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ABSTRACT. Recently, the author established general inequalities for CR-doubly warped prod-
ucts isometrically immersed in Sasakian space forms.

In the present paper, we obtain sharp estimates for the squared norm of the second funda-
mental form (an extrinsic invariant) in terms of the warping functions (intrinsic invariants) for
contact CR-doubly warped products isometrically immersed in Kenmotsu space forms. The
equality case is considered. Some applications are derived.
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1. INTRODUCTION

In 1978, A. Bejancu introduced the notion of CR-submanifolds which is a generalization
of holomorphic and totally real submanifolds in an almost Hermitian manifold ([2]). Follow-
ing this, many papers and books on the topic were published. The first main result on CR-
submanifolds was obtained by Chén [4]: any CR-submanifold of a Kaehler manifold is foliated
by totally real submanifolds. As non-trivial examples of CR-submanifolds, we can mention the
(real) hypersurfaces of Hermitian manifolds.

Recently, Chen [5] introduced the notion of a CR-warped product submanifold in a Kaehler
manifold and proved a number of interesting results on such submanifolds. In particular, he
established a sharp relationship between the warping fungtiofh a warped product CR-
submanifold/; x; M, of a Kaehler manifold\/ and the squared norm of the second fun-
damental form|h||2.

On the other hand, there are only a handful of papers about doubly warped product Riemann-
ian manifolds which are the generalization of a warped product Riemannian manifold.

Recently, the author obtained a general inequality for CR-doubly warped products isometri-
cally immersed in Sasakian space forms([12]).
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In the present paper, we study contact CR-doubly warped product submanifolds in Kenmotsu
space forms.

We prove estimates of the squared norm of the second fundamental form in terms of the
warping function. Equality cases are investigated. Obstructions to the existence of contact
CR-doubly warped product submanifolds in Kenmotsu space forms are derived.

2. PRELIMINARIES

A (2m + 1)-dimensional Riemannian manifold, ¢) is said to be a Kenmotsu manifold if it
admits an endomorphismof its tangent bundl& M, a vector fieldt and al-form n satisfying:

¢2:—Id+77®€7 77(5):17 & =0, 770¢:07

(2.1) g (X, 0Y)=g(X,Y)—n(X)n(Y), n(X)=g(X,§),

(6)@) Y = —g(X,0Y)E—n(Y)oX, Vxé=X—n(X)¢,

for any vector fieldsX, Y on M, whereV denotes the Riemannian connection with respect to
g. N
We denote by the fundamenta-form of M, i.e.,

(2.2) w(X,Y)=g(sX,Y), VX,Yel (TM)

It was proved that the pairin@, n) defines a locally conformal cosymplectic structure, i.e.,
dw = 2w A1, dn = 0.

A plane sectionr in Tp]T/f Is called ap-section if it is spanned b and¢.X, whereX is a
unit tangent vector orthogonal §o The sectional curvature of@asection is called &-sectional
curvature. A Kenmotsu manifold with constagtholomorphic sectional curvaturels said to

be a Kenmotsu space form and is denotedbyc).
The curvature tensak of a Kenmotsu space form is given by [8]

c+1

(23) R(X,Y)Z = ?{9 Y, 2) X —g(X, 2)Y} + {I(X)Y —n(Y)X]n(2)
+ (X, Z2)n(Y) =g (Y, Z)n(X)]§+w (Y, Z) X
—w(X,Z)¢Y — 2w (X,Y)dZ}.

Let M be a Kenmotsu manifold an ann-dimensional submanifold tangentgoFor any
vector fieldX tangent tal/, we put

(2.4) X = PX + FX,

wherePX (resp. F'X) denotes the tangential (resp. normal) componewtof ThenP is an
endomorphism of the tangent bundlé/ and F' is a normal bundle valuet-form onT M.
The equation of Gauss is given by

(25) R(X,Y,Z,W)=R(X,Y,ZW)+g(h(X,W),h(Y,2)) - g(h(X,Z),h(Y,W))
for any vectorsX, Y, Z, W tangent taM.

