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Abstract

The aim of the present paper is to establish some new Ostrowski-Griiss-Cebygev
type inequalities involving functions whose modulus of the derivatives are con-
VeX.
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In 1938, A.M. Ostrowskip] proved the following classial inequality.
Let f : [a,b] — R be continuous ofr, b| and differentiable ofta, b) whose
derivativef’ : (a,b) — R is bounded orta, b) i.e.,|f’ (z)| < M < oco. Then

2
1 b 1 m_a'f‘b
< | = 2 —
b—a/af(t)dt‘_ 4+(b—a> (b—a)M,

for all z € [a,b], where)M is a constant.
For two absolutely continuous functionsg :
functional

(1.1) ‘f (z) =

[a,b] — R, consider the

= [ @@

12) T(1.0) -
(55 [ @) (5 [ o).

provided the involved integrals exist. In 1882, Ié:bbyéev b] proved that, if
f',d € L |a,b], then

13) T(£,9) < 150~ 1 9]

In 1934, G. Grusst] showed that

(1.4) T (f,9)| <
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providedm, M, n, N are real numbers satisfying the conditiemro < m <
f(x) <M< oo, —c0o<n<g(x)<N<oo,forall z € [a,b].

During the past few years many researchers have given considerable atten-
tion to the above inequalities and various generalizations, extensions and vari-
ants of these inequalities have appeared in the literature; ked [(] and the
references cited therein. Motivated by the recent results given] i [3], in
the present paper, we establish some inequalities similar to those given by Os-
trowski, Griiss an€€ebysev, involving functions whose modulus of derivatives
are convex. The analysis used in the proofs is elementary and based on the uSse on ostrowski-Griiss- Cebysev

of integral identities proved in'] and [2]. mggge&ggﬂffs(:?BFEL:IT/;'I%E
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Let I be a suitable interval of the real life A function f : I — R is called

convex if
fAr+ (1 =Ny <Af(z)+ (1 =A)f(y),

forall z,y € I andX € [0,1]. A function f : I — (0,00) is said to be log-

convex, if
fle+ 1=ty <[f@I[f @],

forallz,y € I andt € [0, 1] (see [.(]). We need the following identities proved
in [1] and [2] respectively:

dt+— b(a:—t) Ulf’[(l—A)H)\t}dt dt,

—a
1

—a

f(x):bia/f(t)dtJr(a:—a)le /OAf'[(l—A)a+)\:c]dA

1
—(b—x)Qb / A Az + (1= \) b dA,
0
for z € [a,b] wheref : [a,b] — R is an absolutely continuous function onb]
and\ € [0, 1].
We use the following notation to simplify the details of presentation:

1 m {g(x)/abf(t)dHf(x)/abg(t)dt]7

S(f,g)zf(x)g(x)—z(b—
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and defing|-|| _ as the usual Lebesgue norm bg [a,b] i.e.,
|7l = esssup,e(qy |7 (2)]
forh € Ly |a,b].

The following theorems deal with Ostrowski type inequalities involving two

functions.

Theorem 2.1.Let f, g : [a,b] — R be absolutely continuous functions anb.

(ay) If|f'|,|g'| are convex orja, b], then

111 r— ot ?
2.1) IS(f.9)] < 1 Z+<b—;> (b—a)

X Alg @I @+ 1] + 1 @l @)+ 119 1]}
for z € [a, b].

(ag) If |f'], |4’ are log-convex ofu, b], then

2 15001 < 75 {17 @1 [ o1 (4
@y @l [ -l (g

23 L, el

1)

for z € [a, b], where
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Theorem 2.2.Let f, g : [a,b] — R be absolutely continuous functions anb.

(by) If|f'|,|d'| are convex ota, x] and|x, b], then

@4 159l < 5 o @I F @) +1f @] G @)},

for z € [a, b], where
@9 £ @) =gl @) (iiZ)Zw <Z:Z)2

xr — «tb ?
- 1+4(b_;> @) 0-a),

(2.6) G(z)= é[!g’ ()] (Z:Z)2+ 9" ()] (biz)Q

b
z— oo\’
toltd | 5— 9" ()| (b—a),

for z € [a, b)].

