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Abstract

The main objective of this paper is to establish explicit bounds on certain inte-
gral inequalities and their discrete analogues which can be used as tools in the
study of some classes of integral and sum-difference equations.
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In[2], J.A. Oguntuase obtained a bound on the following integral inequality

(1.2) u(t)§c+/atf(s) (u(s)+/:k(s,a)u(a)da> ds,

fora <o < s <t <binthe form

t s
@2 o se|ts [ f@ew( [ U+ heoldr) s ey
under some suitable conditions on the functions and the consiavalved in SO e
(1.1 and also the bound on the inequality of the foriml) when the function
u (o) in the inner integral on the right side df.() is replaced by:? (o) for 0 < Title Page
p < 1. In [Z], the author tried to obtain the generalizations of the inequalities in Contents
[2] and did not succeed, because of his incorrect proofs. Indeed, in the proof of
Theorem 2.1, the inequality below (2.7) on page 2 and in the proof of Theorem « dd
2.7, the inequality below (2.19) on page 4 givenihdre not correct. The aim < >
of the present paper is to correct the explicit bound obtained.i) &nd also

obtain a bound on the general version dflj. The two independent variable Gl s

generalisations of the main results, discrete analogues and some applications Close

are also given. Quit
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In what follows,R denotes the set of real numbers dd = [0, 00), Ny =
{0,1,2,...} are the given subsets &. The partial derivatives of a function
v(z,y), z,y € R with respect tor,y and zy are denoted byDv (z,v),
Doyv (x,y) and D1 Dyv (x,y) = DyDyv (z,y) respectively. For the functions
w(m), z(m,n), m,n € Ny, we define the operators, A;, A, by

Aw(m)=w(m+1) —w(m),

Ayz(m,n)=z(m+1,n)—z(m,n),

Bounds on Certain Integral

Inequalities
Agz (TTL, TL) =z (ma n+ 1) -z (ma n) B.G. Pachpatte
respectively and
AoA1z (m,n) = Ay (Ayz (m,n)) . Title Page
We denote by Contents
Glz{(t,s)GRi:O§s§t<oo}, 4 dd
ng{(z,y,s,t)ERi:O§s§x<oo,O§t§y<oo}, < >
Hi={(mmn)eN:0<n<m<oo}, Go Back
ng{(z,y,m,n)€N§:0§m§$<oo,O§n§y<oo}. lese
Let C' (G, H) denote the class of continuous functions fréhto H. We use Quit
the usual conventions that the empty sums and products are takert tanoke Page 4 of 23

1 respectively. Throughout, all the functions which appear in the inequalities
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Our main results on integral inequalities are established in the following the-
orems.

Theorem 2.1. Letu(t), f(t), a(t) € C(R4,Ry), k(t,s), Dik(t,s) €
C (G1,R,) andc be a nonnegative constant.

(a1) If
ey wwzes [ 16 |ue)+ [Keout) i as
fort € Ry, then t
2.2)  w(t) <c {1+/0 £ (s) exp (/0 [f(a)+A(a)]da) ds} ,

fort € R, , where

(2.3) A(t) =k (4,1) +/t Duk (¢, 7) dr,
fort e R,.
(CLQ) If
2.4)  u(®) ga(t)+/0 £(s) [u (s)—f—/osk(s,a)u(a) da} ds,

fort € R, then

@5) u(t) <alt)+elt) [H/Otf(s)

X exp (/0 [f(a)+A<a)]da) ds},

Bounds on Certain Integral
Inequalities
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fort € R,, where

(2.6) / s { /k (s,0)a(o) da] ds,

fort € R,,and A (t) is defined byZ.3).

Remark 2.1. We note that the bound obtained ia.%) is the corrected ver-
sion of the bound given irL(2) and the inequality established {a,) is a fur-
ther generalization of the inequality given {n;) . In the special case when
k(t,s) = k(s), the inequality given ifa;) reduces to the inequality estab-
lished earlier by Pachpatte in3] Theorem 1] (see, als¢![ Theorem 1.7.1, p.
33)).

