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Abstract

We show the iterate property in Beurling classes for quasielliptic systems of
differential operators.
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The aim of this work is to show the iterate property in Beurling classes for
guasielliptic systems of differential operators. This property is proved for el-
liptic systems in I]. A synthesis of results on the iterate problem is given in
[1].
Let (my,...,my,) € Z},m; > 1,1 < j <n,weselu = [[/_,m;, m=
max{m;}, ¢; = 2= andq = (q1,...,q,). If o € Z7} and$ € Z'} , we denote
7 s
a;+ay+ -+ a,, DY = D{"o---0D whereD; = % -%,
J
(@, q) =270, ;g and(;) =11, (gj) :
Let (Mp);’g be a sequence of real positive numbers such that

Mp+1
MP

ol =

(1.1) My=1,3a>0,1<-—2 <

M,

<d', pelZ,

(1.2) I>0,3>0, c ( ? > M,_; M,

SMprpMp—ija pvjEZ-Hj Sp)

(1.3) Ym>2,3d>0, Vp,h € Z,, h <m;
(Mpm>m7h (Mpm-i-m)h < d (Mpm-i-h)m )

M m
< HPR (2
- (Mh>

pm

(1.4)  VYm>2,3H >0,Yp,h € Zy,h < p;

hm
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Let (P (z, D))j.\’:1 be g—quasihomogeneous differential operators of order
m with C*° coefficients in an open subgetof R, i.e.

Pj(z,D)= 3 aj(z)D"

(,q)<m

We define the quasiprincipal symbol of the operdtp(z, D) by

Pjm (l‘, 5) - Z Gja (ZI)) £ Beurling Vectors of
{a,q)=m Quasielliptic Systems of
Differential Operators
Definition 1.1. The syster(uf’j)jy:1 is saidg—quasielliptic inQ2 if for eachxz, € Rachid Chaili
2 we have
N Title Page
(1.5) Z jm (20,€)| # 0, V€ € R"\{0}. Contents
- .-, . . - ‘4 ”
Definition 1.2. Let M = (M,,) be a sequence satisfying.{) — (1.4), the space p 9
of Beurling vectors of the systgh; (z, D)) ,InQ, denotedB), (Q (Pj);y:l> ,
is the space of, € C™ (Q) such thaty K compact of), VL > 0,3C > 0,Vk € Cofac
/. Close
m it
(1.6) 1Py - Pyull gy < CLY My, Qui
Page 4 of 19
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Definition 1.3. Let! = (14, ...,1,) € R} and M be a sequence satisfying. ()
— (1.4), we call anisotropic Beurling space in, denotedB!, (Q2), the space of
u € C* () such thatv K compact of2, VL > 0, 3C > 0, Vo € Z7,

(1.7) |Dll, < o] (M,,)" .

Jj=1

Remark 1.1.If [, = 1,5 = 1,...,n, we obtain, thanks tal(2) the definition of
isotropic Beurling spacés,, (2), (see []).

The principal result of this work is the following theorem:

Theorem 1.1.Let M and M’ be two sequences satisfyirng1) — (1.4) and

p
M. M
1.8 Ii hm “ZpmAm.
(1.8) pjﬁloozwhm W 0

h=0 pm+m

Let(Pj);.V:1 be g—quasielliptic system witlB?, (2) coefficients, then

Ba (2.(B),) € Bl ().

7j=1

Beurling Vectors of
Quasielliptic Systems of
Differential Operators

Rachid Chaili

Title Page
Contents
44 44
| >
Go Back
Close
Quit
Page 5 of 19

J. Ineq. Pure and Appl. Math. 4(5) Art. 85, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:chaili@univ-usto.dz
http://jipam.vu.edu.au/

Letw be an open neighbourhood of the origin, weiSet {k = (o, q) ,o € Z7} }
and we define

|u|k,w = Z ||Dau||L2(w)7 u € OOO (w>, k’ S IC
(a,q)=k

If p > 0 we set

n 5 2
B,={z€eR", (Z(xj)%) <p

The two following lemmas are irt].

