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Recently, the author established general inequalities for CR-doubly warped prod-
ucts isometrically immersed in Sasakian space forms.

In the present paper, we obtain sharp estimates for the squared norm of the sec-
ond fundamental form (an extrinsic invariant) in terms of the warping functions
(intrinsic invariants) for contact CR-doubly warped products isometrically im-
mersed in Kenmotsu space forms. The equality case is considered. Some appli-
cations are derived.
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1. Introduction

In 1978, A. Bejancu introduced the notion of CR-submanifolds which is a gen-
eralization of holomorphic and totally real submanifolds in an almost Hermitian
manifold ([2]). Following this, many papers and books on the topic were pub-
lished. The first main result on CR-submanifolds was obtained by CHerahy
CR-submanifold of a Kaehler manifold is foliated by totally real submanifolds. As
non-trivial examples of CR-submanifolds, we can mention the (real) hypersurfaces
of Hermitian manifolds.

Recently, Chenq] introduced the notion of a CR-warped product submanifold in
a Kaehler manifold and proved a number of interesting results on such submanifolds.
In particular, he established a sharp relationship between the warping furiation
a warped product CR-submanifold; x; M, of a Kaehler manifold}/ and the
squared norm of the second fundamental fojn>.

On the other hand, there are only a handful of papers about doubly warped prod-
uct Riemannian manifolds which are the generalization of a warped product Rie-
mannian manifold.

Recently, the author obtained a general inequality for CR-doubly warped products
isometrically immersed in Sasakian space formg]jf

In the present paper, we study contact CR-doubly warped product submanifolds
in Kenmotsu space forms.

We prove estimates of the squared norm of the second fundamental form in terms
of the warping function. Equality cases are investigated. Obstructions to the exis-
tence of contact CR-doubly warped product submanifolds in Kenmotsu space forms
are derived.
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2. Preliminaries

A (2m + 1)-dimensional Riemannian manifold/, ¢) is said to be a Kenmotsu

manifold if it admits an endomorphismof its tangent bundI& M, a vector fieldS
and al-form n satisfying:

@ =-Idtn®E n(©)=1 =0, nos=0,
21)  g(@X,0Y)=g(X,Y)=n(X)n(Y), n(X)=g(X,9),
(Vxo) Y = =g (X,0¥) € —n(¥)6X, Vx&=X —n(X)¢,

for any vector fieldsX, Y on M, whereV denotes the Riemannian connection with
respect tq;.

We denote by the fundamentat-form of M,ie.
2.2) w(X,Y)=g(¢X,Y), VX, YeT (TJTJ) .
It was proved that the pairin@, n) defines a locally conformal cosymplectic struc-

ture, i.e.,
dw = 2w A\ 7, dn = 0.

A plane sectionr in T,,M is called ag-section if it is spanned by and¢.X,
where X is a unit tangent vector orthogonal §o The sectional curvature of &
section is called a-sectional curvature. A Kenmotsu manifold with constant
holomorphic sectional curvatuegs said to be a Kenmotsu space form and is denoted

by M (c).
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The curvature tensdk of a Kenmotsu space form is given I8}

(2.3) R(X,Y)Z
“H 0L 2) X — (X 2 h+ S ()Y (V) X] 9 (2)
g (X, 2)0(Y) = g (Y, 2) 0 (X)) €+ (Y, 2) 9

—w(X,2) oY — 2w (X,Y)$Z}.

Let M be a Kenmotsu manifold andf ann-dimensional submanifold tangent to
¢. For any vector fieldX tangent taM/, we put

(2.4) ¢X = PX + FX,

where PX (resp. F'X) denotes the tangential (resp. normal) component.of
Then P is an endomorphism of the tangent bundl&/ and F' is a normal bundle
valuedl-form onT M.