The following theorem deals with two independent variable versions of the
inequalities established in Theoredri which can be used in certain situations.

Theorem 2.2. Let u (z,y), f(z,y), a(x,y) € C (Ri,RJF) , k(x,y,s,t),
Dk (z,y,s,t), Dok (z,y,s,t), D1Dok (z,y,s,t) € C(Gy,R,) andc be a
nonnegative constant.

(b1) If

(2.7) u(x,y)ﬁc—i—/om/oyf(s,t)

X {u(s,t)—l—/os /Otk(s,t,a,f)u(a,f) dédo | dtds,

forz,y € R, then

(2.8) u(sc,y>s(:{1+/;/oyf<s,t>

Bounds on Certain Integral
Inequalities
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X oxp (/0 /Ot 1 (0,6) + A (0, &) czgda) dtds} ,

forz,y € R, , where
(2.9) A(z,y)

T Yy
:k(x7yax7y)+/ le($,y;7'7y)d7+/ DQk($>y,$777)d77
0 0
z Y
+/ / DlDQk (x7y77-77]) dndT7
0 0

forz,y e R,.
(b2) If

(2.10) u(z,y) <al(z,y)+ x/oyf(s,t) {u (s,t)

forz,y € Ry, then
2.11 1 Y
( )u(x,yma(:c,ywe(x,y)[ [ [ e

X oxp (/O /Ot 1 (0,6) + A (0, &) dgda) dtds} ,
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forz,y € R, , where
(2.12) e(x,y):/o /0 £(5.0) [a(s,t)

+/0/0 k(s,t,0,8) a(0,&) dédo | dtds,

forz,y € R, and A (z,y) is defined byZ.9).

Remark 2.2. By takingk (z,y, s,t) = k (s, t), the inequality given ir{b;) re-

duces to the inequality given iri,[Remark 4.4.1] and the inequality {h,) can

be considered as a further generalization of the inequality giver,iiffieorem
4.4.2].

The discrete analogues of the inequalities in Theorgrhand2.2 are given
in the following theorems.

Theorem 2.3.Letu (n), f (n), a (n) be nonnegative functions defined &,
k(n,s), A1k (n,s),0<s<n<oo,n,s € Ny be nonnegative functions and
¢ be a nonnegative constant.

(c1) If
(2.13) u(n)§c+nzif(s) u(s)Jrszik‘(s,a)u(a)_,
for n € N, then ; -~ _
(2.14) u(n) <c 1+n2_:f(8)ﬁ)[1+f(0’)+3(0)}-,

Bounds on Certain Integral
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for n € Ny, where

(2.15) B(n) = k:(n+1,n)nz_:A1k(n,7'),
forn € Ny.
(co) If
(2.16) u(n) §a(n)+if(s) u(s)—i—ik(s,a)u(a)] :

forn € Ny, then

(2.17) u(n) <a(n)+ E(n) 1+X_:f(s)1:[[1+f(0')+B(a)]

forn € Ny, where

n—

(218)  E(m) =) f(s)

1
s=0

a(s)+ik(s,a)a(o)] :

o=0
for n € Ny and B (n) is defined byZ.15).
Theorem 24 Let u (.ZU, y) ) f ([L’, y) y a ($7y) ) k (xhya S7t) ) Alk (.ZU, y) S, t) ’

Aok (x,y,s,t), A1Ask (x,y, s, t) be nonnegative functions for < s < =,
0<t<uy,s,xt yin Nyandc be a nonnegative constant
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(dy) If

z—1 y—1
(2.19) u(z,y) <c+ > > f(s,
s=0 t=0
s—1 t—1
X [ (s, t)—{—ZZk(s t,m,n)u(m n)] ,
m=0 n=0
for x,y € Ny, then
z—1 y—
(2.20) u(z,y)<c |1+ Y f(s,
s=0 t=0
s—1 —
X 1+Z (m,n +B(mn)]”,
m=0
for z,y € Ny, where
z—1
(221) B(z,y) =k(z+1Ly+Lay) + Y Mk(z,y+1,0.y)
=0
y—1 z—1 y—1
+ZA2k(x+1vyava) +ZZA2A1]{;($71UJO-7T)?
=0 o=0 7=0
forz,y € No.
(dy) If

