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ABSTRACT. We show the iterate property in Beurling classes for quasielliptic systems of differ-
ential operators.
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1. INTRODUCTION

The aim of this work is to show the iterate property in Beurling classes for quasielliptic
systems of differential operators. This property is proved for elliptic systems in [2]. A synthesis
of results on the iterate problem is givenlin [1].

Let (my,...,m,) € Z%,m; > 1,1 < j < n,wesety = [[[_;my, m = max{m,},

UG = andqg = (q1,...,qn). If @ € Z7, and € Z7, , we denotga| = oy + ag + -+ + ap,

D*=D{"o---0Di whereD; = 1. %, (a,q) = >0 g and(%) =[I}-, (gj) :
Let (Mp);jg be a sequence of real positive numbers such that

M, M
(1.1) M0:1,3a>0,1§Mp < ]\Z“gap,pezi,

p—1 p

(12) b > O,HC > 07 c ( ? ) Mp*ij < MP < bpMP*J'M]ﬁ p>j € Z+7j <p,

(13)  ¥Ym>23d>0,Yp,h€Zyh <m; (M) " (Mpmm)" < d(Mymin)™

My, MA™
(1.4) Vin 2 2,3H > 0,Yp,h € Z, h < p; 2 < HP (_p) _

hm h
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2 RACHID CHAILI

Let (P; (x, D))j.V:1 be ¢—quasihomogeneous differential operators of ordewith C'> coef-
ficients in an open subs@tof R”, i.e.

B D)= Y au(2)D"

(a,q)<m
We define the quasiprincipal symbol of the operatp(x, D) by
Pim (2,6) = ) aja (2) €.
(a,q)=m

Definition 1.1. The systen(Pj);.V:1 Is saidg—quasielliptic inS2 if for eachz, € 2 we have

N
(1.5) Z | Pim (0,€)] # 0, V& € R"\{0}.

Definition 1.2. Let M = (M,,) be a sequence satisfyi.l 1.4), the space of Beurling vec-
tors of the systeniP; (z, D))j.V:1 in 2, denotedB), (Q, (Pj);,VEis the space ofi € C™ (Q)

such thatv K’ compact of(2, VL > 0,3C' > 0,Vk € Z,

(1.6) 1Py s Poull po gy < CLE™ My,

wherel < i, < N, [ < k.

Definition 1.3. Letl = (ly,...,l,) € R? and M be a sequence satisfyirg (1.1)[— {1.4), we

call anisotropic Beurling space i1, denotedB!, (), the space ofi € C> () such that
VK compact of2, VL > 0, 3C > 0, Va € Z7,

« <a,l> - I
(1.7) 1D, < CL Hl(Maj) .
]:
Remark 1.1.If I, = 1,5 = 1,...,n, we obtain, thanks td (1.2) the definition of isotropic
Beurling spaceB,, (), (seel[4]).
The principal result of this work is the following theorem:

Theorem 1.2.Let M and M’ be two sequences satisfying (1.1) —1.4) and

p /
M, m-+m
(1.8) lim —hm PR _ .
p—+00 he0 Mym M{;m—i—m

Let(Pj);V:1 be g—quasielliptic system witlB?, (2) coefficients, then

Jj=1

B (Q,(Pj)N ) c BY,(Q).

2. PRELIMINARY LEMMAS

Let w be an open neighbourhood of the origin, we Set= {k = (o, ¢),« € Z7 } and we
define
|u|k,w = Z HDau“Lz(w) ; UE c> (w)v ke K.
(a,q)=Fk
If p > 0 we set

1
n 2 2
B,={ zeR", <Z(xj)4j> <p
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The two following lemmas are in[6].
Lemma 2.1. Letu € C* (Q2),r € K andp € Z,, then

(21) |u’pm+r,w S Z |Dau’|r,w '

(a,q):pm
Lemma 2.2. Letk = pm +r < pm + jm, wherek,r € K andp, j € Z% , then3c(j) > 0,
VB, C w, Ve €]0,1], Vu € C* (w),

(22) |u|k’B < € |U| p—‘,—] ,Bo + C(j)gim ‘u|pm,Bp .

If a« € C* (w), we denot€a, D*|u = D* (au) — aD*u and if P is a differential operator,
we definglP, D*| v = D* (Pu) — P (D%u).

Lemma 2.3. Let B be a bounded subset Bf* anda € Bf, (B) , thenvVL > 0,3C > 0,Vu €
C> (E) Vp e 77,

1
a m— Mm "
@3) > oDy <C X0t ()
m

(e,q)=pm k<pm—1

Proof. Let L > 0, asa € B}, (B), there exist€; > 0 such that

|D%| < C, L H , YVa € 77,

therefore, with the Leibniz formula, we get

(2.4) |la, D] u|OB < Z ( ) ‘Dﬁu‘O,B ClL(Q*M) H (M -

f<a =1
We need the following easy inequality

es (5)=(I()") < (o)

It is easy to check that from conditign (IL.2) we have

.

l

(2.6) = 1HMh < Mg, < < BT T M,

7j=1 .
hence

n ) 1 Z;L:1 qjp—1

H (Marﬁj)w < <_) M.

