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Abstract

Some Hadamard-type inequalities involving the product of two convex functions
are obtained. Our results generalize the corresponding results of B.G.Pachpatte.
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Let f be a convex function ofx, b] C R. The following double inequality:

(1.2) / (;b) <L / oyt < L@+I0)

is known in the literature as Hadamard’s inequality p. 137], |2, p. 10] for
convex functions.
Recently B.G.Pachpatté][considered some new integral inequalities, anal-
) R K Note on Some Hadamard-Type
ogous to that of Hadamard, involving the product of two convex functions. In Inequalities
[2] the following theorem has been proved:

M. Klari¢i¢ Bakula and J. Pecaric

Theorem 1.1.Let f andg be nonnegative, convex functionsjerb] C R. Then

(i) Title Page
(1 2) / f d 1]\/[( b) 1]\[( b) Contents
. —_— T < a,0) + a,
3 6 <44 >
a+b a-+b Go Back
a9 21 (*57) s ( )
Close
1 1 it
b (#)dz+ ZM (a,b) + 5N (a,b), Qui
Page 3 of 20
where M (a,b) = () )+f() (b) and N (a,b) = f(a)g(b) +
f(b)g(a). Inequalltles (.2) and (L.3) are sharp in the sense that equali- 3. Ineq. Pare and Appl, Math, 5(8) Art. 74, 2004
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In the following Theoreml.2 we give a variant of the corresponding Theo-
rem 2 in [3].

Theorem 1.2.Let f andg be nonnegative, convex functionsjerb] C R. Then

(i)

19 - ///fm+ 1= 1)y) g (tr + (1 — t)y) dtdady

_b_a/f () dr + ¢ [M (a,5) + N (a, )]
(ii)
(1.5) —// (m+ (11 (“;b»
Xg<tx+(1—t)<a;b>)dtdx

/f dx+;[M(a,b)+N(a,b)],

_b—a

whereM (a,b) and N (a,b) are as in Theorem. L

It should be noted that i3] Theorem 2] inequalities (3) and (4) are estab-

lished. Inequality (3) fromd, Theorem 2] is a variant of our inequality.{) in

which
1 M(a,b)—i—N(a,b)}
g [ (b—ay
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stands in place of the terfn[M (a,b) + N (a,b)]. Analogously, inequality (4)
from [3, Theorem 2] is a variant of our inequalit¥.f) in which

1(1—1—6—&

1 P )[M(a,b)+N(a,b)]

stands in place of the ter§n[M (a,b) + N (a,b)].

However, one can compare inequalities (3) and (4) witH)(and (L.5), re-
spectively, to find out that estimates given ly4) and (L.5) are better (worse) Note on Some Hadamard-Type
than those given by (3) and (4) is,[Theorem 2] incase ¢f-a < 1 (b —a > 1). Inequalities

But on careful inspection of the proof ir¥,[ Theorem 2], the reader can
notice some errors in Pachpatte’s calculation, so inequalities (3) and (4) in [
Theorem 2] are in fact incorrect.

The aim of this paper is to prove some simple generalizations of Theorem
1.1and Theorem.2, which additionally involve weight functions and also non- Contents
linear transformations of the base inter{@lb]. Those generalizations are es- «“ >
tablished in Theorerd.1 and Theoren?.2. The above cited Theorefnlis a
special case of Theorethl, while the above Theorem 2is a special case of < 4
our Theoren®.2 (see Remark.2).
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Throughout the rest of the paper we shall use the following notation

ha y]:h(y)—h(a:) .
y—x
h(t) =th(a+p3—t),
h(t) =th(t)

whereh : [a, f] — R is afunction,|a, ] C R, z,y,t € [a, 5]. Note that from
the above equalities we get

[ﬁ; a’ﬁ] _ (@) —ah(B)
0 —«
N _ Ph(B) —ah(a)
[h’ @ B] n 8-« ’
and, by simple calculation,
(2.1) i, 8] = [hia, B8] = (a + B) [hia, B).