J. Inequal. Pure and Appl. Mathl0(4) (2009), Art. 119, 7 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

CONTACT CR-DOUBLY WARPED PRODUCT SUBMANIFOLDS IN KENMOTSU SPACE FORMS 3

Let p € M and{ey,...,en, €441, ..., €211} D€ @n orthonormal basis of the tangent space

Tpﬂ, such thaty, ..., e,, are tangent td/ atp. We denote by the mean curvature vector, that
is

1 n
(2.6) (») nZ;<ee>
As is known,M is said to be minimal iff vanishes identically.
Also, we set
(2.7) hij=g(h(eie),e), i,j€{l,..,nf,re{n+1,.,2m+1}

as the coefficients of the second fundamental fonwith respecttdey, ..., €., €41, -y €2mt1},
and

(2.8) 1PIP =) g (h(ese;) hleiey)).
2,7=1

By analogy with submanifolds in a Kaehler manifold, different classes of submanifolds in a
Kenmotsu manifold were considered (see, for example, [13]).

A submanifoldM tangent to¢ is called an invariant (resp. anti-invariant) submanifold if
¢ (T,M) C T,M, ¥pe M (resp.¢ (T,M) C T,) M,Y p € M).

A submanifold)M tangent tc is called a contact CR-submanifold ([13]) if there exists a pair
of orthogonal differentiable distributiori3 andD- on M, such that:

(1) TM = D @ D+ @ {¢}, where{¢} is thel-dimensional distribution spanned by
(2) Disinvariant byo, i. e.,¢ (D,) C D,, Vp € M;
(3) D* is anti-invariant by, i. e.,¢ (D)) C Dy, Vp € M.

In particular, ifD+ = {0} (resp.D ={0}), M is an invariant (resp. anti-invariant) submani-
fold.

3. CoNTACT CR-DoOUBLY WARPED PRODUCT SUBMANIFOLDS

Singly warped products or simply warped products were first defined by Bishop and O’Neill
in [3] in order to construct Riemannian manifolds with negative sectional curvature.

In general, doubly warped products can be considered as generalizations of singly warped
products.

Let (M, ¢g1) and (M, go) be two Riemannian manifolds and It : M; — (0,00) and
fa: My — (0, 00) be differentiable functions.

The doubly warped produdt/ =, M; x, M, is the product manifold/; x A, endowed
with the metric

(3.1) 9= fr91+ [19>.

More precisely, ifry : My, x My — M; andm, : My x My — M, are natural projections, the
metric g is defined by

(3.2) 9= (faom)’ mig + (from)* 73 g.

The functionsf; and f, are called warping functions. If eithgi = 1 or f, = 1, but not
both, then we obtain a warped product. If bgih= 1 and f; = 1, then we have a Riemannian
product manifold. If neitherf; nor f, is constant, then we have a non-trivial doubly warped

product.
We recall that on a doubly warped product one has
(3.3) VxZ=Z(Inf)X+X(Inf)Z,
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for any vector fieldsX tangent tol\/; andZ tangent tal/,.
If X andZ are unit vector fields, it follows that the sectional curvatéfé X A Z) of the
plane section spanned By and~ is given by

(3.4) K(XAZ)= %{(VQX) fi = X2h}+ %{(V%Z) fo— 2% fa},

whereV!, V2 are the Riemannian connections of the Riemannian mefri&sdg, respectively.
By reference ta [12], a doubly warped product submanifdld=, M, x s, M, of a Kenmotsu

manifold ]\7, with M; a (2a + 1)-dimensional invariant submanifold tangenttand M, a -

dimensional anti-invariant submanifold 8f is said to be a contact CR-doubly warped product
submanifold.

We state the following estimate of the squared norm of the second fundamental form for
contact CR-doubly warped products in Kenmotsu manifolds.