(by) If|f'|,|g’'| are log-convex ofu, =] and|[z, b], then

(2.7) 1S (9l <lg (@) H (z) + [f (@) L (),
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for z € [a, b], where

2
@8 H)=50-a) [|f’ (a) (‘g‘“) Aylog Ay +1 -4,

—a (log A;)?
, b—a\°BlogB, +1—B
o) (1) ARt By
a (log B1)

(2.9) L(:c):%(b_a) [’gl(a” (fz—a) Aslog Ay +1— Ay

On Ostrowski-Griiss- Cebysev
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—a (log A2)2 are Convex
9 B.G. Pachpatte
’ b—=xz B210g32+1—BQ
9O (=2 ) ~ e |
&2 Title Page
and Contents
|/ ()] |f' ()] «“ 33
(2.10) A = ., By = ,
@l T RO p >
|9’ (z)| 9’ (z)|
(2.11) Ay = , By = ,
@l Tt 1) Go Back
Close
for z € [a, b)].
Quit
The Gruss type inequalities are embodied in the following theorems. Page 8 of 31
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(c1) IfF|f|, 4’| are convex ora, b], then

L : :
@12) [1(19)1 < s [ [la @17 @)+ 151

+1f @Ilg" @)+ 19"l | B () de,

where
(2.13) B(r)= =0 02
for z € [a, b)].

(co) IF|f|, 4’| are log-convex offu, b], then

(2.14) [T'(f,9)]

< si | o [e @i (5o a
w1 @) [ =ty @ (g ) ]

whereA, B are defined by4.3).

Theorem 2.4.Let f, g : [a,b] — R be absolutely continuous functions anb.

On Ostrowski-Griiss- Cebysev

Type Inequalities for Functions

Whose Modulus of Derivatives
are Convex

B.G. Pachpatte

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 9 of 31

J. Ineq. Pure and Appl. Math. 6(4) Art. 128, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:bgpachpatte@hotmail.com
http://jipam.vu.edu.au/

(dy) If|f'],|4'| are convex ora, b], then

@15) Tirol<y [ [(jjjj)Q [|g<x>|{é|f’<a>|+§|f’<x>|}

@Gl @l 31o @1}

b—az\>
+ (=) [rg<:c>r{§|f< I+ 51 ol |
On Ostrowski-Griiss- CebySev
1 Type Inequalities for Functions
— Wh Modul f Derivati
Hr @310 @1+ gl o1}]]

(dy) 1f|f'|,|g'| are log-convex ofiu, 2] and [z, b], then SRl

(2.16) |T'(f,9)| Title Page
1 | /z=a\” , AjlogA; +1—-A Contents
<5 [ | (G=5) oty e 2ttt
a 08 A1 <« >
AslogAs+1—-A
£ 1f @) Ig (a)] 2210842 } «
(log A)°
(22 fig @11 oy Prlos Bt Ly oo
b—a g (log B;)? Close
, BylogBy+1—-B Quit
F 17l o) 2B LB g
(log Bs) Page 10 of 31
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The next theorem contairéebyéev type inequalities.

Theorem 2.5.Let f, g : [a,b] — R be absolutely continuous functions anb.

(e1) If|f'],|g'| are convex ona, b, then

(2.17) |T(f.9)|

1 b , / , / 2
< 1o | I @1 171 @)1+ ) 2 )

whereFE(x) is given by 2.13).
(e2) If |f'|,|g'| are log-convex otfu, b}, then

(2.18) [T (f.9)| < &j?y/%H/Ww—ﬂV<”(igj)“}
A= 1 (5 ) it}

whereA, B are defined by4.3).
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2.1 2.2

Proof of Theoren2.1. From the hypotheses of Theorén, the following iden-
tities hold:

1 b
@Y f@) =5 [ @
—i—bia/ab(m—t) [/Olf’[(l—)\)er)\t]d)\]dt,

1 b
b_a/ g () dt

—|—bia/ab(x—t) [/Olg’[(l—)\)er/\t]d/\] dt,

for x € [a,b]. Multiplying both sides of §.1) and @.2) by ¢g(z) and f(z) re-
spectively, adding the resulting identities and rewriting we have

(3.2) g(x)=

(3.3) S(f,g):m{g(x)/ab(x—t) l/olf’[(l—)\):wr/\t]d)\] dt
+f(a:)/ab(:z:—t) [/Olg’[(l—/\)x+>\t]d)\} dt}.