Lemma 2.1. Letu € C*> (Q2),r € K andp € Z, then

(21) ’u|pm+r,w S Z ‘Dau’r,w :

(a,q)=pm

Lemma 2.2. Letk = pm +1r < pm + jm, wherek,r € K andp, j € Z* , then
de(y) > 0,VB, C w, Ve €]0,1[, Yu € C* (w),
(2.2) [y, < € [l gy sym., + €)™ |ul

(p+j)m pm,B, -

If « € C>(w), we denotefa, D*|u = D (au) — aD*u and if P is a
differential operator, we defing>, D*|u = D* (Pu) — P (D%u) .
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Lemma 2.3. Let B be a bounded subset B* anda € Bj, (B) , thenVL >
0,3C > 0,Yu € C= (B) ,Vp € Z,,

o My \ F
<O¢a‘J>:pm kﬁkpg’],c—l ku

Proof. Let L > 0, asa € B}, (B), there exist; > 0 such that

n Beurling Vectors of
«a n Quasielliptic Systems of
’D CL’ < Cl H , Va € Z Differential Operators
J=1
Rachid Chaili

therefore, with the Leibniz formula, we get

n Title Page
« Jé] j
(2.4) |[a, D?] u‘OB = Z ( ) |D u}O,B Cl H ;= ﬁa : Contents
B<a j=1
: . : <4< 44
We need the following easy inequality ) R
1 1
n aGp\ H m
(2.5) (a)g H(aj) S(((a,q)u)) ' Go Back
ﬁ j=1 6] <ﬁ7 Q> l’[’ C|Ose
It is easy to check that from conditiofi.@) we have Quit
Page 7 of 19
_ A1 < < pl=D) 51 by
(2 6) H Mh MZJ 1 hJ - b ' H Mh] ’ J. Ineq. Pure and Appl. Math. 4(5) Art. 85, 2003
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hence n N
H (M%'—ﬁj)qju < (1) L= ain p
Jj=1

This inequality with (.2) and(2.5) imply

n Zl': q; 1
T\==7 (Mg ) *
H ¢ Mg,y "o

7=1
As the number ofv € Z? satisfying(a,q) = pm anda > 3, is limited by
=94 \whereC, depends only ofi, then(2.4) and(2.7) give

314 i (M, m
>l 3 a(3) 7 @t () s,

k
(a,q)=pm ’“1”& 1 “

from which the desired estimate is obtained. O
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Let (Pj)?’: , be ag—quasielliptic system with coefficients i}, (B) , whereB
is a neighbourhood of the origin. The following lemma is a light modification
of an analogous lemma is,[Lemma 2.3].

Lemma 3.1. Letw be a small neighbourhood of the origin,> 0 ands €]0, 1],
such thatB,, s C w. Then there exist§' > 0, not depending op andd, such
that for anyu € C*> (w)

Beurling Vectors of

N ) Qu‘asielliptic Systems of
(3.1) |u|m,Bp <C Z |Pju|0,BP+5 + Z gt |u|k,Bp+5 ) Differential Operators
j=1 heomct Rachid Chaili
Lemma 3.2. Letw, p and) be as in Lemm&.1, thendC > 0,VL > 0,3A >
0,Vp € Z7 ,Yu € C™ (W) Title Page
Contents
(32) |u|(p+1)m,Bp
N 1 44 44
S C (Z |Pju|pm,BP+5 + 0 |u|pm,BP+5 + (4€)m |u|(p+1)m,Bp+5 4 [
j=1
P ( : Moy Go Back
p+1—h)m ““pm+m
+4 Z L M, ‘u|hm,Bp+a ’ Close
h=0 m _
and Quit
N 1 Page 9 of 19
O o, <0 (3 P+ o+ 58 s
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Proof. From(2.1) and(3.1) we obtain

(3.4) |U| (p+1)m, B, <C Z ’Pu|pm Bpyis +Z Z |[P;, D] ulO,Ber(;

+ Z §omtk |u]pm+k’3p+6 ,

k<m-—1
ke

Following the same idea as in the proof of Lemma 2.2°pf\ve get

35) D B Dl

(a,q)=pm

M 1
m—+m—s (pm+m)u
Z LP (M—) |ul, Bpys

s<pm+m-—1 Sp
se

On the other hand, there exisise Z, andr € K such thats = hm + 7,
r < nm —n, (seep, (1.3)]). Ass < pm +m — 1, thenh < p. From(2.2) we
have

(3.6) |U’s,BP+5 <e |u|(h+n)m,BP+5 + Che™mm=r |u’hm,BP+§

if s=hm+r,where0 <h<p-—n+1land0<r <nm—n,and

__r
(37) ’u|s,Bp+5 Se€ |U’|pm+m,BP+5 + 028 Jmer |u|hm,Bp+5
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if s=hm+rwhereh=p+1—j 1<j<n-—1land0<r<jm-—1.