Theorem 3.1.Let M (c) be a(2m+1)-dimensional Kenmotsu manifold andl =, M; x , M,
an n-dimensional contact CR-doubly warped product submanifold, suciitheta (2« + 1)-
dimensional invariant submanifold tangentt@nd A/, is a 5-dimensional anti-invariant sub-
manifold ofM (c). Then:

() The squared norm of the second fundamental fordvy sfatisfies
(3.5) [1R]1* = 2BV (In f1) |I* = 1],

whereV (In f;) is the gradient ofn f;.

(i) If the equality sign of{3.5)) holds identically, ther/; is a totally geodesic submanifold
andNMg is a totally umbilical submanifold of/. Moreover,M is a minimal submanifold
of M.

Proof. Let M =y, M; xy, M, be a doubly warped product submanifold of a Kenmotsu man-
ifold M, such that)M; is an invariant submanifold tangent §oand M, is an anti-invariant

submanifold o).
For any unit vector fields( tangent tol/; andZ, W tangent tal/, respectively, we have:

(36)  g(h(6X.2).02) = g (V26X 02)
=g (692X,02) = g (V2X,2) =g (V2X,2) = XIn f,

On the other hand, since the ambient manifdlds a Kenmotsu manifold, it is easily seen
that

(3.7) h(¢ Z) =0.

Obviously, [(3.8) implieg In f; = 1. Therefore, by[(3]6) and (3.7), the inequality {3.5) is
immediately obtained.
Denote byh” the second fundamental form &f, in M. Then, we get

g(h// (Z7W)7X) = g(vZVVaX) = —(Xlnfl)g(Z,VV,)
or equivalently

If the equality sign of[(3]5) identically holds, then we obtain
(3.9) h(DD)=0, h(D"D")=0, h(DD")C¢D"
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The first condition[(3]9) implies thal/; is totally geodesic in/. On the other hand, one has
g(h(X,9Y),0Z) =g (ﬁde, ¢Z> =g(VxY,Z) =0.

Thus M, is totally geodesic in/.
__The second condition ir (3.9) an{d (B.8) imply thidt is a totally umbilical submanifold in

Moreover, by), it follows thad/ is a minimal submanifold of/. O
In particular, if the ambient space is a Kenmotsu space form, one has the following.

Corollary 3.2. Let 1\7(0) be a(2m + 1)-dimensional Kenmotsu space form of constant
sectional curvature and M =;, M; xy M, ann-dimensional non-trivial contact CR-doubly
warped product submanifold, satisfying

12117 =28 [|IV (I fi) [|* = 1] -
Then, we have
(a) M, is atotally geodesic invariant submanifoldf (¢). Hence); is a Kenmotsu space
form of constant-sectional curvature.

(b) M, is atotally umbilical anti-invariant submanifold dfﬁ(c). HencelM; is a real space
form of sectional curvature > %

Proof. Statement (a) follows from Theorgm B.1.

Also, we know that)/, is a totally umbilical submanifold oﬁ(c). The Gauss equation
implies that)M; is a real space form of sectional curvatare %

Moreover, by|(3.B), we see that= <2 if and only if the warping functiorf is constant. [

4. ANOTHER |NEQUALITY

In the present section, we will improve the inequaljty [3.5) for contact CR-doubly warped
product submanifolds in Kenmotsu space forms. Equality case is characterized.

Theorem 4.1. Let ]\7(0) be a(2m + 1)-dimensional Kenmotsu space form of constant
sectional curvature and M =;, M; x;, M, an n-dimensional contact CR-doubly warped
product submanifold, such thaf; is a (2« + 1)-dimensional invariant submanifold tangent to

¢ and M; is a g-dimensional anti-invariant submanifold ﬁ(c). Then:
(i) The squared norm of the second fundamental fordw/ cfatisfies

(4.1) 121 = 28 [IIV (In f) [ = A(In fi) = 1] + aB (c+1),
whereA; denotes the Laplace operator @i .
(i) The equality sign off4.1)) holds identically if and only if we have:

(a) M, is a totally geodesic invariant submanifoldf)f(c). Hencel/; is a Kenmotsu
space form of constamt-sectional curvature.