Bounds on Certain Integral
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(2.22) u(z,y) <al(zr,y)+ f(s

X [u(s,t)+iik(s,t,m,n)’u(m,n)] ;

8
|
—
<
—

»
Il
)
-
Il
=)

for z,y € Ny, then

z—1 y—1

(2.23) u(z,y) <a(x,y)+ E (z,y)

W
I
o
-+

=0
-1

Vol

1+ m,n)+B(m,n)]]],

o

m=

for z,y € Ny, where
(2.24) E(z,y) = f(s,t)
s—1 t—1
x[a(s,t)—i— k(s ,t,m,n)a (m,n)],

m=0 n=0

forx,y € Ny and B (x,y) is defined byZ.21).
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2.1 2.2 2.3 2.4

Proof of Theoren2.1 (a;) Define a functionz (¢) by the right hand side of
(2.1). Thenz (0) = ¢, u(t) < z(t) and

(3.1) )= F ) [u () + /0 (1 o) u (o) da}

Define a functiornv (¢) by

(3.2) +/ k(t

Thenv (0) = 2(0) = ¢, 2(t) < wv(t), 2 (t) < f(t)v(t) andv (t) is nonde-
creasing in, t € R, , we have
/ Dk (t,0)z (o) do

/D1 o) do

< {f(t)+k(t,t)+/ le(t,a)da]v(t)
=[f)+AD]v (1),

v (t) =2 (t) + k(t,t) 2

<f@v(t)+kt v

Bounds on Certain Integral
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implying
(3.3) v (t) < cexp ( / [ (0)+ A0)] da) ,

whereA (t) is defined by 2.3). Using 3.3 in (3.1) and integrating the resulting
inequality from0Otot¢,t € R, , we get

(34) () <c {1+/Otf(s)exp (/0 [f(a)+A(cr)]da) ds} |

The desired inequality ir2(2) follows by using 8.4) in u (t) < z (t).
(a) Define a functiore (t) by

(3.5) /f { /k(s,a)u(a)da} ds.

Then from @.4), u (t) < a(t) + 2 (¢t) and using this in&.5), we get

(3.6) z(t)g/otf(s) [a(s)+z(s)+/08k(s,0)(a(0)—l—z(0))da} ds

t +/Otf(s) [z(s)+/osk(s,a)z(a)da] ds,

wheree (t) is defined by 2.6). Clearlye (¢) is nonnegative, continuous and
nondecreasing in ¢t € R, . First, we assume that(t) > 0 for t € R,. From
(3.6) it is easy to observe that

% = 1+/otf(s) [28 +/Os’f<87o*) Zggda} ds.

Bounds on Certain Integral
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Now, an application of the inequality ifx; ) we have

(3.7) %g {1+/Otf(8)exp </Os[f(a)+A(a)]do—) ds}.

The desired inequality in2(5) follows from (3.7) and the fact that: (t) <
a(t)+z(t).If e(t) > 0, we carry out the above procedure witty) +«< instead
of e (t) , wheres > 0 is an arbitrary small constant, and then subsequently pass

to the limit ase — 0 to obtain ¢.5). O
Bounds on Cert_a_in Integral
Remark 3.1. By replacing the functiom (o) in the inner integral on the right Inequalities
hand side ofZ.1) by u” (¢), 0 < p < 1, and by following the proof ofa) B.G. Pachpatte
with suitable modifications, we get the corrected version of Theorem 2.7 given
in ] Title Page
Proof of Theoren2.2. (b,) Letc > 0 and define a function (x, y) by the right Contents
hand side ofZ.7). Thenz (0,y) = z (x,0) = ¢, u (x,y) < z (x,y), and
<44 44
(3.8) Dy Dyz (z,y) < >
T ry
— ) [uen+ [ [ ko9 utedsio] —
0 0
Ty Close
<) s+ [ [ kG092 0.6 deao . _
o Jo Quit
Define a function (z, y) by Page 14 of 23