Lete’ €]0,1[ and put

e=¢ (&) "L in (3.6)
M nymp

and )
M, ) [
e=¢(—2—) L77™7in (3.7).
(M(erl)mu
According to (L.3) we obtain for any satisfying(3.6),

L= | | . Lf(thn)m | |
U <e Ul (et
(]\45/1)i s (M(h+n)mu i () Hovs
L—hm
+ Cod'e ™M ——— |u
O Ot i
and for anys satisfying(3.7) ,
s | | o L—(p+1)m | |
u SE— |U m
(My)r (M(p—i-l)m#)% P
L—hm
+C dl/glfnm— U "
2 (Mhmu>i ’ |h 7BP+6
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These inequalities and.5) give

> 11Dl < C (0 iy,

(ov,q)=pm
p 1
M, m
/ (p+1—h)m (pm+m)p
+c (&) ZL P <—Mh ) |u|hm,BP+5) )
h=0 mp
Choosing:’ = (2CC"Nn (4¢)™)~", then we obtain, with1.4),

o 1 1
Z Z P D UIO,BPH = 20 (46) ’u| (p+1)m,Bys
J=1(a,

p
M,
+1—h)m m—+m
+ A (HL)PH Ath DI
h=0

It follows from this inequality:VL > 0, 3A > 0,

. 1 1
(3:8) Z > 117D “|0,Bp+5§%(4e)m [l p41ym. 5,1

1 {a,q)=pm

M,

m pm~+m
Mhm |u‘hm,BP+5 .

p
+ AZ L(P+1*h)
=0

h=
It remains the estimate of the third term of the right-hand side3af) . From
(2.2), we have

__k_
’ |pm+k Bp+5 — |u’pm+m,BP+5 + 026 mk |u|pm,Bp+5 .
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Settinge = /6™ * and choosing’ = (2C,C (4¢)™)", then we obtain

B9 > " ulyisp,,

kE<m-—1
ke

1 1
2C (4e)™

S |u|(p+1)mvBﬁ+5 + Cé(s_m |u|pmvBP+5 ’

The estimate$3.4), (3.8) and(3.9) imply (3.2) . The estimat¢3.3) is obtained
‘ : Beurling Vectors of
from (3.1) and(3.9) with p = 0. O Qua;‘fe’”'ig?ic g;;:; = of
Differential Operators
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Let R > 0, to every sequenc/ satisfying (L.1) — (1.4) we define

1
0% (u) = sup (R~ p)"™ lul 5, -
M Mpm R/2§p<R Vg vBP

The following lemma is inf].
Lemma4.1.Letw be asin Lemma&.1, R €]0, 1[such thatBy C w, M, M’ two
sequences satisfyind.() — (1.4) andu € By (w, (Pj);.V:l>, then for anyL >
0, there exists an increasing positive seque(@e)t’g such thatVp,l € Z, ,

(4.1) o, (P - Pyu) < C ]’\’/[LWLWHW

pm

where the sequengé€’,) is constructed by recurrence,

Mmm
Coir = C, (NC+AZM T >
hm

pm—+m

whereC and A are the constants of Lemn3a2and () is the constant satisfying

HPio e PizuHLQ(BR) < C’Ole‘]Mllm'

Theorem 4.2.Let M and M’ be two sequences satisfyingl) — (1.4) and

p /
M
4.2 1i “hm ZTpmAm ()
(4.2) pino £ ~ M My
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Let (Pj);y:l be g-quasielliptic system with coefficients B#{, (2) , then
B <Q (Pj)j.il) C Bl (Q).

Proof. We must verify (.7) near every point: of (2. By a translation ofr at
the origin, there exists a neighbourhaoaf the origin for which the precedent
lemmas are true. Let > 0 and Iet(Op);jg be as in Lemmat.1, then from
(4.2) there existy, € Z, such thatC,,, < 2NCC,, p > p,, hence

C, < Cpy (2NC)P™7 < O, (2NCY™ ™ Yl e Z.,.
Forp < py, this inequality is true because the seque(r(qg;"g IS increasing.

