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Global implicit function, Boundary behaviour of a maximal implicit function.

We study the boundary behaviour of some certain maximal implicit function. We
give estimates of the maximal balls on which some implicit functions are defined
and we consider some cases when the implicit function is globally defined. We
extend in this way an earlier result froi8] concerning an inequality satisfied by
the partial derivative% andg—z of the maph which verifies the global implicit
function problem

h(t,z) =h(a,b), x(a)=0.
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The implicit function theorem is a classical result in mathematical analysis. Local
versions can be found id[,[ 8], [10], [13], [15], [17], [18] and some papers deal with
some global versions (se®|][[3], [9], [16]).

We first give some local versions of the implicit function theorem, using our local
homeomorphism theorem from]|

Theorem 1. Let E, F' be Banach spaceslim F' < oo, U C E open,V C F
open,h : U x V — F continuous such that there exisk§ C U x V' countable
such thath is differentiable on(U x V) \ K andg—z (x,y) € Isom (F, F) for every

(x,y) € (UxV) \ KandletA = Pr; K C U. Then, for everya,b) € U x V
there exists, 6 > 0 and a unique continuous map: B (a,r) — B (b, ) such that

¢ (a) =bandh (z,¢(z)) = h(a,b) foreveryx € B (a,r)
andy is differentiable onB (a, r) \ A.
Proof. Let (a,b) € U x V befixedandf : U x V — E x F be defined by
f(z,y) = (x,h(x,y) +b—h(a,b)) for (z,y) e U x V.
Also, letT : U xV — E x F,
T (z,y) =0,y — h(z,y) + h(a,b) —b) for (z,y) € U x V.

ThenImT C F, henceT is compact and we see that= I — T, f is differen-
tiable on(U x V) \ K and f' (z,y) € Isom (E x F,E x F) for every(z,y) €
(U x V) \ K. Using the local inversion theorem from][ we see thaff is a local
homeomorphism oty x V. LetW € V ((a, b)) andé > 0 be such that

fIB (a,8) x B(b,8) : B(a,8) x B(b,6) > W
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is a homeomorphism and let
9="_(91,92) : W — B(a,0) x B(b,9)

be its inverse. We také > 0 such that) = B (a,b) x (b,¢) C W and letr =
min {/,§}. We have

(I,Z) = f(g (ac,z))
= f (gl (IK,Z) ) 92 (l’,Z))
= (gl (:Ev Z) ) h (gl (JZ,Z) ) 92 (ZL‘, Z)) +b— h(a7b))

for every(z, z) € Q, hence
=g (x,2), h(r g (r2))=z+h(ab)=b

forz € B(a,r), z € B(b,1).

We define nowy : B(a,7) — B(b,0) by ¢ (x) = go(z,b) for everyz €
B (a,r) and we see thai (z,¢ (z)) = h(a,b) for everyz € B (a,r). We have
f(a,b) = (a,b) = f (a,¢ (a)) and using the injectivity of on B (a,d) x B (b,9),
we see thap (a) = b. Also, if ¢ : B(a,r) — B (b,0) is continuous and (a) =
b,h(xz,¢(x)) = h(a,b) for everyx € B (a,r), then f(z,p(z)) = (z,b) =
f(xz, V¥ (x)) for everyx € B (a,r) and using again the injectivity of the map
on B (a,d) x B(b,0), we find thatp = ¢ on B (a, ).