z ry
(39)  v(my) ==(z.y) + / / k(20,6 = (0,€) dédo. 3. s sl it 50 7.2
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Then,v (0,y) = 2(0,y) = ¢, v(z,0) = 2(2,0) = ¢, z(z,y) < v(z,y),
DDz (z,y) < f(z,y)v(z,y), v (z,y) is nondecreasing far, y € R, and

(3.10) D1 Dyv (2,y)

= D1 Doz (x,y) + k (z,y,2,y) 2z (z,y)
—1—/ Dk (x,y,0,y) z (0,y) do
0
y
+ [ Dk (ap.€) 2 (2, d¢
0
Dy Dok , €)ded
[ [ DiDak 0.9 2 (0.6) dedo
< flzy)v(z,y) +k(zy,zy)v(z,y)
+/ Dk (x,y,0,y)v(0,y) do
0
+ [ Dby v o) de
0
z ry
D Dyk déd
+/0 /0 1472 (‘7;73/7075)1](0-75) £O'

<[f(z,y) + Az, y)]v(z,y),

where A (z,y) is defined by 2.9). Now, by following the proof of Theorem
4.2.1 given in {, inequality 3.10) implies

(311)  v(ny) < cexp (/O /Oy [ (0,€) + A(0,6) dfda) |

Bounds on Certain Integral
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Using 3.11) in (3.8) and integrating the resulting inequality first framto y
and then fron0 to z for x,y € R, , we get

(3.12) z(x,y)Sc{l—l—/om/Oyf(s,t)

X exp (/O /Ot £ (0,6) + A(0,€) dgd(;) dtds]

Using 8.12 in u(z,y) < z(z,y), we get the required inequality i2.Q). If
¢ > 0, we carry out the above procedure with- € instead ofc, wheres > 0 is
an arbitrary small constant, and then subsequently pass to the limit-as to
obtain @.9).

(bs) The proof can be completed by closely looking at the proofé&uef and
(b1) given above. Here we omit the details. O

Proof of Theoren2.3. (¢;) Define a functionz (n) by the right hand side of
(2.13, thenz (0) = ¢, u(n) < z(n) and

(3.13)

(3.14)
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Thenv (0) = 2(0) = ¢, 2(n) < v(n), Az(n) < f(n)v(n) andv (n) is
nondecreasing in, n € Ny, we have

—_

n—

(3.15) Av(n) = Az (n)—i—Zk(n—i—l,a)z(U) — Y k(n,0)z(0o)

Il
=)

o

3

=Az(n)+kn+1,n)z(n)+ Y Ak(no)z(o)

1

o=0
< [f (n)+ B (n)]v(n),

whereB (n) is defined by 2.15. The inequality .15 implies

(3.16) v(n) < cl:[ 1+ f(o)+ B(o)].
Using 3.16) in (3.11) we get
(3.17) Az (n) <cf (n) 1:[ 1+ f(o)+ B(o)].

The inequality 8.17) implies the estimate

s—1

n—1
(3.18) () <c|l+> f ][0+ f(0)+B)]].
s=0 o=0
Using 3.19 in u (n) < z (n) we get the desired inequality i&.(L4).
(co) The proof of can be completed by closely looking at the proofa©f and
(co) given above. O

Bounds on Certain Integral
Inequalities

B.G. Pachpatte

Title Page
Contents
<44 44
< >
Go Back
Close
Quit
Page 17 of 23

J. Ineq. Pure and Appl. Math. 3(3) Art. 47, 2002

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:bgpachpatte@hotmail.com
http://jipam.vu.edu.au/