(b) M, is a totally umbilical anti-invariant submanifold dﬁ(c). Hencell, is a real
space form of sectional curvature> %
Proof. Let M =, M, x, M, be a contact CR-doubly warped product submanifold @a -+
1)-dimensional Kenmotsu space foth (c), such that)/; is an invariant submanifold tangent

to ¢ and M, is an anti-invariant submanifold off (c).
We denote by be the normal subbundle orthogonal#t¢7"M,). Obviously, we have

T+M = ¢ (TM,) @ v, v = v.

J. Inequal. Pure and Appl. Math10(4) (2009), Art. 119, 7 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

6 ANDREEA OLTEANU

For any vector fieldsX tangent to)M/; and orthogonal t@g and Z tangent tolM,, equation

(2.3) gives

R(X,6X,2,67) = <!

9(X, X)g(Z,Z).
On the other hand, by the Codazzi equation, we have
4.2) R(X,0X,7,07) = —g (Vih(¢X,Z) — h(Vx¢X,Z) — h(¢X,VxZ),$Z)
+ 9 (Vixh (X, Z) = h(Vex X, Z) — h(X,Vex Z),0Z).
By using the equation (3.3) and structure equations of a Kenmotsu manifold, we get
9 (Vxh(9X,2),02)
= Xg(h(¢X,2),0Z) — g (h(¢X,2),Vx¢Z)
= Xg(V2X,2) — g (h(6X,2),0VxZ)
=X ((XInf1)g(Z,2)) = (XIn f1) g (h(¢X, Z),¢Z) — g (h(¢X, Z), ¢y (X, Z))
= (X’Inf1)g(2,2)+ (XIn f1)*g(2,2) - ||h, (X, Z) |,

where we denote by, (X, Z) thev-component of (X, 7).
Also, by (3.6) and[(3]3), we obtain respectively

9(h(Vx0X,Z),0Z) = (VxX)In f1)g(Z,2),
9 (h(6X,VxZ),02) = (XIn fi)g (h (X, Z),0Z) = (XIn f1)* 9(Z, Z).
Substituting the above relations jn (4.2), we find
(43) R(X.¢X.Z.¢Z)=2|lh, (X, 2) |’ = (X*In f1) ¢ (Z.2) + (VxX) 0 f1) g (2, 2)
= ((6X)’Inf1) (2, 2) + (Vox¢X)In f1) g (Z, Z) .
Then the equation (4.3) becomes

@.4) 2[h, (X, 2)|? = |2

g(X, X)+ (X’Inf1) — (VxX)In f1)

+ ((¢X)2lnf1) - ((V¢X¢X) Inf1)|9(Z,2).

Let
{Xo=& X1,y Xoy Xor1 = 60X, .o, Xoo = 0 X4, 21, .., Zﬁ}
be a local orthonormal frame oW such thatXy, ..., X», are tangent td/; and 7, ..., Zz are

tangent tal/s.
Therefore
2 B
(4.5) 23 > h (X5, 2) [P = aB (c+1) — 284 (In f1).

j=1 t=1

Combining [3.5) and (4]5), we obtain the inequality [4.1).
The equality case can be solved similarly to Corolfary 3.2. O

Corollary 4.2. Let M(c) be a Kenmotsu space form with< —1. Then there do not exist

contact CR-doubly warped product submanifolgd’, x; M, in ]\7(c) such thatln f; is a
harmonic function on/;.
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Proof. Assume that there exists a contact CR-doubly warped product submanitblck ;, M,

in a Kenmotsu space forti (c) such thatn f; is a harmonic function oi/;. Then ) implies
c> —1. O

Corollary 4.3. Let M(c) be a Kenmotsu space form with< —1. Then there do not exist
contact CR-doubly warped product submanifojgd/; x; M, in M (c) such thatln f; is a

non-negative eigenfunction of the Laplacian@h corresponding to an eigenvalue> 0.
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