The equation of Gauss is given by

(2.5) R(X,Y,Z,W)
= R(X,Y,ZW)+g(h(X,W),h(Y,Z2))—g(h(X,Z),h(Y,WV))

for any vectorsX, Y, Z, W tangent taM.
Let p € M and{ey,...,en, €n11, ..., e2m+1} b€ @n orthonormal basis of the tan-

gent space’,M, such thaty, ..., e, are tangent to\/ atp. We denote byH the
mean curvature vector, that is

(2.6) H(p) = %Zh(ei,ei).
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As is known, M is said to be minimal if7 vanishes identically.
Also, we set

(2.7) hi; = g(h(ei,e;),e.), i, 5€{l,..,np,re{n+1,.,2m+1}

as the coefficients of the second fundamental férwith respect to{ey, ..., e,,
Cntly -y 62m+1}, and

CR-doubly Warped Product
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(28) Hh||2 = Z g(h (ei7€j) 7h(6i,€j)) . Andreea Olteanu
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By analogy with submanifolds in a Kaehler manifold, different classes of sub-
manifolds in a Kenmotsu manifold were considered (see, for examidp, [ Title Page

A submanifold M tangent tof is called an invariant (resp. anti-invariant) sub-
manifold if ¢ (T,M) C T,M, ¥ p € M (resp.¢ (T,M) C T;-"M,V p € M).

A submanifold)M tangent t is called a contact CR-submanifold.d)) if there <« >
exists a pair of orthogonal differentiable distributiddsindD+ on M, such that:
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3. Contact CR-doubly Warped Product Submanifolds

Singly warped products or simply warped products were first defined by Bishop and
O’Neill in [3] in order to construct Riemannian manifolds with negative sectional
curvature.

In general, doubly warped products can be considered as generalizations of singly
warped products.

Let (M, g1) and (M,, go) be two Riemannian manifolds and It : M; —
(0,00) and f, : My — (0, 00) be differentiable functions.

The doubly warped produdt! =, M; x 5, M; is the product manifold/; x M,
endowed with the metric

(3.1) 9= fig + figa.

More precisely, ifr; : My x My — M; andwy : M; x My — M, are natural
projections, the metrig is defined by

(3.2) 9= (f2om)’mig + (fiom)’ mg.

The functionsf; and f, are called warping functions. If eithgf = 1 or f, = 1,
but not both, then we obtain a warped product. If bth= 1 and f, = 1, then we
have a Riemannian product manifold. If neithfgmor f; is constant, then we have
a non-trivial doubly warped product.

We recall that on a doubly warped product one has

(3.3) VxZ=Znf)X+X(nf)Z

for any vector fieldsX tangent tol/; andZ tangent tal/s.
If X andZ are unit vector fields, it follows that the sectional curvatiiréX A Z)
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of the plane section spanned Ayand~ is given by

(34) K(XAZ)= % (VLX) fi — X2} + %{(VEZ) o 22,

whereV!, V2 are the Riemannian connections of the Riemannian metriaad g,
respectively.

By reference to12], a doubly warped product submanifadd =;, M; x M,
of a Kenmotsu manifolcﬁ, with M, a(2a + 1)-dimensional invariant submanifold

tangent ta¢ and M, a G-dimensional anti-invariant submanifold &f is said to be a
contact CR-doubly warped product submanifold.

We state the following estimate of the squared norm of the second fundamental
form for contact CR-doubly warped products in Kenmotsu manifolds.

Theorem 3.1.Let M (c) be a(2m + 1)-dimensional Kenmotsu manifold and =,
M, <, My an n-dimensional contact CR-doubly warped product submanifold, such
that M, is a (2a + 1)-dimensional invariant submanifold tangentg@and A/ is a

S-dimensional anti-invariant submanifold ﬂ?(c). Then:
(i) The squared norm of the second fundamental fori¥ fatisfies
(3.5) [1BI[* = 28]V (In fi) |2 — 1],
whereV (In f;) is the gradient ofn f;.