Let nowzy € B (a,r)\A. Then(zo,b) = f(xo,ﬁ) with (z¢, 8) € (B(a,r) x
B(b,0)\K), hencef is differentiable in(xq, 3) , f' (xo, 5) € Isom (E x F, E x F)
and sincef is a homeomorphism oB(a,r) x B(b, ), it results thaty is also dif-
ferentiable in(zy, b) = f (o, ) andg’ (zo,b) = [f’ (mo, 5)~"], and we see that is
differentiable inx. O
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Theorem 2. Let E be an infinite dimensional Banach spadan F' < oo, U C FE,
V C F beopensets, : UxV — F be continuous such that there exigisC U xV/,

K = DKp
p=1

with K, compact sets fop € N such thath is differentiable onU x V') \ K, there
existsgl onU x V and 3 (z,y) € Isom (F, F) for every(z,y) € U x V and let

A = P, K. Then, for everya,b) € U x V there exists,d > 0 and a unique
continuous implicit functionp : B (a,r) — B (b,0) differentiable onB (a,r) \ A
such thaty (a) = bandh (x,¢ (z)) = h(a,b) for everyx € B (a,r).

Proof. We apply Theorem 11 oB]. We see that in an infinite dimensional Banach
spaceF, a setK which is a countable union of compact sets is a "thin" set, i.e.,
int K = ¢ and B\ K is connected and simply connected for every afrom E.

Also, sinceA is a countable union of compact sets, we seeiifial = ¢.
If £, F are Banach spaces adde L (E, F'), we let

IA[l = sup [[A(z)]

[[z]l=1

and

((A) = inf [[A(z)]]

Jeli=t
andifD C E, A > 0, we let
AD = {x € E| there existy € D such thatt = \y}.

If X,Y are Banach spaceb, C X isopen,x € Dandf : D — Y isamap, we let

D £ (0) — limeup £ 0 =7 @]

vy =]
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and we say thaf is a light map if for everyc € D and everyU € V (z), there exists
Q €V (z)suchthat)y Cc Uandf (z) ¢ f(0Q). O

Remarkl. We can replace in Theoreand Theoren® the condition dim F' <
oo " by "There exist%’; onU x V and it is continuous o/ x V/ andg—’; (z,y) €
Isom (F, F) for every(z,y) € U x V" to obtain the same conclusion, and this is the
classical implicit function theorem. Also, keeping the notations from Thedrand
Theoren?, we see thatif«, 5) € B (a,r) x B (b,0) is such that («, 5) = h (a,b),
thens = ¢ ().

We shall use the following lemma frond][

Lemma 3. Leta > 0, f : [0,a] — [0, c0) be continuous and let : [0, co) — [0, c0)
be continuous such that > 0 on (0, co) and

£ (b) = f (o) S/bcw(f(t))dtforevery0<b<cga.

Then, if
m = inf f(t),

te[0,a]

M = sup f (1),

t€[0,a]

/mM wd(i) <a.

We obtain now the following characterization of the boundary behaviour of the
solutions of some differential inequalities.

it results that

Theorem 4. Let £, ' be Banach space$] C £ a domain,X C U at most count-
able,p : U — F continuous orU and differentiable ord/\ K such that there exists
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w : [0,00) — [0, 00) continuous with|¢' (z)|| < w (||¢ (z)]|) for everyz € U\K.

Then, ifa € OU andC' C U is convex such that € C, either there exists

lim ¢ () = £ € For lim || (2)] = oo

zeC zeC

or,ifw > 0on(1,00) and

> ds
= 00, Global Implicit Function Theorem
o w(s) o
Mihai Cristea
there exists vol. 8, iss. 4, art. 100, 2007

lim ¢ (z) = /(€ F.
zeC

If w > 00n(0,1) and Title Page
b ods Contents
[t
0 w(s) « »
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rel. < >
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o Back
be a path such that
lin%q (1) =« Full Screen
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ande > 0. Letg : A — R be defined by

g(2) =w(||l¢(z)]) foreveryz € A.

Then A is compact and convex angdis uniformly continuous o, hence we can
find 6. > 0 such that

lg(z1) —g(z0)] <eforz;,z € A

Global Implicit Function Theorem

with ||z; — 2| < 6. Sinceq : [c,d] — C'is uniformly continuous, we can find MinaiCristea
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Letting ||A|| — 0 and there — 0, we obtain

[ [l (g ()N = [l (g ()] < e (g(d) — ¢ (g ()l
(1) gL-/ w(lle (g () dtfor0 < c<d<1.