The following results are valid:

Theorem 2.1. Let f be a nonnegative convex function pn,, M|, g a non-
negative convex function dms, M|, u : [a,b] — [my, Mi] andv : [a,b] —

[ms, M| continuous functions, angl : [a,b] — R a positive integrable func-

tion. Then
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()
b
@2) [ p@) @)l @)ds
1 b
< [fsm Millgima, Mo . [ p(0)u (o) (o) do
+ [fyma, M) (3 ma, M) %/ p (@) u (2) do

+ [f, ml,Ml} [g;mg,Mg]%/abp(x)v(:v) dx

+ |:.f.7 ml,M1] [g; Mo, Mo .

+/ p(x)f(M1+m1—U(x))g(MQ-l-mz—v(x))dx}

a

+ L {—2 [f; ma, Mi] [g; ma, Mo / p(x)u(z)v(z)ds

b
+@mmmwmmmmmmmvﬁmmmm
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([P o] = [Fomas 0]ty 0] [ p @) o)
+411 <|:.]?7 mlaMl} [9; ma, Ma] + |:.]/C\7 mlle} [9; m27M2]> ’

whereP = fabp (x)dx.

Proof. For anyx € [a, b] we can write

Note on Some Hadamard-Type

(2_4) U (l‘) _ My —u (37) my + u (:L‘) — My M, Inequalities
Ml — my M1 — my . R
M. Klaricic Bakula and J. PecCari¢
and
B M, — v () v () — my Title Page
(2.5) v(z) = My —mgy ma My — meo M. Contents
Sincef andg are convex functions we have ) >»
< | 2
My —u(x) u(z) —my
< - "\7 )
flu(x) < M f(m1) + M, —m, f (M) ——
u(x) M, f (m1) —myf (M)
-\ M) — Close
M, —my (f (M) = f(ma)) + M, —my ou
~ ui
2.6 — [fimy, M + [ : ,M}
(2.6) Lf;my, My]u () Jimy, My Page 8 of 20
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9o @) < By o) 1 LD = o

= % (g (Mz) — g (m2)) + A (”}\Z :Zig )

(2.7) = [g;ma, M) v () + [g; ma, My] .

Functionsf and g are nonnegative by assumption, so after multiplyiag)
and(2.7) we obtain

(2.8) f(u(z))g(v(x))
< [fima, Mi] [g; ma, Mo]u (z) v () + [f;ma, M) [g; ma, M) u (z)
+ [g; ma, M) |:fv ml;Ml] v () + [ﬁ ml,Ml] [g; ma, Ms) .

Now, multiplying (2.8) by weight p (z), integrating ovefa, b] and dividing by
P > 0 we get (i).
To obtain (ii) we can write

M 1 (M, — —
mi+ M, 1 1 u(x)m1 u(x) mlMl
2 2 Ml—ml Ml_ml
u(x) —my M — u(z)
S et et et s
—|—M1_m1m1—|— Ml—ml 1),
M. 1/ M;— —
my+ M, 1 9 v(x)m2 v (x) m2M2
2 2\ My —mso My —may
v (x) —mg Ms — v (z)
_ = —= M, | .
+Mg—m2m2+ My — 2
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Using the Hadamard inequality.1) and the convexity of functiong and g,
we get

25

According to(2.4) and(2.5) , after some simple calculus we obtain

2.9) f <m1 +M1> p (m2‘|2'M2)

< 1[f (u () g (v () + f(My+my—u(z))g(My+my—v(z))

4
1 M; — u(z) u(x) —my
- M
+4{f<]\/[1—m1 M+ Ml—ml !

v (z) — my My — v (x)
X9 (ﬂm TG —m,
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Ml—ml Ml_ml
My — v (x) v (z) — my
_ — M .
Xg(MQ_mQ ma + MQ—TTLQ 2