(i) If the equality sign of(3.5) holds identically, thenl/; is a totally geodesic
submanifold and/, is a tQEaIIy umbilical submanifold af/. Moreover,M is
a minimal submanifold of/.
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Proof. Let M =;, M, x; M, be a doubly warped product submanifold of a Ken-
motsu manifoldl/, such tha’rMIE an invariant submanifold tangentg@nd M; is
an anti-invariant submanifold aff .

For any unit vector field tangent tol/; andZ, W tangent tal/, respectively,
we have:

3.6)  g(h(6X,2),62) =g (%qux, qu) —g (WZX, ¢Z) S

Submanifolds

:g<%ZX,Z> =g9(VzX,Z)=Xnfi, Andreea Olteanu

vol. 10, iss. 4, art. 119, 2009

9 (h(9X,Z),oW) = (X1n f1) g (Z,W).

On the other hand, since the ambient manifbldis a Kenmotsu manifold, it is Title Page
easily seen that

Contents
(3.7) h(&. Z) = 0. «“ 3
Obviously, 3.3) implies¢ In f; = 1. Therefore, by §.6) and (3.7), the inequality < >
(3.5 is immediately obtained.
Denote byh” the second fundamental form 8f, in A/. Then, we get Page 9 of 16
Go Back
g(h,/ (Z7 W) 7X) - g(VZWX) - = (Xlnfl)g<Zv W?)
Full Screen
or equivalently
Close
(3.8) WA(Z,W)=-g(ZW)V(nf).
journal of inequalities
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The first condition §.9) implies that)/; is totally geodesic i/. On the other hand,
one has

g(h(X,0Y),02) = g (Vx6Y,0Z) = g (VxY, Z) = 0.

Thus M, is totally geodesic i/,

The second condition i3(9) and (3.8) imply that M, is a totally umbilical sub-
manifold in . .

Moreover, by 8.9), it follows that M is a minimal submanifold ofl/. O

In particular, if the ambient space is a Kenmotsu space form, one has the follow-
ing.
Corollary 3.2. Let M (c) be a(2m + 1)-dimensional Kenmotsu space form of con-

stant¢-sectional curvature and M =5, M; x;, M, ann-dimensional non-trivial
contact CR-doubly warped product submanifold, satisfying

121" =23 [[IV (In fi) ||* — 1]

Then, we have

(a) M, is a totally geodesic invariant submanifold H(c). Hencel/; is a Ken-
motsu space form of constapisectional curvature.

(b) M, is a totally umbilical anti-invariant submanifold d?i(c). Hencell; is a
real space form of sectional curvature> %

Proof. Statement (a) follows from Theoreml -
Also, we know that)/, is a totally umbilical submanifold of/ (¢). The Gauss
equation implies that/, is a real space form of sectional curvatare %

Moreover, by £.3), we see that = % if and only if the warping functiory; is
constant. n
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4. Another Inequality

In the present section, we will improve the inequalify5 for contact CR-doubly

warped product submanifolds in Kenmotsu space forms. Equality case is character-

ized.

Theorem 4.1.Let M (c) be a(2m + 1)-dimensional Kenmotsu space form of con-
stant ¢-sectional curvature- and M =, M; x M, an n-dimensional contact
CR-doubly warped product submanifold, such thét is a (2« + 1)-dimensional
invariant supvmanifold tangent t and M, is a g-dimensional anti-invariant sub-
manifold ofM (¢). Then:

(i) The squared norm of the second fundamental ford/ cfatisfies

(4.1) 1RI1* > 268 [|IV (In fi) ||* = As(In fr) = 1] + @B (c+ 1),

whereA; denotes the Laplace operator ar .
(i) The equality sign of4.1) holds identically if and only if we have:
(a) M, is a totally geodesic invariant submanifoIdE(c). Hencel is a
Kenmotsu space form of constansectional curvature. -
(b) M, is a totally umbilical anti-invariant submanifold @f/ (c¢). HenceM,
is a real space form of sectional curvature> %

Proof. Let M =, M, x;, M, be a contact CR-doubly warped product submanifold
of a(2m+1)-dimensional Kenmotsu space formh (¢), such that)/; is an invariant
submanifold tangent t§ and M/, is an anti-invariant submanifold (if?(c).
We denote by be the normal subbundle orthogonakt¢r'A/;). Obviously, we
have
T+M = ¢ (TM,) ® v, v = v.