C
j=1

This inequality with [(1.2) ang2.5]) imply

- 4 1\ =% Mia,q)n .
@) () 0n2” < (3) 7 (322) b
j=1

M(ﬁ,q)u

As the number ofv € Z* satisfying(a, ¢) = pm anda > (3, is limited by C2™ %9 \whereC,
depends only of, then(2.4) and (2.7) give

2_17':1%' k Mm i
>l s ¥ oo (37 @t () .
ku

= k<pm-—1
(a,q)=pm o
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from which the desired estimate is obtained. O

3. LocAL ESTIMATES

Let (Pj)j.\[:1 be ag—quasielliptic system with coefficients i}, (B) , whereB is a neigh-
bourhood of the origin. The following lemma is a light modification of an analogous lemma in
[6, Lemma 2.3].

Lemma 3.1. Letw be a small neighbourhood of the origip, > 0 and§ €]0, 1], such that
B,+s C w. Then there exist§’ > 0, not depending op andd, such that for any: € C™ (@),

(3.1) [l , < C Z|Pu|OB + > 5l

k<m-—1
ke

Lemma 3.2. Letw, p andé be as in Lemm@a 3.1, thef' > 0,VL > 0,3A > 0,Vp € Z,Vu €
C> W)

Cm 1
3B-2) |ulpsrymp, <C (Z L e N [ R (Ul o1y, 45

j=1
i M
(p+1—h)m 2 pmtm
+AY LW e |u|hm’BP+§> ,

and

N
—m 1
(33) me <C (; PlU'O,Bp.‘.s +0 \u!O’BPH + W ]u\m,BpH) .

Proof. From (2.1)) and ({3.1]) we obtain

N
(3.4) ‘u’(p+1)m73p <C Z Pu|me +5 + Z Z 1B, D ulO»Bm—s
j=1 1 {a,

—m+k
+ Z 5t |u|pm+k7BP+6 ,

kE<m-—1
ke

Following the same idea as in the proof of Lemma 2.2 of [2], we get

o ( Mpmimy ) *
(3.5) Z |[Pj,Da]u|0,BP+5§C/ Z L (%)\/[—+M> |u|3»Bp+6'

= s<pm+m—1 Sp
(a,q)=pm e

On the other hand, there exists Z, andr € K such thats = hm + r, r < nm — n, (seel[6,
(1.3)]). Ass < pm + m — 1, thenh < p. From(2.2)) we have

(3.6) [uly s,y <l rimpms, s + Coe ™7 [l g

if s=hm+r,where0 <h<p-—n+1land0<r < nm—n,and

o
(37) |u’s,BP+(5 <¢€ |u’pm+m,Bp+5 + C2€ Jm=r |U‘hm,BP+5

if s=hm+rwhereh=p+1—j 1<j<n-—1land0<r <jm-—1.
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Lete’ €]0,1[ and put

1
M " .
e=¢ (—“) "L in (X6)

M tnymp
and )
M, " - .
e=¢ (—”) " L B.1).
Mp-41ymp
According to [(1.B) we obtain for anysatisfying({3.6),
L5 . L—(h+n)m o L—hm
o1 ’u‘s,B &1 |u’(h+n)m,B + Code™ I ’ulhm,B
(M$M> ’ o (M(h—i—n)mu) a o hmu) K o
and for anys satisfying(3.7)) ,
L3 ) L—(p+1)m _— [, —hm
I ’u‘s,B s >& 1 ’u‘(p+1)m,B s T Cod'e™ " —— |u’hm,B 5"
(M5M> ” - (M(p—i-l)mu) " - (Mhm,u,) " o

These inequalities an.5) give

Z HP]’ Da] ulOvBM—é < ¢ (7’L€/ ‘u’(pJFl)mvaJré

(a,q)=pm
1
M m
A ——
ZLerl ( ]\thu ) |u|hm’BP+6>.

Choosing:’ = (2CC'Nn (4¢)™)”", then we obtain, W|tr!4),

N 11
Z Z P D u|0,BP+5Sf(4) |u|p+1me+a

J=1 (a,q)=pm

Mmm
+AZ HL (p+1—h)m Hpm4m

h=0 Mpm [l oo "
It follows from this inequality:v¥L > 0, 3A > 0,
3.8 1P, D°] <1 1
( ) Z Z u|07Bp+§ - %(46)7” |u’(p+1)m,Bp+§
=1 (a,q)=pm
a M
(p+1—hym Mpm+m
+ Ahz L . LI F——
=0
It remains the estimate of the third term of the right-hand sid@dj) . From (2.2)) , we have
__k
’u’perk,Ber(; S € ‘u’pm+m,BP+5 + 028 mok ’u‘pm,Ber(; :
Settinge = /6™ * and choosing’ = (2C,C (4¢)™)”", then we obtain
1 1
—m+k —m
(39) Z 0 i |u‘pm+k,Bp+5 - 20( )m ‘ ’ (p+1)m,B,t5 + 055 ’u’pm,BP+5 .
k<m-—1
ke

The estlmate. , (3-8) and(B.9) imply (3.2) . The estimatef3.3)) is obtained from(3.1)) and
9) with p = 0.
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4. THE MAIN RESULT

Let R > 0, to every sequenc/ satisfying [(1.1) —[(1)4) we define

1 m
oy (u) = sup (R —p)™" [ul
pm R/2<p<R

pm, By *

The following lemma is inl[2].