If
m = inf)||90(q(t))||7 M = sup [lo(q (),

tel0,1 t€[0,1)
we obtain from Lemma& and (1)

) /M s,

m @ (s)

Let nowz, — « be such that

1
|z, — «f| §2—P, 2z, € CforpeN

and suppose that there exigts- 0 such that|y (z,)|| < p for everyp € N. We take
O=to <ty < - <tp <tlpy1 <---<1
such that, 1 and we defing : [0,1) — C by

2k (b1 = 8) + Zgr (E— t5)
ler1 — Uk

q(t) =

fort e [tlmtk—H] , k € N.

Then

D+q (t) =cCp = M fort € [tk, tk+1]
b1 — t
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and takingt;, = £ for k € N, we see that, — 0. Then

a, = sup D*q(t) =supcy — 0
teltp,1) k>p

and let

ay= inf [lo(q(@®)l, b= sup llp(q(t))] forpe N,
t€ftp,1) t€[tp,1)

Using () we obtain that

b
P ds
— < q, for N
[, st =etorre

and letpy € N be such that

w(s)

Suppose that there exigis> p, such thab, = co. Then, sincey (tx) = z;, we see
that

> ds
a, < —— for p > po.
P

ar < [l@ (g (t:))ll = lle (z0)]| < pfork €N,

0</°° ds </bp ds “u </°° ds
p wis) =Sy, w(s) ™ " ), w(s)

and we have reached a contradiction.
It results thab, < oo for p > py and let

hence

K, = sup w(t)
t€[0,bp]
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for p > py. Thenk, < oo and we see froml( that

le (g (d)) =@ (g ()l < - Kp-[d—¢f

fort, <c < d < 1andp > py, and this implies that

lime (q(t)) =¢ € F.

t—1

It results that
limp(z,) = limp(q(t,) =L € F.

p—00 p—00
Now, if the case
lim [|o (7)]| = o0

Tr—«
zeC

does not hold, there exists> 0 andx, — «, z, € C with

1
le(ap)ll < pand|lz, —all < 5

for everyp € N, and from what we have proved before, it results that

lim ¢ (z,) =0 € F.

p—00
If a, € C, ||a, — a| < 5 for everyp € N, then

lim ¢ (a,) = ¢, € F.

p—00
Let 2o, = xp, 22p41 = ap for p € N. We see that

lim ¢ (2,) = {2 € F,

p—0o0
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hence
= limy(z,) = lim @ (22) = lo
p—o0

p—00
and

b = 1}5{.10 (ap) = pli_{{)low (zapt1) = La,

hencel = ¢, = (,. We have proved that if, € C, |a, — af < 5 for everyp € N,

then
lim ¢ (a,) = /.

p—00

We show now that ii, € C,a, — «, then

lim ¢ (a,) = /.
pP—00
Indeed, if this is false, there exists> 0 and(ay, ), . such that

lp (ap,) = £l > &

for everyk € N. Let (apk ) be a subsequence such that
1/ geN

for everyq € N. From what we have proved before it results that
lim ¢ (apk ) =/
q—00 4
and we have reached a contradiction.
We have therefore proved that either

alcilralgo(x):ﬁeF,

zeC
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or
lim [o(z)]| = oo.

zeC

J s

Suppose now

and leta € OU. We taker € C'and letg : [0,1) — C be defined by

gt)=1-t)z+ta
fort € [0,1) and

m = inf)||90(Q(t))||7 M = sup [l (q @) -

t€[0,1 te[0,1)

SinceD"q (t) = ||z — «|| for everyt € (0, 1), we see fromZ)

/H]T ek /mM 5 <lle—al

and this implies thad/ < oo. Let

b= sup w(t).
te[0,M]

Thenb < oo and using {), we see that
le(a(d) =@ (g <b-llv—all-|d—c|
for 0 < ¢ < d < 1 and this implies that

lim ¢ (z) =C € F.

zeC
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It results that the case
lim [|o (7)]| = o0

xeC
cannot hold, hence
lim g (z) =(¢ € F.