Using the convexity of functiong andg, from inequality(2.9) we get

(210) f <m1 +M1) g (mg +M2>

2 2 Note on Some Hadamard-Type
1 Inequalities
[ (u(z))g(v(z))+ f (Ml +my —u(z)) g (M +ms —v(2))] M. Klarigié Bakula and J. Pegaric
L[/ M —u( u(x) —my )
+ = my) + ————f (M
4 {< flm) My —my f(30) Title Page
My — v (x)
M. Contents
x( (ma) + Mz—mgg( 2)) » N
u(x) —my M — u(z)
il et} it N VA NV
+(M1— 1f(m1)+ M1—m1f( ! < 4
My —v(z v(zr) —m
X(]\;_Ti)g(m2>+ ]&)_m2g(M2)>:| Go Back
2 2 2 2 Close
With respect to the notation introduced at the beginning of this section, inequal- Quit

ity (2.10) becomes
y( )) Page 11 of 20
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+ f (M4 my—u(2)) g (M +my = () }
+ i{ ([f;mlel]U(f) + [ﬁm1>M1:|>

X ([27\; my, Ms] — [Qsmz,Mz]U(l’))

+ <[]?7 ml,Ml] — [f;ml,Ml]u(x)>
X ([9;m2,M2]U(95) + [g; ma, My )}

- H{re@)gwe)
+ f (M4 = (2)) g (M +my =0 (2) }

+ 411{ = 2[f;ma, M [g; ma, Mo u (z) v (2)

+ (G ma, M) = (G m2, M) ) [, M ()

+ ([Frma 2] = [Froma, A ) lgsma, M) v (2)

(2.11) + [J?, m1>M1:| [9; ma, M) + [J?, m1>M1:| [9; Mo, My }
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Now we multiply both sides of2.11) by p (z), integrate overa, b] and
divide by P. We thus obtain (ii) and the proof is completed. ]

Remark 2.1. Pachpatte’s result$1.2) and (1.3) can be obtained froni2.2)
and (2.3) respectively if we put (z) = 1,u(x) = v (z) = x forall z € [a, b]
(then we haven,; = my = a and M; = M, = b). In the case ofj () = 1
inequality (i) becomes the right side of Hadamard's inequdlity ) .

Theorem 2.2. Let f be a nonnegative convex function pn,, /], g a non-
negative convex function dms, M), u : [a,b] — [m4, Mi] andwv : [a,b] —
[ms, Ms] continuous functions, ang ¢ : [a,b] — R positive integrable func-
tions. Then

(i)

PLQ/ab/ab/lp(x)q(y)f(tu(:c)—l—(1—2f)u(y))

x g(tv(z)+ (1 —t)v(y))dtdedy

_3PQ{ /f () p (x) da
+P/a flu)g@y)qly) dy}

b b
+apg [ P ) ds / a(y) g (v () dy;
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(ii)

%/ /0 p(@) f (tu (@) + (1= 0)7) g (tv (x) + (1 = ) D) dtda
b
< 2 [ p@ )@+ @)

+ o5 (o0 [ @+ 1@ [l

a

whereu = 5 fabp(x) u(z)dr,v = éfabq (x)v (z) dx.

Proof. Sincef andg are convex functions, fare [0, 1] we have
(2.12) ftu(z)+ (1 =t)uly)) <tf(u(z)+ 1 =1)f(uly)
(2.13) gtv(z)+ (1 —-t)v(y)) <tg(v(z)+1—-1t)g((y)).

Functionsf andg are nonnegative, so multiplying.12) and(2.13) we get

(2.14) f(tu(x)+ (1 -1 uly))g(tv(z)+ (1 -1)v(y))
<8 (u(z)) g (v () + (1= 1) f (u(y))
+t(1 =) [f (u(z))g(v(y) +

Integrating(2.14) over|0, 1] we obtain

g9 (y))
fu(y))g(v(x))].

(2.15) /ftu

<

+ (1=t u(y)gtv(z)+ (1 —t)v(y))dt

[f (u(x)) g (v (x)) + f(uly)) g (vy))]

wl'_; \_/
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[f (u(x)) g (v () + f (u(y) g (v(x))].