CR-doubly Warped Product
Submanifolds

Andreea Olteanu

vol. 10, iss. 4, art. 119, 2009

Title Page
Contents
44 44
< >
Page 11 of 16
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:andreea_d_olteanu@yahoo.com
http://jipam.vu.edu.au

For any vector fieldsy tangent to)/; and orthogonal tg and Z tangent tol/,,
equation 2.3) gives

R(X.6X.2,62) = <22

9(X, X)g(Z.Z).
On the other hand, by the Codazzi equation, we have
(42) R(X,0X,Z,¢2)

= —g (Vxh(¢X,Z2) = h(Vx¢X,Z) - h(¢X,VxZ),¢Z)

+ 9 (Voxh (X, Z) = h(Vex X, Z) — h(X,Vyx Z),07) .

By using the equatior3(3) and structure equations of a Kenmotsu manifold, we get
9 (Vxh(¢X,Z),0Z)
= Xg(h(¢X,2),0Z) — g (h(¢X,Z),Vx¢Z)
— Xg(V2X,2) ~ g (h(6X,2),6VxZ)

=X ((XInfi)g(2,2)) = (XInf1) g (h(¢X, 2),02) — g (h(¢X, Z) , oh,, (X, Z))
= (X’ f1)9(2,2)+ (X f1)* g(Z,2) = ||h, (X, 2) |,

where we denote by, (X, Z) thev-component of. (X, 7).
Also, by (3.6) and @3.3), we obtain respectively

g(h(Vx¢X,Z),¢Z) = ((VxX)In f1) g (Z,Z),
g(h(6X,VxZ),0Z) = (XInf1)g (h(6X,2),0Z) = (XIn f1)’g(Z,Z).
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Substituting the above relations i.9), we find
(43) R(X,9X,Z, ¢7)
=2[|h, (X, 2)|IP = (X*In 1) 9(Z.2) + (VxX)In f1) g (Z, Z)
— ((X)*Inf1) g(Z,Z) + (Vox¢X)In f1) g (2, 7).
Then the equation’(3) becomes

(@.4) 2lh, (X, 2)| = | “T20(X,X) + (X ) — (VX))
+ (X f1) = (VoxoX)In f1) |9(2, 2).
Let
(Xo =& X1, Xay Xap1 = 0X1, o, Xoo = 6Xo, Z1, ..., Z5)

be a local orthonormal frame ol such thatXy, ..., X, are tangent ta\/; and
Zi, ..., Zg are tangent ta/s.
Therefore

20
(4.5) 2> N I (X5, Z) |IP = aB (c+ 1) — 284, (In f1).

j=1 t=1

Combining ¢.5) and ¢.5), we obtain the inequality/( 1).
The equality case can be solved similarly to Corollary O

Corollary 4.2. Let]\?(o) be a Kenmotsu space form with< —1. Then there do not

exist contact CR-doubly warped product submanifgldg; x;, M, in M (¢) such
thatln f; is a harmonic function o/, .
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Proof. Assume that there exists a contact CR-doubly warped product submanifold

7, My <y, My in a Kenmotsu space forﬁ(c) such thatn f; is a harmonic function
on M;.Then ¢.5) impliesc > —1. ]

Corollary 4.3. Let M (c¢) be a Kenmotsu space form withi< —1. Then there do not
exist contact CR-doubly warped product submanifoldg; x; M, in M (c) such
thatln f; is a non-negative eigenfunction of the Laplacian/dn corresponding to
an eigenvalue\ > 0.
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