T—x

/1 ds

(5)
and that there exists € U such thatp (o) = 0. Letr = d(a,0U), y € B(a,r)
) pr—

andq : [0,1] — B(a,r),q(t) = (1 —t)a+tyfort € [0,1]. ThenDq(¢t)
ly — | for t € [0,1] and let

Suppose now that

m = nf ¢ (g ()l

t€[0,1]

and

M = sup [l¢(q(£))]-
te[0,1]

Thenm = 0 and we see from?) that

/ w - <— ||y ||
— || .
0 (S)

This implies thatV/ = 0 and hencep (y) = 0. We proved thatr = 0 on B («, 1)
and sincdJ is a domain, we see that= 0 onU. O

Remark2. We proved that ifp is as in Theoren2 and

/100 wdfs) -

theny has angular limits in every poiat € OU.
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We now obtain the following characterization of the boundary behaviour of some
implicit function.

Theorem 5. Let £, F' be Banach space$] C F a domain,K C U x F such that
A = Pr; K is at most countable and lét: U x ' — F be continuous o/ x F,
differentiable onU x F') \ K such that

/ (% (:B, y)) > 0on (U X F) \K Global Implicit Function Theorem
83/ Mihai Cristea
and there exists : — [0, 00) continuous such that vol. 8, iss. 4, art. 100, 2007
H | /(G wn)) <wllal) Tite Page
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differentiable orU\A (a) = band <« >
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for everyz € U. - Page 14 of 28
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then
lim p(z)=/( € F.

T—a

zeC

Proof. We see that ift € U \ A, then(z,¢(x)) € (Ux F) \ K, henceh is
differentiable in(x, ¢ (z)) and we have

and we see that

I @l (5 o @) < Hg—’; (5, (1)) (¢ (2)

It results that ’ ) '
I @)l < |52 o] /¢ (G @e@n) <wllio@

for everyz € U \ A and we now apply Theorerh O

()

Remark3. If E is an infinite dimensional Banach space and

K =|JK,withK, C E
p=1
are compact sets for evepye N andy € F, then the set
M (K,y) = {w € E| there exists > 0 andz € K such thatv = tz}

is also a countable union of compact sets and hence a "thin" set. Keeping the nota-
tions from Theorem!, we see that the basic inequality

3) [ (21) = (22)| < sup w ([l (2)]]) if [21,2] CU

z2€[z1,22]
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is also valid forK a countable union of compact sets ands in Theoremn.

If dimE = n and K C E has ao-finite (n — 1)-dimensional measure (i.e.

K =2, K, with m,,_; (K,) < oc for everyp € N, wherem, is theg-Hausdorff
measure fronR"), a theorem of Gross shows thatAf c E is a hyperplane and
P : F — H is the projection orf{, thenP~! (z) N K is at most countable with the
possible exception of a sét C H, with m,,_; (B) = 0. Applying as in Theorem
4 the theorem of Denjoi and Bourbaki on each interval frem (z) N K for every
z € H \ B and using a natural limiting process, we see thdtif £ = n and K C
E has as-finite (n — 1)-dimensional measure, then the inequality glso holds. It
is easy see now that Theorehand Theoren® hold if the set/’, respectively the set
A = Pr; K are chosen to be a countable union of compact selisifF = oo and
havingo-finite (n — 1)-dimensional measure dim £ = n.

The following theorem is the main theorem of the paper and it gives some cases
when the implicit function is globally defined or some estimates of the maximal balls
on which some implicit function is defined.

We say that a domaify from a Banach space is starlike with respect to the point
a € Dif [a,z] C D foreveryz € D, and if D is a domain in the Banach spage
anda € D. We set

D, ={x € D|[a,z] C D}.