(ay) Sincel|f’|,|q’| are convex ona, b] , from (3.3) we observe that

1S (f,9)l
< s @l [e=a[ [ 170 -ne 0]
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e |/|x—t| {/ 71
Sm{‘“‘/a P [/ (=N @]+ AL 0D ]

+!f(:v)!/ab|:v—tl [/Ol{u—m o @)1+ Ay Oy e}
s {o@l [e=airwn [ a-nociro [ ]

x+/\t|d/\] dt}
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b
— s {le@! [ e -5 0r @1+ 17wl
@1 [ el @1+l Ot}
1

() {\9@)\ f?@”ﬁ] 1 @)+ 1 (¢ >|]/ o — 1] dt
@ISy 19 @1+ / |x_t|dt}
- ﬁ {lg @111 @)+ 171

HE@I g @1+ 1]} [ o=t
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_(ac —a)’ + (b— a:)2]
2(b—a)

<Alg @I @1+ 1]+ 1f @) [l @)+ gl L]}

v (o)
4 b—a

-
T

|

x (b—=a){lg @I @]+ 1] +1f @I [lg" @)+ g1}

This is the required inequality ir2(1).
(ag) Sincelf’|, ]g’| are log-convex offu, b] , from (3.3) we observe that

5001 < 55 L@ [ et [ [ 1710 -
+\f(w)|/a |z — ¢ UO I [(1—)\):c+)\t]|d)\} dt}

= ﬁ {Ig(w)| /ablw — 1 [/01 [1f @) f (t)|]Ad)\} dt
+vwn/ﬂw%ﬂ/3wquWW@qud@
{w |/kw4du L i] ]
+|f (z |/ |z — t| [|g |/ [|9 ] ] }

) + M| dA] dt
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=ﬁ{|g<x>||f'<w)|/abrx—t| (?O;;)dt
@l @l [ - (B ) i}

This completes the proof of the inequaliy. ). O

Proof of Theoren2.2. From the hypotheses of Theorén?, the following iden- .

" . On Ostrowski-Griiss- Ceby3ev
tities hold: Type Inequalities for Functions
Whose Modulus of Derivatives

are Convex
(3 4) f B.G. Pachpatte
1
+ (r — A (1 =X a+ Ax]d
(@ a) —a /0 Il o ] Title Page
1 1
—(b—=)° ; / Af' DAz + (1= A) b dA, Contents
—a
’ <« »>
< >
1 b
(3.5) g(z) = g(t)dt Go Back
b—a
, 1 1 A \ Close
+ (v — +
= RUCER IS T o
1 1
— (-2 [ A+ (1= N)bdx Page 15 of 31
—aJo
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Multiplying both sides of 8.4) and @.5) by g(x) and f (x) respectively, adding

the resulting identities and rewriting we have

A)a+ Az]dA

@8 st =3 {aw [w-a 2 [aria-

—a

—(b—2)’ /1>\f’[)\a:+(1—)\)b]d)\1

b—a ),

+f(2) [(x—afb L /0 A (1= \)a + Ax] dA

Zl Mg Mz + (1= X)) dA] } .

(by) Sincelf’|,|q’| are convex ota, x] and|z, b], from (3.6) we observe that

()

—a

3.7) 1S (f,9)| < %{lg(ﬁ)!M(x) + 1/ (@) N ()}

where

A)a+ A\x]| dA

(38) M(r) = (s —a) /Mf (1 -

+(b—x)2ﬁ/0 Af Az + (1= X\)b]| dA,

(z —a)’

(39) N(z)= —

/01/\|g’[(1—)\)a+)\x]|d/\
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| (b—ay

1
Mg [\ 1—X)b]|dA.
= [ Al D+ a- 0

Next, we observe that

(3.10) //\|f (1= A)a+ M| dA
< !f’(a)l/olA(l—A)dAJr|f’(f6)!/01A2dA

1 1 On Ostrowski-Griiss- éepy§ev
= G @l 51 @ el
d are Convex
an
. B.G. Pachpatte
(3.11) / M P+ (1— A) 8] dA
0 Title Page
< |f |/ N%d\ + | f (b |/ (1- Contents
44 42
=S @I+ 51Ol
4 >
Similarly we have
Go Back
1
1
@12) [ Al (1= Na+Adldr< glg @) + 519 @), Close
0
Quit
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From 3.9), (3.10 and @.11) we observe that

(3.14) M<x>=[<§:j)2/w[< A)a+ Aal|dA
N A|f’[Ax+<1—A>b}|dA] b0
< [(jjj)Q{éu @I+ 51 @1}
(=) e |f()|}](b—a)
(=) @i+ (Z:z)2|f’(b)|] (
(=]
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It is easy to observe that

o 2 [(52) (2] -t [

Using (.19 in (3.14) we get

(3.16) M (z) < F(x).

Similarly, from 3.9), (3.12), (3.13 we get

(3.17) N (z) < G ().

Using 3.16), (3.17) in (3.7) we get the required inequality i2 ().