Let R €]0.1[ such thatBr C w, from (4.1) we obtain )

M/
]1\7,””‘ 2NCLY™ ™ pleZ.,.

pm

05\7/[’ (Pio e P”’LL) < Cpo

In particular forl = 0,

R\"™ 1 .
(§> M, [t 5y < Thpr (1) < Ty 2NCL)™,

hence NC A\
4 m
|u|pm7BR/2 S CPO (TL) M;)m,
which can be rewritten as
m !/
(4.3) VL >0, 3C > 0, |u|pWBR/2 < CLP M,,,.
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The last inequality will allow us to conclude. In fact fete KC, then there exists

p € Zy andr € K, r < nm — n, such that = pm + . From(2.2) , (4.3) and
(2.6) , we obtain

|u|k,BR/2 < EC/L(p+n)mM(/p+n)m + O e meMI,;m

1 1 r 1 1
< eC' Lt mz (M(’Hn)mu) s C’C”g_mLPmE (M;mu) "
Setting
e = (M(Pm""r) )ﬂ et
- M’ s
(ptn)mp
then from (L.3) we get
1
(4.4) [l 5y, < CLLY (M) "

By an imbedding theorem of anisotropic Sobolev spaces (Jgeffom (4.4)
and (L.2) we obtain

T

sup | Du ()| < Cy (bL)'™4

Bry2

' (Mag)

(a,q)

The last estimate, witf2.6) gives

|~

sup | D% (x)] < Cs (bL < H ajqju>

Br/2
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==

<C3 (bL o¢q < Tl,qu‘I]# ;g5 1) (MAJ)QjM>

J=1
< 03 (b(1+n+m“)L H ( > ;
7j=1
from thereu € B}, (Bgy») - O

As a corollary we obtain from Theoreinl, the principal result of4]. The-
oreml.lalso gives a result of regularity of solutions of differential equations in
Beurling classes.

Corollary 4.3. Under the assumptions of Theorém, the following assertions
are equivalent:

) ue D (Q)andPu € Bi, (),
i) ue BL,(Q).

For anisotropic projective Gevrey classest (1) = BY, (Q), M, = (p!)®,
s > 1, we have the same result.

Corollary 4.4. Let s, s’ be such that’ > s > 1 and (Pj)j.vzl g—quasielliptic
system with coefficients @17 (Q) , then

¢ (@ p))L,) 6B @),
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Corollary 4.5. Let M and M’ be two sequences satisfyingl) — (1.4) and

p /

M m-+m
(4.5) lim —_hm PITT
p—-+00 o Mhm leam—I—m

and Iet(Pj);.V:1 be an elliptic system with coefficientsih, ({2) , then

By (Q (Pj)j.vzl) C B ().

Beurling Vectors of
Quasielliptic Systems of
Differential Operators

Rachid Chaili

Title Page
Contents
44 44
| >
Go Back
Close
Quit
Page 18 of 19

J. Ineq. Pure and Appl. Math. 4(5) Art. 85, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:chaili@univ-usto.dz
http://jipam.vu.edu.au/

[1] P. BOLLEY, J. CAMUS AND L. RODINO, Hypoellipticité analytique-
Gevrey etitérés d'opérateuRen. Sem. Mat. Univers. Politec. Torjdd(3)
(1989), 1-61.

[2] C. BOUZARAND R. CHAILI, Régularité des vecteurs de Beurling de sys-
temes elliptiquedlaghreb Math. Rey9(1-2) (2000), 43-53.

[3] C. BOUZAR AND R. CHAILI, Vecteurs Gevrey d’'opérateurs différentiels
gusihomogene®ull. Belg. Math. So¢9 (2002), 299-310.

[4] J.L. LIONS AND E. MAGENES,Problémes aux Limites Non Homogénes
et Applicationst. 3, Dunod Paris, 1970.

[5] P.I. LIZORKIN, Nonisotropic Bessel potentials. Imbedding theorems for

7(5) (1966), 1222-1226.

[6] L. ZANGHIRATI, Iterati di operatori quasi-ellittici e classi di GevreBpll.
U.M.I,, 5(18-B) (1981), 411-428.

Beurling Vectors of
Quasielliptic Systems of
Differential Operators

Rachid Chaili

Title Page
Contents
44
|
Go Back
Close
Quit
Page 19 of 19

J. Ineq. Pure and Appl. Math. 4(5) Art. 85, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:chaili@univ-usto.dz
http://jipam.vu.edu.au/

	Introduction
	Preliminary Lemmas
	Local Estimates
	The Main Result