Theorem 6. Let £, F' be Banach spaceslim F' < oo, D C E a domain,K C
D x F at most countable, and = Pr; K.Also, leth : D x ' — I be continuous
on D x F and differentiable oD x F) \ K such that

E(g—];(x,y)) >0on (D x F)\K.

In addition, there exists : [0, 00) — [0, c0) continuous such that > 0 on (0, o)
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and

Oh oh
’ - <
h%wyw/wi@wo_wmm>
for every(z,y) € (D x F)\K. Then, if(a,b) € D x F and

> ds
Qa7b = DaﬂB (aa/”b” m) 5

there exists a unique continuous map Q,, — I, differentiable on®, ;\ A such
thath (z, ¢ (z)) = h(a,b) for everyz € Q. If D is starlike with respect ta and

ﬁmﬁ;:&

then@,, = D andy : D — F'is globally defined orD.

Proof. Let z € ., and letB = {z € [a, 2]| there exists an open, convex domain
D, C Q. suchthafa, 2] C D,} and a continuous implicit functiop,, : D, — F,
differentiable onD,\ A such thatp, (a) = b andh (u, ¢, (u)) = h(a,b) for every

u € D,. We see thaB3 is open, and from Theorefy B # (). We show thatB is

a closed set. Let, € B, xz, — z, and we can suppose thaf € [a, z) for every

p e N, and let

p=1

We defineV : Q — F by ¥ (u) = ¢,, (u) foru € D,, andp € N and the definition
is correct. Indeed, ib,q € N,p # qletU,, = D,, N D, . ThenU,, is a nonempty,
open and convex set, hence it is a nonempty domain. If

Vg = {u € qu|90:r:q (U,) = P, (u)} )
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we see that € V,,;, hencel/,, # () and we see thdt,, is a closed set il/,,. Using
the property of the local unicity of the implicit function from Theorémwe obtain
thatV,,, is also an open set. Sinég, is a domain, it results thdt,, = V,, and
hence thatl is correctly defined. We also see immediately thdt) = b, andV is
continuous org) and differentiable o) \ A.

Letq : [0,1] — @ be defined by

q(t)=(1—t)a+txfort e0,1].
Then

D*q(t) = o —af] < /| °o wﬁ).

Let
m = inf)||\If(q(t>>H, M = sup [[¥(q (1))

tefo,1 t€[0,1)

As in Theorenb, we see that
9" (u)]| <w (¥ (u)]) for everyu € Q \ A,
hence
(W (21) =¥ ()| < sup w(||¥(2)])

z€[z1,22]

if [21, 22] C Q. This implies that relationslj and ¢) from Theorem? also hold and

we see that
/M ds <” ”
r —all.
m CU(S)

[ o= <te-a

Then
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and this implies thad/ < oo, hence

(= sup w(t) < 0.
tel0,M]

Using (1) and Theoreml, we see that
IV (q(d) =¥ (q(c)|| <Ll-||lx—al-|d—c| forevery0 <c<d<1
and this implies that
lim ¥ (u) =w € F.

u—x
u€lm g

Using Theorem, we can find-, 6 > 0 and a unique continuous implicit function
U, : B(z,r) — B(w,?), differentiable onB (z,r) \ A such that

U, (x) = wandh (u, ¥, (u)) = h(a,b)
for everyu € B (z,r). Let0 < e < r andp. € N be such that
|z, — x| <eand ||V (z,) —w| <o
for p > p. and letp > p. be fixed. Since
Pa, (2p) = W (1) € B (w,0),

we see from Remarkthaty,, (z,) = ¥, (z,) and hence the set

U={u€ D,,NB(ze)|ps, (u) =T, (u)}

is nonempty. We also see that N B (z, <) is an open, nonempty, convex set, hence
itis a domain and’ is an open, closed and nonempty subsebof N B (z, ), and
this implies that

U=D, NB(xce).
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LetUy = D,, U B (z,e). We can now correctly defingé : Uy — F by
® (u) = g, (u) ifue Dy,

and
O (u) =V, (u) if u e B(x,¢)

and we see thab is continuous ort,, differentiable onl; \ A, ® (a) = b and
h(u,®(u)) = h(a,b) for everyu € Uy. It results thatr € B, henceB is also a
closed set and sinde, z| is a connected set, we see tiiat [q, 2] .