Lemma 4.1. Letw be as in Lemma 3/1R €]0, 1[ such thatBy C w, M, M’ two sequences
satlsfylng( ).4) and € By (w, (P )J 1) then for anyl > 0, there exists an increasing

positive sequence”, ) , such thatVvp,l € Z,

M!
4.1) ob, (P - Pyu) < C, pmtlm g pmim:
]\/[pm
where the sequencé€’,) is constructed by recurrence,
m M,
— N A pm—+m
Cppr = C, < C+ Z e M;m+m> ,

whereC' and A are the constants of Lem@.z aﬁ@lls the constant satisfying
||Pz'0 .. Pilu”LQ(BR) S COleMllm'

Theorem 4.2.Let M and M’ be two sequences satisfyifg (1.1) —1.4) and

p
M., M
4.2 li —rmim _ ),
(42) prtoo Z M Ml

Let(P ) , beg-quasielliptic system with coefficients &, (€2) , then
Bar (Q,(Pj)jzl> C B (Q).

Proof. We must verify [(1.]7) near every pointof 2. By a translation ofc at the origin, there
exists a nelghbourhoad of the origin for which the precedent lemmas are true. Let 0
and let(C,) % be as in Lemm.l then froffl.2) there existg, € Z. such thatC,; <
2NCC,, p > > po, hence

C, < Cpy (2NCYP™7 < Gy 2NOY™ ™ Nl € 7.

Forp < py, this inequality is true because the seque(r(qg IS increasing.
Let R €]0.1[ such thatBx C w, from ([4.1)) we obtain
M/
aﬁf (Pio e leu) < CPOJZ\}L—Hm (2NCL)pm+lm ) vpvl € Z+-

!/
pm

In particular forl = 0,

R\ 1 N
(5) M, |u|pm,BR/2 <ol (u) < Cpy 2NCL)”

ANC \"™
|U’|pm,BR/2 < CPO (TL) le)m’

hence

which can be rewritten as

(4.3) YL >0, 3C > 0, <CcLmM,.

|u’pm,BR/2 -
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The last inequality will allow us to conclude. In fact lete K, then there existp € Z. and
r € K, r < nm — n, such thatt = pm + r. From(2.2)) , (4.3) and(?2.6) , we obtain

|U|k Br /2 < 60/ (ptn)m (p+n)m + C/CHE_ 7”’:_’“ meMII)m

1 1 r 1 1
+n)m —— m
< 60/ (P E (M(/ern)m,u) B4 C/C//€ nm-—r Lp E (M;m#) K,
Setting
1
) 1
= 37 ,
(p+n)mpu
then from [(1.B) we get
(4.4) |U|1<;,BR/2 < CL* (Ml;u)ﬁ

By an imbedding theorem of anisotropic Sobolev spaces [see [5]), fioth and [1.2) we
obtain

==

sup [D%u (x)] < Cy (bL) ) (M, )

Bpr/2
The last estimate, witlf2.6)) gives

1
n n
sup | D% (2)] < Gy (bL) <b<a’q>n" 11 M)

BR/2 j=1

T

<03 (bL aq ( ””Hb%#(aﬂh# < /j)QjM>

]:

<c oo U T ()"

=1

[y

.

from thereu € B}, (Bg)2) - O

As a corollary we obtain from Theorejm 1.2, the principal result of [2]. Thedrefn 1.2 also
gives a result of regularity of solutions of differential equations in Beurling classes.

Corollary 4.3. Under the assumptions of Theorem| 1.2, the following assertions are equivalent:
) uwe D (Q)andPu € B, (Q),
i) ue B}, (Q).

For anisotropic projective Gevrey classgsh? (Q) = Bi, (), M, = (p!)°, s > 1, we have
the same result.

Corollary 4.4. Let s, s’ be such that’ > s > 1 and (P, )] , g—quasielliptic system with
coefficients inG{#}¢ (Q) | then

¢ (9, ()L, ) € 69 ().

Corollary 4.5. Let M and M’ be two sequences satisfyifg {1.1) —1.4) and

p
M, M,
4.5 1i —pmim
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and let(P;)"", be an elliptic system with coefficientsii, (1) , then

By (Q, (P ) C By (2).

7=1
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