1
6

Now we multiply (2.15) by p (z) q (y), integrate ovefa, b] x [a,b] and divide
by PQ, where

P:/abp(:v)dx, QZ/abQ(ﬂf)dl’»

so we get

P_lQ/ab/ab/Olp(x)q(y)f(tu(x)+(1—t)u(y))

IA
-2
=
B
—
=
B
=
=
B
B
——
QQ
S
&

+ﬁ [/abp(x)f(u(a:))dl’/abQ(y)g(U(y))dy
+/abp(y)f(u (y))dy/bQ(ﬂs)g(v (ﬂf))dfﬂ}

a

- Uabm)f<u<x>>g<v<x>>dx/abq<y>dy
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b

b
+/ q<y>f<u<y>>g<v<y>>dy/

a

p(2) d:v]

(216) 355 | P@ @) ds [ a)o@w)y

This is the desired inequality (i).

To prove inequality (i), in(2.12) and(2.13) we substitute: (y) andv (y)

with @ andv respectively.
Then we obtain

1
<Ef (ul(2)g(v(@) +L—1)°f
+t(1 =) [f (u(z))

Integrating(2.17) in respect ta over|[0, 1] we obtain

(2.18) /0 F(tu (@) + (1= )T g (to (2) + (1 — £)7) dt
< S @@) g (w0 @) + @9 D)
4l @) g @)+ f W) g (0 @)
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Similarly as before, front2.18) we get

P Lo

_3P

+ (1 —=t)u)g(tv(z)+ (1 —t)v) dtdx

p(x) fu(@))g(v(z))de+ %f (@) g (v)

1

+6—P{ @ [ v syt 1@ [ o @)

This completes the proof. O

Remark 2.2. If in (i) we putu (z) = v (z) = « for all z € [a, ], it becomes

o o f [ [
< 575 [Q/

flx+(1—1t)y)g(te+ (1 —1t)y)dtdzdy

>dx+P/ab <y>f<y>g<y>dy]

b b
+ﬁ p(x)f(x)d$/a61(y)9(?/>dy7

S0 by using a generalization of Hadamard’s inequalityp.138]

(2.20) f(‘”b)<l/abp(x>f(x)dx§f(a)+f(b)

2 - P 2
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which holds fop (a + t) =
the following inequality

PLQ/ab/:/Olp@)q(y)f(

< ﬁ {Q/abp(w)f(or)g(x)dﬂﬁP/abQ(y)f(y)g(y)dy}

1f(a)+f(b)g(a)+g()
3 2 2
1

- [Q/G"p@)f(x)g@)czﬁp/abq<y>f<y>g<y>dy]

(2.21) + 1—12 [M (a,b) + N (a,b)] .

p(b—1),0<t <3 (a+b),we obtainfrom2.19)

tr+(1—1t)y) g (tr + (1 —t)y) dtdzdy

Now it is easy to observe thatjif x) = ¢ (x) = 1 for all = € [a, b] inequality
(2.21) becomes the corrected Pachpatte’s result).
If we do the same in (ii) we get

_// (m+ 1—t)a;b)g(tm+(1—t)a;b)dtdx
P
o (3

<i/b @)1 @) >dw+§f(a§b)9(a§b)
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Using again(2.20) we obtain

%/ab/olp(x)f(t:c+(1—t)aTM)g(t:c+(1—t)aTM) dtdz

L s L@+ B g(@ +9 )
!
6

~—

p(a) f (@)g (@) do+ 57 .
2100/ @HI0), S0+ a6 0]

2 2 i 2 2

1 b

=35 | P@I@a@)dr+ 5 (M (@) + N (@.b)

Furthermore, in the casg(z) = 1 for all = € [a, b] we get

b 1
bia/a/of(tx+(1—t)a;b)g(tx—k(l—t)a;_b)dtdx

< s | S @@ et § 00 @)+ N (@.h).

which is the corrected Pachpatte’s res(it5).
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