We have therefore proved that for everg @, there exists a convex domain,
such that[a, z] C D, and a unique continuous implicit function, : D, — F,
differentiable onD., \ A such that

¢, (a) =b, h(u,p,(u)) = h(a,b) foreveryu € D,.

We now definep : Q. — F by ¢ (z) = ¢, (z) for z € D, and we see, as before,
that the definition is correct, that(a) = b, ¢ is continuous orQ, ,, differentiable
oNQ.p \ Aandh (z,¢ (x)) = h(a,b) foreveryz € Qup. O

Remark4. The result from Theorera extends a global implicit function theorem
from [3]. The result from 8] also involves an inequality containing

o] o (30

and it says that ifZ, I’ are Banach spaces,: £ x ' — F is aC' map such that
g—z (z,y) € Isom (F, F) for every(z,y) € E x F and there exists : [0,00) —

(0, 00) continuous such that

(1[5 wn]) /¢ (5 e ) < ot lal ol
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for every(z,y) € E x F, then, for(zoyy) € E X F, zy = h(xo,yo) and

/OO ds
r= _—
max(||zolJwoll) 1 + & (5)

there exists &' mapy : B (xg,7) X B(z0,7) — F such thath (z,p (x,2)) = =
for every (x,z) € B (xg,7) X B(2,7). The main advantage of our new global
implicit function theorems is that these theorems hold even if the inaplefined
on a proper subset df x F, namely,onaseb x ' C E x F,whereD C Eisan
open starlike domain.

Example 1. A known global inversion theorem of Hadamard, Lévy and John says

that if £, F are Banach spacesf : F — F is a C' map such that/’ (z) €
Isom (E, F') for everyz € E and there existsy : [0,00) — (0,00) continuous
such that

T L and || @) < w (el

1 w(s) B
for everyz € E, then it results thaif : £ — F is aC! diffeomorphism (se€lfl],
[14], [12], [3], [7]). f E = F = R"orif dimE = oo and f = I — T with
T compact, we can drop the continuity of the derivativesband we can impose the
essential conditionf’ (z) € Isom (F, F')" with the possible exception of a "thin" set
(see H], [5],] 6]) and we will still obtain thatf : £ — F'is a homeomorphism.

Now, let £, F' be Banach space$) ¢ Fadomaing € D, be F, g: D — F
be differentiable onD, f : FF — F be differentiable onF" such thatf’ (y) €
Isom (F, F) for everyy € F and there exists) : [0,00) — (0, 00) continuous
such that

1 @)~ <w(lyl) for everyy € F.
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Leth : D x F — F be defined by: (z,y) = f(y) —g(x) forxz € D,y € F,
ro = d (a,0D) and suppose that

M, = sup |4 (z)| < oo forevery0 < r < ry.

z€B(a,r)
Then

H yH/( ><”9 N @7 < M ()

if (z,y) € B(a,r)x Fand0 < r <rgand let

1 > ds
= mi — . < 7.
0, = min {r, 7 41)” - (S)} forO0<r <nrg

Using Theoren®, we see that there exists a unique differentiable ma@ (a, 6,.) —
F such thaty (a) = b andh(z,¢(z)) = h(a,b) for everyz € B(a,d,), i.e
f(p(x))=g(x)+ h(a,b) foreveryz € B (a,r) and evenyd < r < ry.