(by) Since|f’|,|¢'| are log-convex ofia, z] and |z, b] , from (3.6) we observe
that

(3.18) |5 (/.0)]
g§<b—a>{|g<x>r [(jfjj) [ A= na+ adan
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+(2:2)2/01)\|f’[)\x+(1—)\)b]]d)\

1f @) [(jjj)zfolxwg' (= )a+ ]l

. (Z:_E)Q/Olm' e+ (1 — A) B]JdA }

g§<b—a>{1g<x>r [(jjj) [ @ s @i as

(=) [ <b>n“]

+1f (@) [(“ij)z / Mg @1 9 (@)

+ (Z:) / Mg @I g G }
:§<b—a>{|g<x>| [(i:j)Qlf’(aﬂ/ﬂlMidA

b—az\> , !
+(b_a) s (b)|/0 ABJ
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1F @) [(ijj)219'<a>\/olmw
+(b_”r> \/ ABdA }

A simple calculation shows that for ady > 0 we have (see”])

1 J—
(3.19) / Ay = S8 1 C
0 (log ©)

Using this fact in 8.18 we get the required inequality i2 (7).
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2.3 2.4

Proof of Theoren2.3. From the hypotheses of Theoreéh8the identities 8.1)
— (3.3 hold. Integrating both sides o8(3) with respect tar from a to b and
rewriting we have

(4.1) T'(f.9)
1 b b 1
= ——0 —t (1= At]dX| dt
2 (b — a)2 /a {g (33) /a (JZ ) {/@ f [( ) Sl ] } On Ostrowski-Griiss- Cebysev
b 1 Type Inequalities for Fu_ncti_ons
‘|‘f (a:)/ (:l? _ t) {/ g/ [(1 i )\) T+ )\t] d)\} dt} dr. Whose MoadrléltgotrJ]fvgfrlvatlves
a 0

B.G. Pachpatte
(c1) Sincelf’|,|q'| are convex ota, b], from (4.1) we observe that

T (f9)l Title Page

<o) Yot [ o= [ 10 =217 @1 Al @) a R
+|f(w)|/ablw—tl U (1= )19’ @)+ Al (O] da| e da < >

:ﬁ / [W)‘ /ab|x_t| {|f’(x)|;|f’(t)|} dt GCIBk

J. Ineq. Pure and Appl. Math. 6(4) Art. 128, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:bgpachpatte@hotmail.com
http://jipam.vu.edu.au/

_, esssup
< 5o [ [ [lo-a f
FIf (2 |/| tezszug] {|g( )I—;Ig I
— ot [ @I @1+ 171
+7 @19 @+ 1D [ et}
1 b , .
= o | @I @)l e

+If @)l @]+ 119l

E (z)dx.

This completes the proof of the inequali®.{4).
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whereA, B are defined by4.3). This is the required inequality ir2(14. [

Proof of Theoren2.4. From the hypotheses of Theoréin! the identities 8.4)
— (3.6) hold. Integrating both sides o8 (6) with respect tar from a to b and
rewriting we have
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(dy) Since|f'|,|g’| are convex ota, x] and|z, b] from (4.2) we observe that
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This proves the inequality ir2(15).

(dy) Since|f’|,|¢’'| are log-convex ofia, z| and |z, b], from (4.2) and the fact

(3.19 we observe that
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2.5

From the hypotheses, the identities1) and 3.2) hold. From 8.1) and 3.2
we observe that

{ /f dt}{ n- (t)dt}
{b — / xl_ ! l/ e 1 v dA] dt} On Ostrowski-Griiss- Ceby3ev

b . -
Type Inequalities for Functions
x {b 4 / (. —1) {/ g (1= X)z+ A d)\} dt} Whose Modulus of Derivatives

0 are Convex

that is, B.G. Pachpatte
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Integrating both sides of6(1) with respect tar from a to b and rewriting we
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(5.2) T(f.9)

:bia/ab{bia/ab(x—t) [/Olf’[(l—)\)er)\t]d)\] dt}
v {bia/ab(:v—t) {/Olg’[(l—)\)er)\t]d)\} dt}dx.

(e1) Since|f’|, ]g’\ are convex or@a b] , from (5.2) we observe that

T(f 9l =y { |a:—t| [/ A= )x+/\t]|d>\}dt}
x{ ! /|az—t|[/ 9101 = a:+/\t]\d>\]dt}dx

< /{/ \x—t\[/ - NVIF @A O]

<4/ ab|x—t| [ (1= )15 @]+ 315 O ] @} do

/{/ S B

{/ 5 — t,[lg |+Ig()l] }

The rest of the proof of inequality?2(17) can be completed by closely looking
at the proof of Theorer.3, part(c;).

(e2) The proof follows by closely looking at the proof ¢f;) given above and
the proof of Theoren2.3, part(c;) . We omit the details.
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