (s.0)
w [ [ o0 - w@e dedo | dvds,

As an application of the inequality, ) in Theoren) 2B witle = 0 yields|u; (z,y) — us (z,y)| <
0. Thereforeu, (z,y) = us (z,y) , i.e., there is at most one solution pf (4.1] —{4. 2)[R)?p O
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We note that the inequality/; ) in Theorenj 2.6 can be used to obtain the bound and unique-
ness of solutions of the following partial sum-difference equation

m=0 n=0

with the given conditions

(4.14) z(2,0) =B (x), 2(0,y)=PB2(y), Bi(0)=752(0)=0,
under some suitable conditions on the functions involved in [4.1B8) —|(4.14). For various other
applications of the inequalities similar to that given above, |S€€ [4, 5].

In concluding, we note that in another paper [1], Oguntuase has given the upper bounds on
certain integral inequalities involving functions of several variables. However, the results given
in [1] are also not correct. In fact, in the proof of Theorem 2.1, the equality in (2.3) and in the
proof of Theorem 3.1 on page 5, the equality on line 10 (from above) are not correct. For a num-
ber of inequalities involving functions of many independent variables and their applications, see
[4],5].
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