It .
S
ro - M. </ L

T Jy w ()

theny is defined onB (a, ). Additionally, if D = B (a,ry), theny is globally
defined onD andf o ¢ = g + h(a,b) on D. In the special cas® = F, g (z) =z
foreveryx € F,

> ds
—_ = n —
/1 o (5) oo and b= f(a),
thenf (¢ (z)) = x for everyz € E, andy is defined or¥ and is the inverse of and

it results thatf : F — F'is a homeomorphism. In this way we obtain an alternative
proof of the Hadamard-Lévy-John theorem.
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Remarkb. The global implicit function problem

h(t,x) =h(a,b), z(a)=0>

considered before has two basic properties:

1. It satisfies the differential inequalityy’ (z)|| < w (||¢ (2)|]) -

2. It has the property of the local existence and local unicity of the solutions Global Implicit Function Theorem
around each poirt,, x¢) . Mihai Cristea

. . . . . I. 8, iss. 4, art. 100, 2007
This shows that by considering some other conditions of local existence and lo- e EEs A

cal unicity of the implicit function instead of the conditions from Theorénwe
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for every(z,y) € (D x F)\K. Suppose that the map— h (x,y) is a light map
on F' for everyx € D. Then, ifa,b € D x I and

> ds
Qu=nunn (o[ T5)

there exists a unique continuous implicit function @,, — F', differentiable on
Q. \A such thatp (a) = bandh (x,¢ (x)) = h(a,b) for everyx € Q,, and if D
is starlike with respect ta and
/OO ds ~
1 w(s) 7

thenQ,, = D andy : D — Fis globally defined orD.

Remarlk6. The condition "the map — h (x,y) is alight map or¥ for everyx € D"
is satisfied ifg—Z exists onD x F and

14 (? (x,y)) > 0 for every (z,y) € D x F.
)

Using the conditions of local existence and local unicity from Theorem 38]of [
we obtain the following global implicit function theorem.

Theorem 8. Letn > 2, D C R" be adomainh : D x R™ — R™ be differentiable
and letK ¢ D x R™,

K= GK,,
p=1

with K, closed sets such that,_, (Pr; K,,) = 0 for everyp € N, A = Pr; K,
such that2" (z,y) € Isom (R™,R™) for every(z,y) € (D x R™)\K and the map
Y
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h( y) is a light map onR™ for everyx € D. Suppose that there exists
: [0, 00) — [0, 00) continuous such that > 0 on (0, c0) and

o

Then, if(a,b) € D x F and

> ds
Qa,b = DamB (G,Ab|| m) )

there exists a unique continuous implicit function @,, — F', differentiable on
Qap\A such thaty (a) = bandh (z, ¢ (x)) = h(a,b) for everyzr € Q,;, and if D
is starlike with respect ta and
/OO ds ~
1 w(s) 7

then®,, = D andy : D — F'is globally defined oD.
Proof. We see thatn,,,—» (K,) = 0 for everyp € N and A haso-finite (n — 1)-

g@

‘ (2—2 <x,y>) < w (lyl) for every (z,) € (D x F)\K.

dimensional measure. We now apply the local implicit function theorem from The-

orem 7 of B], Remark3 and the preceding arguments. ]

Using the classical implicit function theorem, we obtain the following global

implicit function theorem

Theorem 9. Let £, F' be Banach spaced) C £ adomain,h : D x F — F be
continuous such th% exists onD x F, itis continuous orD x F' and

14 (% (ac,y)) > 0 for every (z,y) € D x F.
Y
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Also, letK € D x F be such thatd = Pr; K is a countable union of compact

sets ifdim £ = oo and haso-finite (n — 1)-dimensional measure ifim £ = n.
Additionally, suppose thdt is differentiable on(D x F') \ K and there exists :
[0,00) — [0, 00) continuous such that > 0 on (0, c0) and

|2 @] /e (5 ) <ot

for every(z,y) € (D x F)\K. Then, if(a,b) € D x F and

> ds
Qa,b = DamB (aa/”b” m) 5

there exists a unique continuous implicit function @,, — F, differentiable on
Qap\A such thaty (a) = bandh (z,¢ (z)) = h(a,b) for everyz € Qup. If D is
starlike with respect ta and
/°° ds ~
1 w(s) 7

thenQ®,, = D andy : D — F'is globally defined.
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