Proof of Theoren2.4. (d;) and(d,) can be completed by following the proofs
of the inequalities given above and closely looking at the proofs of the similar
results given inj]. O
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In this section, we present some applications of the inequ@lityin Theorem

2.2 to study certain properties of solutions of the nonlinear hyperbolic partial

integrodifferential equation

z ry
(4.1) %A%MZFGwm@w%/d/h@&m§UWQMMQ,
0 0
with the given initial boundary conditions

4.2) u(z,0) =aq (), u(0,y) = az(y), oy (0) = a3 (0) =0,

whereu € C (R%,R), h € C (G x R,R), F € C' (R% x R%,R).
The following theorem deals with the estimate on the solutiondof) (—
(4.2).

Theorem 4.1. Suppose that

(4.3) |h(x,y,s,t,u(s,t))| <k(z,y,s,t)|u(st),
(4.4) |F (2,9, u,0)| < f(z,y)[|lu] + [v],
(4.5) on () + 02 ()] < o

wherek, f and c are as defined in Theoreth2. If u (x,y), x,y € Ry is any
solution of ¢.1) — (4.2), then

M&W@MS%HK%%@@

X exp (/0 /Ot 1 (0,6) + A(0,€) dgda) dtds} ,
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for z,y € R,, whereA (z,y) is defined byZ.9).

Proof. The solutionu (z, y) of (4.1) — (4.2) can be written as

4.7) u = ay (v) + s (y)

/ [ (s, [ [ nt.oi0.0) deao ) auas

Using @.3) — (4.9 in (4.7) we have

@8 futwnl<es [ [ 760]
+ (/O /Ot k(s,t,0,€) [u(0,6)] dgda)] dtds.

Now, an application of the inequality;) in Theorem?2.2 yields the desired
estimate in4.6). ]

Our next result deals with the uniqueness of the solutiong.aj £ (4.2).

Theorem 4.2. Suppose that the functions F' in (4.1) satisfy the conditions

(49) |h<xﬂy787t7u1> -
(410) ]F(x,y,ul,uz)—

h(x7y7 S,t,U2>| S k(x7/y787t) |U1 - U2’,
F(xayavlav2)’ < f (x,y) “ul - Ul| + ’uQ - UQH )

wherek and f are as in Theoren2.2. Then the problem4(1) —
most one solution oR? .

(4.2) has at
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Proof. Let u; (z,y) andus (z,y) be two solutions of4.1) — (4.2) onR%, then
we have

(4.11) wy (z,y) —ua (z,9)
= Om Oy {F (s,t,m (S,t),/os/o h(s,t,o,& u (a,{))dfda)

_F (t s (5,1, / S / h(5. 40,603 (0,6)) dgda) }dtds.
0 0
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Title Page
s t
[ [ reto 909 - w0l d&da] dtds. Contents
0 «“« b
As an application of the inequalitip;) in Theorem2.2 with ¢ = 0 yields < >
lug (z,y) — us (z,y)| < 0. Therefore,u; (z,y) = us (z,y), i.e., there is at
most one solution of4.1) — (4.2) onR2. N Go Back
We note that the inequality/;) in Theorem2.4 can be used to obtain the Cllesrs
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with the given conditions

(4.14) 2(2,0) =P (2), 2(0,y) =F2(y), £i1(0)=02(0)=0,

under some suitable conditions on the functions involved ih3) — (4.14). For
various other applications of the inequalities similar to that given above, see
[4, 5].

In concluding, we note that in another papé}, [Oguntuase has given the
upper bounds on certain integral inequalities involving functions of several vari-
ables. However, the results given irfj pre also not correct. In fact, in the proof
of Theorem 2.1, the equality in (2.3) and in the proof of Theorem 3.1 on page 5,
the equality on line 10 (from above) are not correct. For a number of inequal-
ities involving functions of many independent variables and their applications,
see [, 5].
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